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Abstract 

Donaldson-Thomas invariants DT"{t) are integers which 'count' r- 
stable coherent sheaves with Chern character a on a Calabi-Yau 3-fold 
X, where t denotes Gieseker stabiHty for some ample line bundle on X. 
They are unchanged under deformations of X. The conventional defini- 
tion works only for classes a containing no strictly r-semistable sheaves. 
Behrend showed that DT"{t) can be written as a weighted Euler char- 
acteristic x{-^st{''');i^M%(T)) of the stable moduli scheme MftiT) by a 
constructible function i/j^a_(^^-f we call the 'Behrend function'. 

This book studies generalized Donaldson-Thomas invariants DT°'(t). 
They are rational numbers which 'count' both r-stable and r-semistable 
coherent sheaves with Chern character a on X; strictly r-semistable 
sheaves must be counted with complicated rational weights. The DT"{t) 
are defined for all classes a, and are equal to DT"{t) when it is defined. 
They are unchanged under deformations of X, and transform by a wall- 
crossing formula under change of stability condition r. 

To prove all this we study the local structure of the moduli stack 0)? 
of coherent sheaves on X. We show that an atlas for 9Jl may be writ- 
ten locally as Crit(/) for f : U ^ C holomorphic and U smooth, and 
use this to deduce identities on the Behrend function i/sji- We compute 
our invariants DT"(t) in examples, and make a conjecture about their 
integrality properties. We also extend the theory to abelian categories 
mod-CQ/l of representations of a quiver Q with relations I coming from 
a superpotential W on Q, and connect our ideas with Szendroi's noncom- 
mutative Donaldson-Thomas invariants, and work by Reineke and others 
on invariants counting quiver representations. Our book is closely related 
to Kontsevich and Soibelman's independent paper [63) . 
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1 Introduction 

Let X be a Calabi-Yau 3-fold over the complex numbers C, and C'x(l) a very 
ample line bundle on X. Our definition of Calabi-Yau 3- fold requires X to be 
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projective, with H^{Ox) = 0. Write coh(X) for the abehan category of coherent 
sheaves on X, and iir™™(coh(X)) for the numerical Grothendieck group of 
coh(X). We use r to denote Gieseker stabihty of coherent sheaves with respect 
to Ox(l). If is a coherent sheaf on X then the class {E\ e X"""^(coh(X)) is 
in effect the Chern character ch(£;) of E in Q). 

For a e X"^™(coh(X)) we form the coarse moduh schemes M'^^ij) , M%(t) 
of r-(semi)stable sheaves E with \E\=a. Then M.'^JyT) is a projective C-scheme 
whose points correspond to S-equivalence classes of r-semistable sheaves, and 
7W"j(r) is an open subscheme of A^"g(r) whose points correspond to isomor- 
phism classes of r-stable sheaves. 

For Chern characters a with A^"s(r) = A^"t(T), following Donaldson and 
Thomas [20j §3], Thomas |100| constructed a symmetric obstruction theory on 
A^"j(t) and defined the Donaldson-Thomas invariant to be the virtual class 

^^"W = /[A4sM]v..ie^' (1-1) 

an integer which 'counts' r-semistable sheaves in class a. Thomas' main re- 
sult [100, §3] is that DT°'{t) is unchanged under deformations of the underly- 
ing Calabi-Yau 3-fold X. Later, Behrend fJ" showed that Donaldson-Thomas 
invariants can be written as a weighted Euler characteristic 

DT'^{T)=x{MUr),^M^,ir)), (1.2) 

where z/^q(^-) is the Behrend Junction, a constructible function on M'^^{t) de- 
pending only on M.'^^ir) as a C-scheme. (Here, and throughout, Eulcr charac- 
teristics are taken with respect to cohomology with compact support.) 

Conventional Donaldson-Thomas invariants DT"{t) are only defined for 
classes a with A^"s(t) = A^"j(t), that is, when there are no strictly r-semistable 
sheaves. Also, although DT°'{t) depends on the stability condition r, that is, 
on the choice of very ample line bundle Ox{i) on X, this dependence was not 
understood until now. The main goal of this book is to address these two issues. 

For a Calabi-Yau 3-fold X over C we will define generalized Donaldson- 
Thomas invariants DT^ir) e Q for all a S /i:""'"(coh(X)), which 'count' r- 
semistable sheaves in class a. These have the following important properties: 

• DT"{t) g Q is unchanged by deformations of the Calabi-Yau 3- fold X. 

• If A^"s(r) — Ms^{t) then DT°'{t) lies in Z and equals the conventional 
Donaldson-Thomas invariant DT°'{t) defined by Thomas |100] . 

• If A^"g(T) ^ A^"j(t) then conventional Donaldson-Thomas invariants 
DT°'{t) are not defined for class a. Our generalized invariant DT°'{t) 
may lie in Q because strictly semistable sheaves E make (complicated) 
Q- valued contributions to DT°'{t). We can write the DT°'{t) in terms of 
other invariants DT"{t) which, in the case of 'generic' r, we conjecture 
to be integer-valued. 

• If T, f arc two stability conditions on coh(X), there is an explicit change 
of stability condition formula giving DT"{f) in terms of the DTI^{t). 
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These invariants are a continuation of the first author's programme [^M55] . 

We begin with three sections of background. Sections [SHU explain mate- 
rial on constructible functions, stack functions, Ringel-Hall algebras, counting 
invariants for Calabi-Yau 3-folds, and wall-crossing, from the first author's se- 
ries [IHHSS]. Section U explains Behrend's approach [3] to Donaldson-Thomas 
invariants as Euler characteristics of moduli schemes weighted by the Behrend 
function, as in (|1.2I) . We include some new material here, and explain the 
connection between Behrend functions and the theory of perverse sheaves and 
vanishing cycles. Our main results are given in ^ including the definition 
of generalized Donaldson-Thomas invariants DT°'{t) € Q, their deformation- 
invariance, and wall-crossing formulae under change of stability condition r. 

Sections [6] and [7] give many examples, applications, and generalizations of 
the theory, with |J6] focussing on coherent sheaves on (possibly noncompact) 
Calabi-Yau 3-folds, and ^ on representations of quivers with superpotentials, 
in connection with work by many authors on 3- Calabi-Yau categories, noncom- 
mutative Donaldson-Thomas invariants, and so on. One new piece of theory is 
that in H6.'2l motivated by ideas in Kontsevich and Soibelman §2.5 & §7.1], 
we define BPS invariants DT" (r) by the formula 

DT^ir)^ V DT°'/'^{t). 

These are supposed to count 'BPS states' in some String Theory sense, and we 
conjecture that for 'generic' stability conditions r we have DT"{t) G Z for all a. 
An analogue of this conjecture for invariants DTq{ii) counting representations 
of a quiver Q without relations is proved in ij7.6l 

Sections give the proofs of the main results stated in !JS1 and we imagine 
many readers will not need to look at these. In the rest of this introduction we 
survey 31]-|J71 Section 11.11 very briefly sketches the set-up of [IMSS] , which will 
be explained in |i2]"El Section 11.21 discusses Behrend functions from i )1.3l 
outlines the main results in SJSI and iJ1.4| -i }T751 summarize the applications and 
generalizations in [J5]-SJ71 Finally, ijl. 61 explains the relations between our work 
and the recent paper of Kontsevich and Soibelman which is summarized 
in [53]. This book is surveyed in |56) . 

In i]4]-|j7]we give problems for further research, as Questions or Conjectures. 

1.1 Brief sketch of background from |49H55] 

We recall a few important ideas from [^5H55] , which will be explained at greater 
length in We work not with coarse moduli schemes, as in '100' , but with 

Artin stacks. Let X be a Calabi-Yau 3-fold over C, and write 9Jl for the moduli 
stack of all coherent sheaves E on X. It is an Artin C-stack. 

The ring of 'stack functions' SF(9Jl) in [50] is basically the Grothendieck 
group Ko{Sta,m) of the 2-category Stagji of stacks over 9H. That is, SF(2)l) is 
generated by isomorphism classes [(91, p)] of representable 1-morphisms p : D\ 



5 



sot for a finite type Artin C-stack, with, the relation 

[{D\,p)] = [{G,p\e)] + m\&,pW\e)] 

wlicn 6 is a closed C-substack of But there is more to stack functions than 
this. In [50] we study different kinds of stack function spaces with other choices 
of generators and relations, and operations on these spaces. These include 
projections 11^' : SF(9Jt) SF(9Jt) to stack functions of 'virtual rank n\ which 
act on p)] by modifying *H depending on its stabilizer groups. 

In [511 §5.2] we define a Ringel-Hall type algebra SFai(S!Jt) of stack func- 
tions 'with algebra stabilizers' on 971, with an associative, non-commutative 
multiplication *. In [SH §5.2] we define a Lie subalgebra SF!2'^(S[)T) of stack 
functions 'supported on virtual indecomposables'. In |521 §6.5] we define an 
explicit Lie algebra L{X) to be the Q- vector space with basis of symbols A™ for 
a e i4'""'"(coh(X)), with Lie bracket 

[A^A^]=x(a,/5)A"+^ (1.3) 

for a,/3 e i^""'"(coh(X)), where x( , ) is the Euler form on K {coh{X)) . 
As X is a Calabi-Yau 3-fold, x is antisymmetric, so (jl.3p satisfies the Jacobi 
identity and makes L{X) into an infinite-dimensional Lie algebra over Q. 

Then in ^ §6.6] we define a Lie algebra morphism ^> : SFi,"'^(9Jt) L{X), 
as in H3. 41 below. Roughly speaking this is of the form 

*(/) = EoeK™,(,,h(x)) x^"^(/Iot°)A", (1.4) 

where / = ^^iii^iiPi)] is a stack function on M, and 971" is the substack 

in 9Jt of sheaves E with class a, and x^^^ is a kind of stack-theoretic Euler 
characteristic. But in fact the definition of ^, and the proof that "I* is a Lie 
algebra morphism, are highly nontrivial, and use many ideas from [491150115^ . 
including those of 'virtual rank' and 'virtual indecomposable'. The problem is 
that the obvious definition of x'^^ usually involves dividing by zero, so defining 
(|1.4p in a way that makes sense is quite subtle. The proof that is a Lie algebra 
morphism uses Serre duality and the assumption that X is a Calabi-Yau 3-fold. 

Now let T be a stability condition on coh.{X), such as Gieseker stabil- 
ity. Then we have open, finite type substacks DJl"g{T),DJl'^^{T) in 97t of r- 
(semi)stable sheaves E in class a, for all a G i^™™(coh(X)). Write (5^(r) 
for the characteristic function of 9}l"g(T), in the sense of stack functions [50] . 
Then Sg{T) € SFai(97l). In [55; §8], we define elements e"(T) in SFai(97l) by 

^{r)= E C(T)*4?(r)*---*4","(r), (1.5) 

n>l, ai,...,Q„Gif"'""(coh(X)): 
QiH ya^—a, T [cii)—r {a.) ^ all i 

where * is the Ringel-Hall multiplication in SFai(9Jt). Then [531 Th. 8.7] shows 
that e"(T) lies in the Lie subalgebra SFa"'^(9Jl), a nontrivial result. 
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Thus we can apply the Lie algebra morphism ^ to e"(T). In [SH §6.6] we 
define hwariants J"(t) G Q for all a e /-i:""'"(coh(X)) by 

*(e"(T)) = J"(t)A". (1.6) 

These are rational numbers 'counting' r-semistable sheaves E in class 

a. When M^ir) = A^"t('r) ^e have J"(t) = xlA^^tC^")): that is, J"(t) is the 
naive Euler characteristic of the moduli space A1"j(t). This is not weighted 
by the Behrend function zy_^<»(^'), and so in general does not coincide with the 
Donaldson-Thomas invariant DT°'{t) in (|1.3p . 

As the J°'{t) do not include Behrend functions, they do not count semistable 
sheaves with multiplicity, and so they will not in general be unchanged under 
deformations of the underlying Calabi-Yau 3-fold, as Donaldson-Thomas in- 
variants are. However, the J"{t) do have very good properties under change of 
stability condition. In [54 we show that if r, f are two stability conditions on 
coh(X), then we can write e"(f) in terms of a (complicated) explicit formula 
involving the e'5(r) for /? G ir"™(coh(X)) and the Lie bracket in SF!,';''(an). 

Applying the Lie algebra morphism shows that J"(f )A" may be written in 
terms of the J^{t)X^ and the Lie bracket in L{X), and hence [S3J Th. 6.28] we 
get an explicit transformation law for the J" (r) under change of stability condi- 
tion. In [55] we show how to encode invariants J" (r) satisfying a transformation 
law in generating functions on a complex manifold of stability conditions, which 
are both holomorphic and continuous, despite the discontinuous wall-crossing 
behaviour of the J"(t). This concludes our sketch of [I5H55) . 

1.2 Behrend functions of schemes and stacks, from §|4] 

Let X be a C-scheme or Artin C-stack, locally of finite type, and X{C) the set 
of C-points of X. The Behrend function vx ■ X{C) — > Z is a Z- valued locally 
constructible function on X, in the sense of 09] . They were introduced by 
Behrend J3j for finite type C-schemes X; the generalization to Artin stacks in 
t j4.1l is new but straightforward. Behrend functions are also defined for complex 
analytic spaces Xan, and the Behrend function of a C-scheme X coincides with 
that of the underlying complex analytic space . 

A good way to think of Behrend functions is as multiplicity functions. If 
X is a finite type C-scheme then the Euler characteristic xi^) 'counts' points 
without multiplicity, so that each point of ^(C) contributes 1 to x{^)- If X'-''"^ 
is the underlying reduced C-scheme then X'^^^iC) = X(C), so x{X"''^) = x{X), 
and x{X) does not see non-reduced behaviour in X. However, the weighted 
Euler characteristic x(-^)i'x) 'counts' each x G X{C) weighted by its multi- 
plicity vxix). The Behrend function i^x detects non-reduced behaviour, so in 
general xi^^'^x) 7^ xi^'^^'^j'^X""')- For example, let X be the fc-fold point 
Spec(C[z]/(z'^)) for fc ^ 1. Then ^(C) is a single point x with vx{x) = k, so 
xiX) = 1 = xiX'^'^'^X'^^), but x{X,iyx) - k. 

An important moral of [3] is that (at least in moduli problems with sym- 
metric obstruction theories, such as Donaldson-Thomas theory) it is better 
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to 'count' points in a moduli scheme M by the weighted Euler characteristic 
x(A1,i/x) than by the unweighted Euler characteristic x(A^). One reason is 
that xi-^T^M) often gives answers unchanged under deformations of the un- 
derlying geometry, but x(-^) does not. For example, consider the family of 
C-schemes Xt = S^ec{C[z\/ {z'^ - t^)) for t e C. Then Xt is two reduced 
points ±t for t ^ 0, and a double point when t = 0. So as above we find that 
x{Xt, vxt) — 2 for all t, which is deformation-invariant, but xi^t) is 2 for t ^ 
and 1 for i = 0, which is not deformation- invariant. 

Here are some important properties of Behrend functions: 

(i) If X is a smooth Artin C-stack of dimension n e Z then vx = (^1)"- 

(ii) li ip : X ~^ Y \s a. smooth 1-morphism of Artin C-stacks of relative 
dimension n G Z then vx = (— 

(iii) Suppose X is a proper C-scheme equipped with a symmetric obstruction 
theory, and [X]^"^ is the corresponding virtual class. Then 

/[^]..,i = x(^,'^x)ez. (1.7) 

(iv) Let [/ be a complex manifold and /:[/—>■ C a holomorphic function, 
and define X to be the complex analytic space Crit(/) C U . Then the 
Behrend function vx of X is given by 

i,x{x) = - x{MFf{x))) for x G X, (1.8) 

where MFf{x) is the Milnor fibre of / at x. 

Equation (|1.7p explains the equivalence of the two expressions for DT°'{t) in 
(jl.ip and (|1.2p above. The Milnor fibre description (|1.8p of Behrend functions 
will be crucial in proving the Behrend function identities (I1.10p - (|l.lip below. 

1.3 Summary of the main results in ^ 

The basic idea behind this whole book is that we should insert the Behrend 
function lytfji of the moduli stack 9JI of coherent sheaves in X as a weight in 
the programme of |49H55| summarized in ijl.ll Thus we will obtain weighted 
versions 4" of the Lie algebra morphism of (|1.4p , and DT" (r) of the counting 
invariant J"(t) G Q in (|1.6p . Here is how this is worked out in ^ 

We define a modification L{X) of the Lie algebra L{X) above, the Q- vector 
space with basis of symbols A" for a G A'""™(coh(Ar)), with Lie bracket 

[A",A''] = (-1)X("^«X(«,/3)A"+^ 

which is (|1.3p with a sign change. Then we define a Lie algebra morphism 
* : SF^'J'^(9}t) ^ L{X). Roughly speaking this is of the form 

*(/) = Eaei.n™(,„h(x))X^*'^(/k=,^im)A", (1.9) 
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that is, in (|1.4p we replace the stack-theoretic Euler characteristic x''*'^ with a 
stack-theoretic Euler characteristic weighted by the Behrend function i/fxn. 

The proof that ^ is a Lie algebra morphism combines the proof in [55] that 
^E* is a Lie algebra morphism with the two Behrend function identities 

•ymiEi ® E2) = (-1)*"^^1'[^^1Vot(£;i)z.ot(£^2), (LIO) 

/ , vm{F)dx- , , vm(F')<lx 

7[A]eP(Exti(£;2,£;i)): '''^ ' ^ J[\']em^tHEuE2)): -'""^ ^ ^ 

= {dimExt\E2,Ei)-~dimExt\Ei,E2))iymiEi®E2), 

which will be proved in Theorem 15.111 Here in (jl.lip the correspondence be- 
tween [A] G F(Exi\E2,Ei)) and F e coh(X) is that [A] G P{Eyit'^{E2, Ei)) 
lifts to some ^ A G Ext^(£'2, £'1), which corresponds to a short exact se- 
quence ^ El ^ F ^ E2 in coh(X). The function [A] ^ vm{F) is 
a constructible function P(Ext^(£'2, £'1)) — > Z, and the integrals in (|l.lip are 
integrals of constructible functions using Euler characteristic as measure, as 
in [49]. 

Proving (II .10^ - (jl.lip requires a deep understanding of the local structure 
of the moduli stack 371, which is of interest in itself. First we show in [J5] using 
a composition of Seidel-Thomas twists by Ox{—n) for n';^ Q that 9Jt is locally 
1-isomorphic to the moduli stack 2Jcct of vector bundles on X. Then we prove 
in Sj9]that near [E] G 2Ject(C), an atlas for QJcct can be written locally in the 
complex analytic topology in the form Crit(/) for /:[/—> C a holomorphic 
function on an open set U in Ext^ (£,£). These t/, / are not algebraic^ they 
are constructed using gauge theory on the complex vector bundle E over X 
and transcendental methods. Finally, we deduce (|1.10p - (|l.lip in fJTU] using the 
Milnor fibre expression (11.81) for Behrend functions applied to these C/, /. 

We then define generalized Donaldson-Thomas invariants DT°'{t) G Q by 

*(e"(r)) = -i7r"(r)A", (1.12) 

as in dm). When MZ{r) = M^^ir) we have €"{t) = 5g{T), and ([HI) gives 

*(e-"(T)) =X^'k(OT,",(T),i.a.= M)A". (1.13) 

The projection vr : 971"^ (r) — A^"j (r) from the moduli stack to the coarse moduli 
scheme is smooth of dimension —1, so z^tj^a^T--) = — 7r*(z/_v!° (r)) by (ii) in m.2\ 
and comparing dj^]), (ILT^ . (fTnj) shows'that DT°'{t) = DT"{t). But our 
new invariants DT°'{t) are also defined for a with M.'^^{t) ^ 7\/("j(r), when 
conventional Donaldson-Thomas invariants DT°'{t) are not defined. 

Write C(coh(X)) = {[E] G A'™'°(coh(X)) : ^ E € coh{X)} for the 
'positive cone' of classes in £r""™(coh(X)) of nonzero objects in coh(X). Then 
MZir) = M'^tir) = if a G i4:™'"(coh(X)) \ C(coh(X)), so DT°'{t) ^ 0. By 
convention the zero sheaf is not (semi)stable, so Mss{t) = and DT°{t) — 0. 

Since is a Lie algebra morphism, the change of stability condition formula 
for the e"(T) in [54] implies a formula for the elements —DT°'{t)\°' in L{X), 
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and thus a transformation law for the invariants DT" (r) , of the form 

DT°'{f) = 

(-1)1^1- V(/, r, At; r, t) ■ 1[.^DT<^\t) 



E S E <-i)"'-'' 

iso. k:/— >C(coh(X)): connected, , ^ 

J. T connectca i i 

^^^^ ^ digraphs T, edges • ^ i in T 

vertices / 

(1.14) 

where x is the Euler form on A'""'"(coh(X)), and V{I, T, k; t, f ) G Q are com- 
binatorial coefficients defined in W6.5\ 

To study our new invariants DT"(t), we find it helpful to introduce another 
family of invariants PI°''^{t'), similar to Pandharipande-Thomas invariants 
|86] . Let n be fixed. A stable pair is a nonzero morphism s : Oxi—n) — > E 
in coh(X) such that E is r-semistable, and if Ims C E' C E with E' ^ E 
then t{[E']) < t{[E]). For a e ii:™(coh(X)) and n > 0, the moduh space 
7W"j'p (r') of stable pairs s : Ox{—n) X with [E] = a is a fine moduli scheme, 
which is proper and has a symmetric obstruction theory. We define 

^^"'"(r') = /[A,-(.o]™ 1 = x(Xs"p (t'), '^M:-ir')) e Z, (1.15) 

where the second equality follows from (|1.7p . By a similar proof to that for 
Donaldson-Thomas invariants in [100) . we find that P/"'"(t') is unchanged 
under deformations of the underlying Calabi-Yau 3-fold X. 

By a wall-crossing proof similar to that for (|1.14p . we show that PI"-''^{t') 
can be written in terms of the DT^ (r) by 

PJ°''^(^y') = ^^_1jL J^[(_l)x([Ox(-n)]-Ql (1.16) 

Qi,...,QiGC(coh(X))/' i=l 

r(a;)=^(a)taiu"' xiPx i~n)] - ai a^- 1 , iTT"' (r)] , 

for n ^ 0. Dividing the sum in ()1.16p into cases I — 1 and I ^ 1 gives 

Pr'"(T') = (-l)^(")-ip(n)OT"(T) + {terms in JlLi ^^"'(t), / ^ 2}, 

(1.17) 

where P(n) — x{[Ox{—n)], a) is the Hilbert polynomial of a, so that P{n) > 
for n ^ 0. As PI°'''^{t') is deformation- invariant, we deduce from (I1.17P by 
induction on rank a with dim a fixed that DT'^ij) is also deformation- invariant. 

The pair invariants P/"'"(t') are a useful tool for computing the DT°'{t) 
in examples in [JS] The method is to describe the moduli spaces -Mstp {'''') 
explicitly, and then use (ll.isp to compute PI°'''^{t'), and (|1.16p to deduce the 
values of DT°'{t). Our point of view is that the DT°'{t) are of primary interest, 
and the PI°'''^{t') are secondary invariants, of less interest in themselves. 

1.4 Examples and applications in ^ 

In ij6] we compute the invariants DT°'{t) and PI"'^{t') in several examples. 
One basic example is this: suppose that i? is a rigid, r-stable sheaf in class 
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a in ii'""™(coh(X)), and that the only r-semistable sheaf m class ma up to 
isomorphism is mE — ©'"£', for all m ^ 1. Then we show that 

DT"'°'{t) = At for all m^l. (1.18) 

Thus the DT^ir) can lie in Q \ Z. We think of (fTTSl) as a 'muhiple cover for- 
mula', similar to the well known Aspinwall-Morrison computation for a Calabi- 
Yau 3- fold X, that a rigid embedded CP^ in class a £ H2{X;Z) contributes 
to the genus zero Gromov-Witten invariant GWofi{ma) of X in class ma 
for all m ^ 1 . 

In Gromov-Witten theory, one defines Gopakumar-Vafa invariants GVg{a) 
which are Q-linear combinations of Gromov-Witten invariants, and are conjec- 
tured to be integers, so that they 'count' curves in X in a more meaningful way. 
For a Calabi-Yau 3-fold in genus 5 = these satisfy 



GWoAa)^ Y] -^GVoia/m), 



m>l, mla 



where the factor Xjm^ is the Aspinwall-Morrison contribution. In a similar 
way, and following Kontsevich and Soibelman [63l §2.5 & §7.1], we define BPS 
invariants DT°'[t) to satisfy 

DT°'(t)= V -1-DT"'/"'(t), (1.19) 
m^ 

m^l, m|a 

where the factor 1 / comes from (|1.18l) . The inverse of (ll.lQp is 

OT"(t)= y M^OT"/'"(r), 

where Mo(m) is the Mobius function from elementary number theory. We have 
DT°'{t) = DT°'{t) when M'^^{t) = X"t('^): so the BPS invariants are also 
generalizations of Donaldson-Thomas invariants. 

A stability condition {t,T, ^), or r for short, on coh(A') is a totally ordered 
set (T, ^) and a map r : C(coh(X)) T such that if a,(3,^ e C{coh{X)) with 
/3 = Of -I- 7 then t(q;) < r(/3) < t{j) or T(a) = t(/3) = t{j) or r(a) > t{(3) > 
T{'~f). We call a stability condition r generic if for all a,/3 G C(co1i(X)) with 
T(a) = r(/3) we have x(a,/?) = 0, where x is the Euler form of coh(X). We 
conjecture that if r is generic, then DT°'{t) e Z for all a G C(coh(Ar)). We 
give evidence for this conjecture, and in ij7.6l we prove the analogous result for 
invariants DT'q{^) counting representations of a quiver Q without relations. 

In the situations in ij6}-ij7] in which we can compute invariants explicitly, we 
usually find that the values of P/"'"(r') are complicated (often involving gen- 
erating functions with a MacMahon function type factorization), the values of 
DT°'{t) are simpler, and the values of DT°'{t) are simplest of all. For example. 
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for dimension zero sheaves, if p — [Ox] & i^''"™(coh(X)) is the class of a point 
sheaf, and is the Euler characteristic of the Calabi-Yau 3-fold X, we have 



OT''p(r) = -xWE/^i,i|d and DT^Pir) ^ ~x{X), aU d > 1. 

1.5 Extension to quivers with superpotentials in §[7] 

Section[7|studies an analogue of Donaldson-Thomas theory in which the abelian 
category coh(X) of coherent sheaves on a Calabi-Yau 3-fold is replaced by the 
abelian category mod-CQ// of representations of a quiver with relations {Q, I), 
where the relations / are defined using a superpotential W on the quiver Q. 
This builds on the work of many authors; we mention in particular Ginzburg 
[301, Hanany et al. '26','36'J38l, Nagao and Nakajima '831J85], Reineke et al. 
r24..82. .88 90 ■ Szendroi 99 , and Young and Bryan [104,105,. 

Categories mod-CQ// coming from a quiver Q with superpotential W share 
two important properties with categories coh{X) for X a Calabi-Yau 3-fold: 

(a) The moduli stack SXtg,/ of objects in mod-CQ// can locally be written in 
terms of Crit(/) for / : f/ — >■ C holomorphic and U smooth. 

(b) For ah D, E in mod-CQ// we have 

x(dimi:),dim£') ^ {dimllom{D , E) - dimExt\D , E)) - 
(dim ilom{E, D) - dim Ext^ {E,D)), 

where x '■ ^ ^"^^ is an explicit antisymmetric biadditive form on the 
group of dimension vectors for Q. 

Using these we can extend most of i )1.3l to mod-CQ//: the Behrend function 
identities (|1.10p - (|l.ll|) . the Lie algebra L{X) and Lie algebra morphism \P, the 
invariants DT°'{t), PI"'^{t') and their transformation laws ()1.14|) and (jl.l6|) . 
We allow the case W = 0, so that mod-CQ// = mod-CQ, the representations 
of a quiver Q without relations. 

One aspect of the Calabi-Yau 3-fold case which does not extend is that 
in coh{X) the moduli schemes A^"s(t) and A^"t'p ('''') are proper, but the ana- 
logues in mod-CQ// are not. Properness is essential for forming virtual cycles 
and proving deformation-invariance of DT°'{t), PI°'''^{t'). Therefore, the quiver 
analogues of DT°'{t), PI"'^{t') will in general not be invariant under deforma- 
tions of the superpotential W. 

It is an interesting question why such categories mod-CQ // should be good 
analogues of coh(X) for X a Calabi-Yau 3-fold. In some important classes of 
examples Q, W , such as those coming from the McKay correspondence for <C^ /G 
for finite G C SL(3, C), or from a consistent brane tiling, the abelian category 
mod-CQ// is 3- Calabi-Yau, that is, Serre duality holds in dimension 3, so that 
I]xt\D,E) = ExX^^\E,D)* for aU D,E in mod-CQ//. In the general case. 
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mod-CQ// can be embedded as the heart of a t-structure in a 3-Calabi-Yau 
triangulated category T. 

It turns out that our new Donaldson-Thomas type invariants for quivers 
DTq j{ij,),DTq have not really been considered, but the quiver analogues 
of pair invariants PI"-'"-{t'), which we write as N DTq '^^{^'), are known in the 
literature as noncommutative Donaldson-Thomas invariants, and studied in 
[24l[82ll88H90l[99l [T0l[T05] . We prove that the analogue of (11161) holds: 

NDT^^}{^i')^ J2 (_l)!-Q[(_i)e-d,-x(di+-+d.-i,d.) 

di,...,djeC(mod-CQ//), ' i=l 

i4di)=t{d-i ' {e- di- xidi^ \-di-i, di)) DTg' j{fj.)] . 

We use computations of ND Tqj{^ ') in examples by Szendroi [23] and Young 
and Bryan |105) , and equation (|1.20p to deduce values of DTq j {p) and hence 
DT'^ j{p) in examples. We find the NDT^'jifi') are complicated, the DT^ j{fj.) 
simpler, and the DTq are very simple; this suggests that the DTq ^(/i) may 
be more useful invariants than the N DTq'^j{^'), a better tool for understanding 
what is really going on in these examples. 

For quivers Q without relations (that is, with superpotential = 0) and 
for generic slope stability conditions ^ on mod-CQ, we prove using work of 
Reineke [HHlinO] that the quiver BPS invariants DTq{^) are integers. 

1.6 Relation to the work of Kontsevich and Soibelman [63] 

The recent paper of Kontsevich and Soibelman |63| , summarized in i64j , has sig- 
nificant overlaps with this book, and with the previously published series [49H55] . 
Kontsevich and Soibelman also study generalizations of Donaldson-Thomas in- 
variants, but they are more ambitious than us, and work in a more general 
context — they consider derived categories of coherent sheaves, Bridgeland sta- 
bility conditions, and general motivic invariants, whereas we work only with 
abelian categories of coherent sheaves, Gieseker stability, and the Euler charac- 
teristic. 

The large majority of the research in this book was done independently 
of [53]. After the appearance of Behrend's seminal paper [3] in 2005, it was clear 
to the first author that Behrend's approach should be integrated with p5H55] 
to extend Donaldson-Thomas theory, much along the lines of the present book. 
Within a few months the first author applied for an EPSRC grant to do this, 
and started work on the project with the second author in October 2006. 

When we first received an early version of |63] in April 2008, we understood 
the material of ij5.3l -i }5^ below and many of the examples in fJHl and had written 
i}T2] as a preprint, and we knew we had to prove the Behrend function identities 
(|1.10|) - (|1.11|) . but for some months we were unable to do so. Our eventual 
solution of the problem, in i i5.H -i |5?2l was rather different to the Kontsevich- 
Soibelman formal power series approach in [63, §4.4 & §6.3]. 
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There are three main places in this book in which we have made important 
use of ideas from Kontsevich and Soibelman |63| . which we would like to ac- 
knowledge with thanks. The first is that in the proof of (|1.10p p.lip in HlOlwe 
localize by the action of {id_Ei +Aid_E2 : A £ U(l)} on Ext^{Ei ® E2,Ei © E2), 
which is an idea we got from Conj. 4, §4.4]. The second is that in i i6.2l one 
should define BPS invariants DT°'{t), and they should be integers for generic r, 
which came from (63l §2.5 & §7.1]. The third is that in [j7]one should consider 
Donaldson-Thomas theory for mod-CQ// coming from a quiver Q with arbi- 
trary minimal superpotential W, rather than only those for which mod-CQ// 
is 3-Calabi-Yau, which came in part from [531 Th. 9, §8.1]. 

Having said all this, we should make it clear that the parallels between large 
parts of [49H55] and this book on the one hand, and large parts of [BS* §§1,2,4,6 
& 7] on the other, are really very close indeed. Some comparisons: 

• 'Motivic functions in the equivariant setting' [63, §4.2] are basically the 
stack functions of |50j. 

• The 'motivic Hall algebra' H{C) [531 §6.1] is a triangulated category ver- 
sion of Ringel-Hall algebras of stack functions SF(2)l^) in [52l §5]. 

• The 'motivic quantum torus' TZp in [63, §6.2] is basically the algebra 
A(AA,x) in m §6.2]. 

• The Lie algebra gr of [531, §1.4] is our L{X) in gTH 

• The algebra morphism $ : H{C) TZr in [63l Th. 8] is similar to the 
algebra morphism $^ : SF{Ma) A{A,A,x) in [SS §6.2], and our Lie 
algebra morphism in §5.31 should be some kind of limit of their $. 

• Once their algebra morphism $ and our Lie algebra morphism are con- 
structed, we both follow the method of [54] exactly to define Donaldson- 
Thomas invariants and prove wall-crossing formulae for them. 

• Our DT"{t) and DT°'{t) in gOl SJU should correspond to their 'quasi- 
classical invariants' ~a{a) and r2(a) in [63| §2.5 & §7.1], respectively. 

Some differences between our programme and that of [63) : 

• Nearly every major result in |63) depends explicitly or implicitly on con- 
jectures, whereas by being less ambitious, we can give complete proofs. 

• Kontsevich and Soibelman also tackle issues to do with triangulated cat- 
egories, such as including Ext*(Z?, E) for i < 0, which we do not touch. 

• Although our wall-crossing formulae are both proved using the method 
of [54] ■ we express them differently. Our formulae are written in terms of 
combinatorial coefficients 5*, J7(ai, . . . , a„; r, f) and F, k; r, f ), as in 
ii3.3l and [J3?5] These are not easy to work with; see iil3.3l for a computation 
of U (ai, . . . , a„; r, f ) in an example. 

By contrast, Kontsevich and Soibelman write their wall-crossing formulae 
in terms of products in a pro-nilpotent Lie group Gy- This seems to be 
an important idea, and may be a more useful point of view than ours. 
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See Reineke [50] for a proof of an integrality conjecture ^T, Conj. 1] on 
factorizations in Gy, which is probably related to our Theorem 17.291 

• We prove the Behrend function identities (|1.10p - (|l.lip by first showing 
that near a point [E] the moduli stack 93t can be written in terms of 
Crit(/) for / : J7 — > C holomorphic and U open in Ext^{E,E). The proof 
uses gauge theory and transcendental methods, and works only over C. 

Their parallel passages [S5J §4.4 & §6.3] work over a field K of charac- 
teristic zero, and say that the formal completion ^[e] of SDt at [E] can 
be written in terms of Crit(/) for / a formal power series on Ext^{E,E), 
with no convergence criteria. Their analogue of (|1.10l) - (|l.lip . ^63, Conj. 4], 
concerns the 'motivic Milnor fibre' of the formal power series /. 

• In [SniE^HSl] the first author put a lot of effort into the difiicult idea 
of 'virtual rank', the projections 11^' on stack functions, the Lie algebra 
SF!j'J'^ (EDt) of stack functions 'supported on virtual indecomposables', and 
the proof [Ml Th. 8.7] that e"(T) in (US]) lies m SFi2'^(an). This is very 
important for us, as our Lie algebra morphism ^ in (|1.9p is defined only on 
SFl^f (OH), so DT°'{t) in (jLT^ is only defined because e"(T) e SFij;'^(Wl). 

Most of this has no analogue in [^3] , but they come up against the problem 
this technology was designed to solve in [521 §7]- Roughly speaking, they 
first define Donaldson-Thomas invariants Z)T"p(r) over virtual Poincare 
polynomials, which are rational functions in t. They then want to special- 
ize to t = — 1 to get Donaldson-Thomas invariants over Euler character- 
istics, which should coincide with our DT°'{t). But this is only possible 
if Z)T"p(t) has no pole at t = — 1, which they assume in their 'absence of 
poles conjectures' in [63i §7]. The fact that e"(T) lies in SF!,';'*(97l) should 
be the key to proving these conjectures. 
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2 Constructible functions and stack functions 

We begin with some background material on Artin stacks, constructible func- 
tions, stack functions, and motivic invariants, drawn mostly from [l^lSUj . 
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2.1 Artin stacks and (locally) constructible functions 

Artin stacks are a class of geometric spaces, generalizing schemes and algebraic 
spaces. For a good introduction to Artin stacks see Gomez [3T], and for a 
thorough treatment see Laumon and Moret-Bailly [ST] . We make the convention 
that all Artin stacks in this book are locally of finite type, and substacks are 
locally closed. We work throughout over an algebraically closed field K. For the 
parts of the story involving constructible functions, or needing a well-behaved 
notion of Euler characteristic, K must have characteristic zero. 

Artin K-stacks form a 2- category. That is, we have objects which are K-stacks 
ij, 25, and also two kinds of morphisms, 1-morphisms (jjjip : ^ ^ (5 between K- 
stacks, and 2-morphisms A : (j) ^ %p between 1-morphisms. 

Definition 2.1. Let IK be an algebraically closed field, and ^ a K-stack. Write 
^{K) for the set of 2-isomorphism classes [x\ of 1-morphisms x : SpecK — >■ ^J. 
Elements of i?(K) are called 'K.-points, or geometric points, of 5'. If </) : ^ is a 
1-morphism then composition with induces a map of sets : 5^(K) — >■ 35 (K). 

For a 1-morphism x : SpecK — )■ ^, the stabilizer group lso:g{x) is the group 
of 2-morphisms a; — ?■ x. When ^ is an Artin K-stack, Iso5(a;) is an algebraic 
M.- group. We say that ^ has affine geometric stabilizers if 1305(2;) is an affine 
algebraic K-group for all 1-morphisms x : Spec K — ^J. 

As an algebraic K-group up to isomorphism, 1305(2;) depends only on the 
isomorphism class [2;] G S^(K) of x in Hom(Spec K, 3^). li (f) : ^ is 
a 1-morphism, composition induces a morphism of algebraic K-groups 0* : 
Isos([x]) ^ Iso0{MM)), for N e ^(K). 

Next we discuss constructible functions on K-stacks, following j49| . 

Definition 2.2. Let K be an algebraically closed field of characteristic zero, 
and ^ an Artin K-stack. We call C C S{K) constructible if C = IJ-g^- iJj(K), 
where {^i : i e /} is a finite collection of finite type Artin K-substacks 'Si 
of S. We call S C ^{K) locally constructible if 5 n C is constructible for all 
constructible C C ^(K). 

A function / : 5(K.) Q is called constructible if f{S{K)) is finite and 
/~^(c) is a constructible set in S{K) for each c G /(5^(K)) \ {0}. A function 
/ : 5^(K) — s> Q is called locally constructible ii f ■ Sc is constructible for all 
constructible C C S^(K), where Sc is the characteristic function of C. Write 
CF(5') and LCF(5') for the Q- vector spaces of Q- valued constructible and locally 
constructible functions on S. 

Following [49l Def.s 4.8, 5.1 & 5.5] we define pushforwards and pullbacks of 
constructible functions along 1-morphisms. 

Definition 2.3. Let K have characteristic zero, and ^ be an Artin K-stack with 
affine geometric stabilizers and C C ^(K) be constructible. Then [49, Def. 4.8] 
defines the naive Euler characteristic x"'*(C') of C- It is called naive as it takes 
no account of stabilizer groups. For / e CF(5^), define x"^(5^, /) in Q by 

x"'^(^?,/) = Ece/(S(K))\{o}CX"^(rHc)). 
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Let 5^, (5 be Artin K-stacks with affine geometric stabilizers, and (j) : ^ ^ 05 
a l-morphism. For / e CF(^J), define CF"^((/))/ : ©(K) -J> Q by 

CF"-(0)/(y) - x""(;?, / • 'J^-t,)) for y e 0(K), 

where 5^-'^(y) is the characteristic function of 07^({y}) ^ ©(K) on ©(K). Then 
CF"'^(<^) : CF(5') — > CF(©) is a Q-hnear map called the naive pushforward. 

Now suppose is representable. Then for any x G 5'(K) we have an injective 
morphism 0* : Iso5(x) Iso© ((/)*(a;)) of affine algebraic K-groups. The image 
(lso;j(a;)) is an affine algebraic K-group closed in Iso© , so the quotient 

Iso0 (0* (x)) (isoy (x)) exists as a quasiprojective K- variety. Define a function 
m0 : S(K) -> Z by m0(a;) = x(lsoe((?!)*(2;))/'/'*(Iso5(a;))) for x e S^(K). For 
/ e CF(;?), define CF^*'^(0)/ : ©(K) ^ Q by 

CF^'^'W f{y) = • / • <5^-i(^)) for y e ©(K). 

An alternative definition is 

CF^"^(^)/(y) - xid x^,e,, SpecK,7r*(/)) for y G ©(K), 

where ^ X4>,&,y SpecK is a K-scheme (or algebraic space) as </> is representable, 
and x{' • • ) is the Euler characteristic of this K-scheme weighted by 7r^(/). These 
two definitions are equivalent as the projection vri : X0,«,a Spec K — >■ induces 
a map on K-points (tti), : (3" >^4,,&,y SpecK)(K) — > 4>*^{y) C and the 

fibre of (tti)* over x e fp^^iv) is (Iso0((/)h.(x))/0,(Iso5(x)))(IK), with Euler 
characteristic ■m^{x). Then CF"*''(0) : CF(5) CF(©) is a Q-linear map 
called the stack pushforward. If S', © are K-schemes then CF''''(0), CF''*'^(0) 
coincide, and we write them both as CF((?!)) : CF(5) — > CF(©). 

Let : 5^ — >■ © be a finite type l-morphism. If C C ©(K) is constructible 
then so is 6l-i(C) C ^{K). It follows that if / e CF(©) then foO* lies in CF(5'). 
Define the pullback 0* : CF(©) ^ CF(S-) by e*{f) = / o 6**. It is a linear map. 

Here ^SJ Th.s 4.9, 5.4, 5.6 & Def. 5.5] are some properties of these. 

Theorem 2.4. Let K have characteristic zero, be ArtinK-stacks with 

affine geometric stabilizers, and /3:^J— >-©,7:©— ^i^ be 1-morphisms. Then 

CF"^(7 o ^) = CF"^(7) o CF"'^(/3) : GY{^) ^ CF(io), (2.1) 
CF""^(7 o 13) = CF^*'^(7) o CF^*'^(/3) : CF(y) ^ CF(55), (2.2) 
(7o/3)*=/3*o7*:CF(i3)^CF(y), (2.3) 
supposing /3,7 representable in (|2.2p . and of finite type in (|2.3p . // 

is a Cartesian square with CF(£) ^ CF(©) 

^,'0 of finite type, then 




the following commutes: 

CF(5) ^ CF(55). 



(2.4) 



As discussed in [49l §3.3], equation (|2.2p is false for K of positive character- 
istic, so constructible function methods tend to fail in positive characteristic. 
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2.2 Stack functions 



Stack functions are a universal generalization of constructible functions intro- 
duced in [Sni §3]. Here [501 Def. 3.1] is the basic definition. 

Definition 2.5. Let K be an algebraically closed field, and 5" be an Artin 
K-stack with affine geometric stabilizers. Consider pairs (IH, p), where is a 
finite type Artin K-stack with afhne geometric stabilizers and p : 91 ^ is a 
1-morphism. We call two pairs p), {D\\p') equivalent if there exists a 1- 
isomorphism i : ?l — > IH' such that p' o l and p are 2-isomorphic 1-morphisms 
SH ^> 3^. Write [{Dl, p)] for the equivalence class of p). If (9^, p) is such a pair 
and (3 is a closed K-substack of *H then (6, pie), (9^ \ 6, p|fR\e) are pairs of the 
same kind. 

Define SF(3') to be the Q- vector space generated by equivalence classes 
[(5K, p)] as above, with for each closed K-substack 6 of *H a relation 

[(91, p)] = [(6, p|e)] + m \ 6, PW\e)]- (2-5) 

Define SF(^J) to be the Q- vector space generated by [(fH, p)] with p representable, 
with the same relations ([23]). Then SF(5') C SF(;?). 

Elements of SF(5^) will be called stack functions. We write stack functions 
either as letters f,g,..., or explicitly as sums J27Li Ci[{^i,Pi)]- If [(91, p)] is a 
generator of SF(5') and 9^'^°'^ is the reduced substack of 9^ then 9^''°'^ is a closed 
substack of 91 and the complement 91 \ 91'°'^ is empty. Hence (j2.5p implies that 

[(9^,p)] = [(9l'-^^H«-)]- 

Thus, the relations ()2.5p destroy all information on nilpotence in the stack struc- 
ture of 9^. In pi, Def. 3.2] we relate CF(S^) and SF(S^). 

Definition 2.6. Let ^ be an Artin K-stack with affine geometric stabilizers, 
and C C g-(K) be constructible. Then C = UiLi for 9^i, . . . , 9^„ finite 

type K-substacks of 5". Let : 9^^ — > 5^ be the inclusion 1-morphism. Then 
[(9^„p,)] e SF{^). Define Sc = ELi K^^^, S SF(i?). We think of this 
stack function as the analogue of the characteristic function 6c G CF(3^) of C. 
When K has characteristic zero, define a Q-linear map : CF{^) SF{^) by 
^^(/) = Eo#cG/(5(K)) c ■ Sf-Hc)- Define Q-linear nf^ : SF{^) ^ CF(?) by 

where 1(k. is the function 1 in CF(9^i). Then [50l Prop. 3.3] shows 7r|"^ o is 
the identity on CF(5^). Thus, is injective and tt^^ is surjective. In general 
is far from surjective, and SF, SF(5) are much larger than CF(^J). 

The operations on constructible functions in H2.1l extend to stack functions. 

Definition 2.7. Define multiplication ' • ' on SF(5^) by 

[(9^, p)] ■ [(e, a)] = [(91 x,,5,, 6, p o 7r<^)]. (2.6) 
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This extends to a Q-bilinear product SF{^) x SF(S') -> SF(5') which is com- 
mutative and associative, and SF(g') is closed under ' • '. Let (/> : g" — J' © be 
a 1-morphism of Artin K-stacks with affine geometric stabihzers. Define the 
pushforward (f>^ : SKIS') ^SF(©) by 

If (j) is representable then maps SF(3') ^>SF(©). For (j) of finite type, define 
puUbacks (j)* : SF(©) ^SFlS), : SF(©)^SF(5) by 

-^^ :E"iC.[(9^.,a)] ^E:=iC.[(^. x,.^e^^;j,^5)]. (2.7) 

The tensor product (g) : SF(S)xSF(e5) -l-SFCSx©) or SF(5)xSF(0) ^SF(S'x0) is 

(E" 1 c4(^., P^)]) ® a,)]) =E,,, c^d,m, X 6„ X a,)]. (2.8) 



Here [501 Th. 3.5] is the analogue of Theorem 12.41 

Theorem 2.8. Let €, ©, .5 be Artin K-stacks with affine geometric stabilizers, 
and j3 : ^ ^ (&, ^ : <& ^ ^ be 1-morphisms. Then 

(7o/3),=7,o/3, :SF(g)^SF(io), (70/3), =7, o/3, : SF(S) ^SF(iD), 
(7o/3)*=/3*o7* :SF(55)^SF(S), (7o/3)*=/3*o7* : SF(io) ^SF(S), 

for /3,7 representable in the second equation, and of finite type in the third and 
fourth. If f,g€ SF(0) and l3 is finite type then /3*{f ■ g) = /?*(/) • P*{g). If 

g — 25 is a Cartesian square with SF(€) ^ SF(©) 

je V' I 9,ip of finite type, then \ e' ^ V \ 
S ^ S) the following commutes: SF(3') ^SF(i3). 



The same applies for SF((£), . . . , SF(i3) if 77, are representable. 

In j50[ Prop. 3.7 & Th. 3.8] we relate pushforwards and pullbacks of stack 



and constructible functions using , ttI*"^ 



Theorem 2.9. Let IK /laue characteristic zero, 3", 6e Artin 'K-stacks with 
affine geometric stabilizers, and (j) : ^ ^ (5 be a 1-morphism. Then 

(a) 4)*oL0^L^o(P* : CF(©)-^SF(S-) if cf) is of finite type; 

(b) Tif' oc/}^^ CF'"'((/)) oTrf"^ : SF(g) ^ CF(©) if cf) is representable; and 

(c) ttI*"^ o 0* = 0* o TT^tk . gp^0) ^ cp(g.) ^ o//^mie type. 

In |50[ §3] we extend all the material on SF,SF(3') to local stack functions 
LSF , LSF(i?), the analogues of locally constructible functions. The main differ- 
ences are in which 1-morphisms must be of finite type. 
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2.3 Operators 11'^ and projections 11" 

We will need the following standard notation and facts about algebraic K-groups 
and tori, which can be found in Borel [TU]. Throughout K is an algebraically 
closed field and G is an affine algebraic K-group. 

• Write Gm for K \ {0} as a K-group under multiplication. 

• By a torus we mean an algebraic K-group isomorphic to G^j^ for some 
/c ^ 0. A subtorus of G means a K-subgroup of G which is a torus. 

• A maximal torus in G is a subtorus T'^ contained in no larger subtorus 
T in G. All maximal tori in G are conjugate by Borel [ini Cor. IV. 11. 3]. 
The rank rk G is the dimension of any maximal torus. A maximal torus 
in GL(A:, K) is the subgroup Gf„ of diagonal matrices. 

• Let T be a torus and H a closed K-subgroup of T . Then H is isomorphic 
to X K for some A: ^ and finite abelian group K. 

• If 5 is a subset of T'^ , define the centralizer of S in G to be Gg{S) = {76 
G : js — sj \f3 € S}, and the normalizer of 5 in G to be Ng{S) = {76 
G : 7~^S'7 = S}. They are closed K-subgroups of G containing T'-^, and 
Cg{S) is normal in Ng{S). 

• The quotient group W{G,T'=') = Ng{T^)/Cg{T'^) is called the Weyl 
group of G. As in (TUl IV. 11. 19] it is a finite group, which acts on T'-^ . 

• Define the centre of G to be G(G) = {7 G G : 7(5 = (57 V(5 G G}. It is a 
closed K-subgroup of G. 

• An algebraic K-group G is called special if every principal G-bundle locally 
trivial in the etale topology is also locally trivial in the Zariski topology. 
Properties of special K-groups can be found in [TBI §§1-4, 1.5 & 5.5] and [50l 
§2.1]. Special K-groups are always affine and connected. Products of 
special groups are special. 

• GJ"„ and GL(fc,K) are special for all fc ^ 0. 

Now we define some linear maps 11^ : SF(5^) SFfj?). 

Definition 2.10. A weight Junction /i is a map 

/i : {K-groups Gr^xK^ k^O, K finite abelian, up to isomorphism} — >Q. 

For any Artin K-stack ^ with affine geometric stabilizers, we will define linear 
maps : SF{d) SF{^) and U^' : SF{d) SF(S'). Now SF(S') is generated 
by [(*H, p)] with 91 1-isomorphic to a quotient [X/G], for X a quasiprojective 
K-variety and G a special algebraic K-group, with maximal torus . 

Let S{T^) be the set of subsets of T'^ defined by Boolean operations upon 
closed K-subgroups L of r<^. Given a weight function fi as above, define a 
measure dfi:S{T'^)^Qto be additive upon disjoint unions of sets in S{T^), 
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and to satisfy dfi{L) = ii{L) for all algebraic K-subgroups L of . Define 



n^([(^,/')]) = 

Here is the subvariety of X fixed by t, and J*> : [X{*>/CG({t})] [X/G] 
is the obvious 1-morphism of Artin stacks. 

The integrand in (I2.9p . regarded as a function of i £ T*^, is a constructible 
function taking only finitely many values. The level sets of the function lie in 
S{T'~^), so they are measurable w.r.t. d/i, and the integral is well-defined. 

If $H has abelian stabilizer groups, then n^([(lH, p)]) simply weights each 
point r of $H by /z(Iso«H(r)). But if has nonabelian stabilizer groups, then 
n'^ ([(CH, p)]) replaces each point r with stabilizer group G by a Q-linear com- 
bination of points with stabilizer groups CcHt}) for t G T*^, where the Q- 
coefhcients depend on the values of /i on subgroups of T'^. Then [50l Th.s 5.11 
& 5.12] shows: 

Theorem 2.11. In the situation above, n^([(9^, p)]) is independent of the 
choices of X,G,T'~^ and l-isomorphism *K = [X/G], and 11^ extends to unique 
linear maps W : SF(5) SF(S-) and m : SF{d) ^ SF{^). 

Theorem 2.12. (a) 11^ defined using ijl = 1 is the identity on SF (i?) . 

(b) If (j) : ^ ^ <& is a 1-morphism of Artin K^-stacks with affine geometric 
stabilizers then W o 0, = 0, o : SF(5) ^ SF(©)- 

(c) // /ii,/i2 fl^e weight functions as in Definition 12.101 then Hifi2 is also a 
weight function and o H^i = o = H^^''^ . 

Definition 2.13. For n ^ 0, define IIJ'/ to be the operator 11^" defined with 
weight p„ given by /Lt„([i?]) = 1 if dimH = n and ^„([i?]) = otherwise, for 
all K-groups H = (Gf„ x K with K a finite abelian group. 

Here jSni Prop. 5.14] are some properties of the H^'. 

Proposition 2.14. In the situation above, we have: 

(i) (Ui'f = Ul\ so that Ul' is a projection, and o H^;' = for m ^ n. 

(ii) For all f G SF(5^) we have f = X)ri>onn w^c^^ sum makes sense 
as ni'if) = /or n > 0. 

(iii) If 4> : ^ ^ 05 is a 1-morphism of Artin K-stacks with affine geometric 
stabilizers then IT^ o ,/),.= 0, o H^;' : SF{S) -> SF(©). 

(iv) // / e SF(5), 5 G SF(®) thenni^{f®g)^j:i^^'n^J.{f)^Wj_^{g). 
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Very roughly speaking, 11^' projects [(IH, p)] £ SF(i?) to [(lH„,jo)], where fH„ 
is the K-substack of points r 6 5H(K) whose stabihzer groups Iso«R(r) have rank 
n, that is, maximal torus G^j. Unfortunately, it is more complicated than this. 
The right notion is not the actual rank of stabilizer groups, but the virtual rank. 
We treat r e 9^(K) with nonabelian stabilizer group G = IsOfH(r) as a linear 
combination of points with 'virtual ranks' in the range rk C(G) ^ n ^ rkG. 
Effectively this abelianizes stabilizer groups, that is, using virtual rank we can 
treat 9\ as though its stabilizer groups were all abelian, essentially tori G^. 

2.4 Stack function spaces SF, SF(5, x, Q) 

In |50l §4] we extend motivic invariants of quasiprojective K-varieties, such as 
Euler characteristics, virtual Poincare polynomials, and virtual Hodge polyno- 
mials, to Artin stacks. Then in [50J §4-§6] we define several different classes 
of stack function spaces 'twisted by motivic invariants'. This is a rather long, 
complicated story, which we will not explain. Instead, we will discuss only the 
spaces SF, SF(5^, x, Q) 'twisted by the Euler characteristic' which we need later. 

Throughout this section K is an algebraically closed field of characteristic 
zero. We continue to use the notation on algebraic K-groups in i i2.3l Here is 
some more notation, [501 Def.s 5.5 & 5.16]. 

Definition 2.15. Let G be an affine algebraic K-group with maximal torus T*^. 
If 5 C then Q = n C{Cg{S)) is a closed K-subgroup of containing 
S. As S C Q we have Gg{Q) ^ CciS). But Q commutes with CaiS), so 
CciS) C Cg(Q). Thus CciS) = Cg{Q). So Q = T'^ n C(Cg(0)), and Q and 
Cg{Q) determine each other, given G,TG. Define Q{G,T^) to be the set of 
closed K-subgroups Q of such that Q = T^r\ G{Cg{Q)). 

In [501 Lem. 5.6] we show that Q{G,T'^) is finite and closed under intersec- 
tions, with maximal element T'^ and minimal element Qmin = T'^ H C{G). 

An affine algebraic K-group G is called very special if Cg{Q) and Q are 
special for all Q e Q{G,T'~^), for any maximal torus T'-' in G. Then G is 
special, as G = CciQmin)- In [SUl Ex. 5.7 & Def. 5.16] we compute Q{G,T'=') 
for G = GL(fc,K), and deduce that GL(fc,]K) is very special. 

We can now define the spaces SF, SF(5^, x, Q), [SOI Def.s 5.17 & 6.8]. 

Definition 2.16. Let ^ be an Artin K-stack with affine geometric stabilizers. 
Consider pairs {91, p) , where is a finite type Artin K-stack with affine geo- 
metric stabilizers and p : — )> is a 1-morphism, with equivalence of pairs 
as in Definition 12.51 Define SFliJiXiQ) to be the Q- vector space generated by 
equivalence classes [(IH, p)] as above, with the following relations: 

(i) Given [(9^, p)] as above and 6 a closed K-substack of we have p)] = 
[{G,p\e)] + m\e,p\^\e)], as in 

(ii) Let 91 he a finite type Artin K-stack with affine geometric stabilizers, U 
a quasiprojective K-variety, Trg^ : 91 x U — > the natural projection, and 
p-.m^^ a. 1-morphism. Then [{91 xU,po ttck)] = x{[U])[{9\, p)]. 
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Here x(C/) G Z is the Euler characteristic of U. It is a motivic invariant 
of K-schemes, that is, xiU) = xiV) + x{U \ V) for V dU closed. 

(iii) Given [(5^, p)] as above and a 1-isomorphism = [-'^/G] for X a quasipro- 
jective K-variety and G a very special algebraic K-group acting on X with 
maximal torus T'-', we have 

P)] = EgeQiCTO) F{G, T^, Q) [{[X/Q],p o iQ)] , (2.10) 

where l'^ : [X/Q] — > $H = [X/G] is the natural projection 1-morphism. 

Here F{G, T^, Q) G Q are a system of rational coefficients with a complicated 
definition in [50l §6.2], which we will not repeat. In [50l §6.2] we derive an 
inductive formula for computing them when G = GL(fc,IK). 

Similarly, define SF(g', x, Q) to be the Q-vector space generated by [(5H, p)] 
with p representable, and relations (i)-(iii) as above. Then SF(5^, x,Q) C 
SF(S',x,Q). Define projections n|'^ : SF(5^) ^ SF(;j,x,Q) and SF(5') ^ 

Define multiplication ' • ', pushforwards pullhacks (j)*, and tensor products 
(g) on the spaces SF,SF(*,x, Q) as in Definition 12.71 and projections IIJ^' as in 
§2.31 The important point is that (|2.6p - (|2.9p are compatible with the relations 
defining SF, SF(*, x, Q), or they would not be well-defined. This is proved in [SUl 
Th.s 5.19 & 6.9], and depends on deep properties of the F{G,T'^ ,Q). 

Here [SHI Prop.s 5.21 & 5.22 & §6.3] is a useful way to represent these spaces. 

Proposition 2.17. SF,SF(5, XiQ) spanned over Q by elements [{U x 
[SpecIK/T],/?)], for U a quasiprojective 'K-variety and T an algebraic "K-group 
isomorphic to Gr'^ x K for k ^ and K finite abelian. 

Suppose Y.^eIC^[{U^ X [SpecK/Tj,pO] = in SF(y,x,Q) or SF(5,x,Q), 
where I is finite set, a G Q, Ui is a quasiprojective K-variety, and Ti is an 
algebraic K-group isomorphic to x Ki for ki ^ and Ki finite abelian, with 
T, ^ Tj for i^ j. Then [([/,- x [SpecIK/Tj],pj)] = for all j G /. 

In this representation, the operators HJ^' of ^2.31 are easy to define: we have 



n;;'([(c/x [SpecK/T],p)]) = 



[(C/ X [SpecK/T],p)], dimT = n, 
0, otherwise. 



Proposition 12 . 1 71 savs that a general element [($H,p)] of SF, SF(5^, x, Q), whose 
stabilizer groups IsOfH(a;) for x G 9^(]K) are arbitrary affine algebraic K-groups, 
may be written as a Q-linear combination of elements [{Ux [SpecK/T], p)] whose 
stabilizer groups T are of the form G'^ x K for k ^ and K finite abelian. That 
is, by working in SF, SF(iJ, x, Q), we can treat all stabilizer groups as if they 
are abelian. Furthermore, although SF, SF(5^, x, Q) forget information about 
nonabelian stabilizer groups, they do remember the difference between abelian 
stabilizer groups of the form GJ^j x K for finite K. 

In [501 Prop. 6.11] we completely describe SF, S~F(SpecK, x, Q). 
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Proposition 2.18. Define a commutative Q-algebra A with basis isomorphism 
classes [T] of M^-groups T of the form Gf„ x for fc ^ and K finite abelian, 
with multiplication [T] ■ [T'] = [T x T']. Define u : A SF(SpecK, x, Q) by 
Ci[Ti\ H- >■ Cj[[SpecIK/Tj;]]. Then i^ is an algebra isomorphism. It restricts 
to an isomorphism i/^ : Q[{1}] SF(SpecK, x, Q) = Q- 

Proposition l2.18l shows that the relations Definition[2?T3i)-(iii) are well cho- 
sen, and in particular, the coefficients F{G, T^, Q) in (j2.10p have some beautiful 
properties. If the F{G, , Q) were just some random numbers, one might ex- 
pect relation (iii) to be so strong that SF(i?: Xj Q) would be small, or even zero, 
for all ^. But SF(Spec K, x, Q) is large, and easily understood. 



3 Background material from f5H- l54] 



Next we review material from the first author's series of papers |51H54j . 

3.1 Ringel— Hall algebras of an abelian category 

Let ^ be a K- linear abelian category. We define the Grothendieck group Ko{A), 
the Euler form x, and the numerical Grothendieck group K'^^"^{A). 

Definition 3.1. Let A be an abelian category. The Grothendieck group Kq{A) 
is the abelian group generated by all isomorphism classes [E] of objects E in A^ 
with the relations [E] + [G] — [F] for each short exact sequence Q ^ E ^ F ^ 
G ^> in ^. In many interesting cases such as ^ = coh(X), the Grothendieck 
group Kq{A) is very large, and it is useful to replace it by a smaller group. 
Suppose A is K-linear for some algebraically closed field IK, and that Ext*(£', F) 
is finite-dimensional over IK for all E^F A. The Euler form x : Kq{A) x 
Kq{A) — > Z is a biadditive map satisfying 

X([i?],[^]) =E.^o(-l)^dimExt^(i?,^^) (3.1) 

for all E^F e A. We use the notation x rather than x for the Euler form, 
because x will be used often to mean Euler characteristic or weighted Euler 
characteristic. The numerical Grothendieck group A'""'°(^) is the quotient of 
Ko{A) by the (two-sided) kernel of x, that is, K'''''^{A) = Ko(A)/I where 
/ = {a G Ko{A) : x(a,^) = xW,a) = for all /3 e Ko{A)}. Then x on Ko{A) 
descends to a biadditive Euler form x : iv:"""(^) x ii'"""^^) ^ Z. 

If A is 3-Calabi-Yau then x is antisymmetric, so the left and right kernels 
of X on Ko{A) coincide, and x on if""™(^) is nondegenerate. If ^ = coh{X) 
for X a smooth projective K-scheme of dimension m then Serre duality implies 
that xiE, F) = (-l)'"x(^, E (g) Kx). Thus, again, the left and right kernels of 
X on Ko{coh{X)) are the same, and x on i^""™(coh(Ar)) is nondegenerate. 

Our goal is to associate a Ringel-Hall algebra SFai(2t^) to A. To do this 
we will need to be able to do algebraic geometry in A, in particular, to form 
moduli K-stacks of objects and exact sequences in A and 1-morphisms between 
them. This requires some extra data, described in |51[ Assumptions 7.1 & 8.1]. 
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Assumption 3.2. Let IK be an algebraically closed field and A a K-linear 
abelian category with Ext'(i?, F) finite-dimensional K- vector spaces for all E, F 
in A and i ^ 0. Let K{A) he the quotient of the Grothendieck group Ko{A) 
by some fixed subgroup. Usually we will take K{A) = K'^^™{A), the numerical 
Grothendieck group from Definition 13. II Suppose that ii E G A with [E] = in 
K{A) then E = 0. From H3.2\ we will also assume A is noetherian. 

To define moduli stacks of objects or configurations in A., we need some 
extra data, to tell us about algebraic families of objects and morphisms in A, 
parametrized by a base scheme U. We encode this extra data as a stack in 
exact categories on the category of ^.-schemes Schx, made into a site with 
the etale topology. The 'K,A,K{A),^^ must satisfy some complex additional 
conditions [511 Assumptions 7.1 & 8.1], which we do not give. 

Examples of data satisfying Assumption 13.21 are given in |51[ §9-§10]. These 
include A = coh(A), the abelian category of coherent sheaves on a smooth 
projective K-scheme A, with K{A) = A"""(coh(A)), and A = mod-KQ//, 
the abelian category of K-representations of a quiver Q = (Qo, Qi, &, e) with 
relations /, with K{A) = Z*^", the lattice of dimension vectors for Q. 

Suppose Assumption 13.21 holds. We will use the following notation: 

• Define the 'positive cone' C{A) in A'(^) to be 

C{A) ^{[E]e K{A) ■.O'^EeA] C K{A). (3.2) 

• Write 9Jt^ for the moduli stack of objects in A. It is an Artin K-stack, 
locally of finite type. Elements of dStj^iK) correspond to isomorphism 
classes [E] of objects E in A, and the stabilizer group IsoOTyi([£']) ™- 

is isomorphic as an algebraic K-group to the automorphism group Aut(-E). 

• For a E C{A), write 2Tt^ for the substack of objects E E A in class a in 
K{A). It is an open and closed K-substack of 9JT^. 

• Write Cyact^ for the moduli stack of short exact sequences — > i?i — 
E2 ^ E3 ^ in A. It is an Artin K-stack, locally of finite type. 

• For j — 1,2,3 write ttj : Q;j:act_4 971^ for the 1-morphism of Artin stacks 
projecting — )■ £'1 — > £'2 — > £'3 — to Then 7:2 is representable, and 
TTi X TTa : €3;act_4 — > x DJIa is of finite type. 

In |52] we define Ringel-Hall algebras, using stack functions. 

Definition 3.3. Suppose Assumption 13.21 holds. Define bilinear operations * 
on the stack function spaces SF, SF(9Jl^) and SF, SF(an^, x, Q) by 

/*5 = (^2)*((^i x^3)*(/®5)), (3.3) 

using pushforwards, pullbacks and tensor products in Definition 12.71 They are 
well-defined as 112 is representable, and tti x tts is of finite type. By [52], Th. 5.2] 
this * is associative, and makes SF, SF(3Jl/i), SF, SFQJl^, Y, O) into noncom- 
mutative Q-algebras, with identity 5[o], where [0] E 3Jl^ is the zero object. We 
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call them Ringel-Hall algebras, as they are a version of the Ringel-Hall method 
for defining algebras from abelian categories. The natural inclusions and pro- 
jections n^*^ between these spaces are algebra morphisms. 

As these algebras are inconveniently large for some purposes, in (52[ Def. 5.5] 
we define subalgebras SFai(2tyi), SFai(2R^, Xi Q) using the algebra structure 
on stabilizer groups in 9Jl_4. Suppose [(IH, p)] is a generator of SF(2Jl^). Let 
r e m{K) with p*(r) = [E] e Ma{K), for some E e A. Then p induces a 
morphism of stabilizer K-groups : Isoin(r) — > Isogji^ ([i?]) = Aut(ii^). As p 
is representable this is injective, and induces an isomorphism of IsotR(r) with a 
K-subgroup of Aut(i?). Now Aut(i?) = End(£^)'* is the K-group of invertible 
elements in a finite- dimensional ^-algebra End(i?) = Hom(£',i?). We say that 
p)] has algebra stabilizers if whenever r 6 *K(K) with p*(r) ~ [E], the K- 
subgroup p* (lso<R(r)) in Aut(i?) is the K-group oi invertible elements in a 
K-subalgebra_A in End(£'). Write SFai(ajl^), SFaKSOTyi, x, Q) for the subspaces 
of SF(OT^),SF(2)l^,x,Q) spanned over Q by_[(<H,p)] with algebra stabilizers. 
Then [52] Prop. 5.7] shows that SF_ai(a»T^), SFaKSOt^, x, Q) are subalgebras of 
the Ringel-Hall algebras SF(9Jt^), SF(an^, x, QJ- 

Now [51 Cor. 5.10] shows that SFai(97l^), SFai(an^, x, Q) are closed under 
the operators on SF(9Jt^), SF(9JT^, x, Q) defined in [gj In [SI Def. 5.14] 
we define SFi2'^(9Jt^), SF!^';^(971^, x, Q) to be the subspaces of / in SFai(9}T^) 
and SFai(9Jl^, X, Q) with (/) = /■ We think of SF^f (9Jl^), SF|3d(an^, ^, Q) 
as stack functions 'supported on virtual indecomposables'. This is because if 
E € A then rkAut(i?) is the number of indecomposable factors of E, that is, 
rkAut(i?) — r ii E ^ El (B ■ ■ ■ ® Er with Ei nonzero and indecomposable in 
A. But ir[^ projects to stack functions with 'virtual rank' 1, and thus with 'one 
virtual indecomposable factor'. 

In m Th. 5.18] we show SFi^';'*(9Jl^), SF!5^(an^, x, Q) are closed under the 
Lie bracket [f,g] = on SFai(9Jl^), SFai(Wt^, X, Q)- Thus, SFif(9Jl^), 

SF!^';^(9JI^,X,Q) are Lie subalgebras of SF^i{m a), SF^i{m a, X,Q)- The projec- 
tion n^*^ : SFi,';^(an^) ^ SFi5'i(OT^,x,Q) is a Lie algebra morphism. 

As in [52, Cor. 5.11], the first part of Proposition 12 . 1 71 simplifies to give: 

Proposition 3.4. SFai(37l^, x, Q) is spanned over Q by elements of the form 
[{U X [SpecK/G^jJ, p)] with algebra stabilizers, for U a quasiprojective ^-variety 
and k^O. Also SF'^f{mA,X,Q) is spanned over Q by [{U x [SpecK/(G,„], p)] 
with algebra stabilizers, for U a quasiprojective 'K-variety. 

3.2 (Weak) stability conditions on A 

Next we discuss material in |53j on stability conditions. 

Definition 3.5. Let A be an abelian category, K{A) be the quotient of Ko{A) 
by some fixed subgroup, and C{A) as in p.2p . Suppose (r, is a totally 
ordered set, and r : C{A) — > T a map. We call (r, T, ^) a stability condition 
on A if whenever a, /3,7 e C{A) with /3 = a + 7 then either r(a) < t{(3) < 
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r(7), or T{a) > t{P) > t(7), or T(a) — t{13) = t{j). We call (r, T, ^) a weak 
stability condition on A if whenever a, /3, 7 G C(^) with /3 = q + 7 then cither 
T(a)<r(/3)<T(7), or r(a) ^t(/3) >t(7). 

For such (t, T, we say that a nonzero object £' in ^ is 

(i) T-semistable if for all S* C £; with 5 ^ 0, £; we have t{[S]) t{[E/S]); 

(ii) T-sta6/e if for all S* C with ^ 0,^; we have t{[S]) < T{[E/S]y, and 

(iii) T-unstable if it is not T-semistable. 

Given a weak stability condition (r, T, ^) on A, we say that A is r-artinian 
if there exist no infinite chains of subobjects • ■ ■ C A2 G Ai C X \n A with 
An+i^An and T([yl„+i]) >t([v4„/A„+i]) for all n. 

In |53[ Th. 4.4] we prove the existence of Harder-Narasimhan filtrations. 

Proposition 3.6. Let {t,T, ^) be a weak stability condition on an abelian cat- 
egory A. Suppose A is noettierian and r-artinian. Then each E G A admits a 
unique filtration = i?o C • • • C En = E for n ^ 0, such that Sk = Ek/Ek^i is 
T-semistable for k — 1, . . . ,n, and t{[Si]) > t{[S2]) > ■ ■ ■ > t([S'„]). 

We define permissible (weak) stability conditions, a condition needed to get 
well-behaved invariants 'counting' r-(senii)stable objects in [5i] . 

Definition 3.7. Suppose Assumption 13.21 holds for K, A, K{A), so that the 
moduli stack 9Jl^ of objects in A is an Artin K-stack, with substacks 
for a G C{A). Suppose too that A is noetherian. Let (r, T, ^) be a weak 
stability condition on A. For a e C{A), write 9Jt"g (r) , 9Jt"j (r) for the moduh 
substacks of T-(semi)stable E ^ A with class [E] = a in K{A). As in [S31 §4.2], 
9JI"s(t), 97l"t(T) are open K-substacks of 971^. We call (r, T, ^) permissible if: 

(a) A is r-artinian, in the sense of Definition 13.51 and 

(b) 9Jt"g (t) is a finite type substack of Vyf^ for all a £ C (A) . 

Here (b) is necessary if 'counting' r-(semi)stables in class a is to yield a finite 
answer. We will be interested in two classes of examples of permissible (weak) 
stability conditions on coherent sheaves, Gieseker stability and /^-stability. 

Example 3.8. Let K be an algebraically closed field, X a smooth projective K- 
scheme of dimension m, and A — coh{X) the coherent sheaves on X. Then (FTJ 
§9] defines data satisfying Assumption [321 with K{A) = i^™'°(coh(X)). It is 
a finite rank lattice, that is, K{A) = l} . 

Define G to be the set of monic rational polynomials in t: 

G = {p{t) =t'^ + Od-if -^ + • ■ • + ao : = 0, 1, . . . , oq, • • • , Od-i £ Q}- 

Define a total order '^' on G by p ^ for p,p' G G if either 

(a) degp > degp', or 
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(b) degp = degp' and p{t) ^ p'{t) for all i > 0. 

We write p < q ii p ^ q and p ^ q. Note that degp > degp' in (a) implies that 
p{t) > p'{t) for all i > 0, which is the opposite to p{t) p'{t) for t > in (b), 
and not what you might expect, but it is necessary for Definition 13.51 to hold. 
The effect of (a) is that r-semistable sheaves are automatically pure, because if 
S C E with dim 5 < dimE then S destabilizes E. 

Fix a very ample line bundle Ox{^) on X. For E G coh{X), the Hilbert poly- 
nomial Pe is the unique polynomial in Q[t] such that Pe{ti) — dhnH'^{E{n)) 
for all n > 0. Equivalently, PE{n) = x{[Ox{-n)], [E]) for all n e Z. Thus, 
Pe depends only on the class a G X""™(coh(X)) of E, and we may write 
instead of Pe- Define r : C(coh(X)) — > G by r(a) = Pa/ra, where Pa is the 
Hilbert polynomial of a, and Tq, is the leading coefficient of Pa, which must be 
positive. Then as in [53[ Ex. 4.16], (r, G, ^) is a permissible stability condition 
on coh(X). It is called Gieseker stability, and r-(semi)stable sheaves are called 
Gieseker (semi)stable. Gieseker stability is studied in [44' §1.2]. 

For the case of Gieseker stability, as well as the moduli stacks OT^g (t) , 931"^ (r) 
of r-(semi)stable sheaves E with class [E] = a, later we will also use the no- 
tation A^"g(T), A^"j.(r) for the coarse moduli schemes of r-(semi)stable sheaves 
E with class [E] = a in i(:™(coh(X)). By [H Th. 4.3.4], 7W"Jt) is a projec- 
tive K-scheme whose K-points correspond to S-equivalence classes of Gieseker 
semistable sheaves in class a, and ^A'^^{t) is an open K-subscheme whose K- 
points correspond to isomorphism classes of Gieseker stable sheaves. 

Example 3.9. In the situation of Example 13.81 define 



and restrict the total order ^ on G to ill. Define p : G(coh(X)) — >■ M by 
/x(a) = + Od-if^'^ when T{a) = Pa/ra = + Od^if^'^ -I- • ■ • -I- ao, that is, 
jjiioi) is the truncation of the polynomial T{a) in Example l3.8l at its second term. 
Then as in [53', Ex. 4.17], {p,M, ^) is a permissible weak stability condition on 
coh(X). It is called ^-stability, and is studied in [44, §1.6]. 

In [531 §8] we define interesting stack functions 5"^{T),e"{T) in SFai(5H^). 

Definition 3.10. Let K, A, K{A) satisfy Assumption 13.21 and (r, T, ^) be a 
permissible weak stability condition on A. Define stack functions <^"s(t) = 
^mt" (t) in SFai(9Jt^) for a E C{A). That is, (5^(t) is the characteristic function, 
in the sense of Definition 12. 6[ of the moduli substack 9Jl"g (r) of r-semistable 
sheaves in 971^. In [53i Def. 8.1] we define elements e"(r) in SFai(9H^) by 



M = {pit) =t'^ + aa-if^-^ : d = 0, 1, . . . , a^-i G Q a_i 



0} c G 



(-1) 



ri-l 




n 




(r) * • • • * 



SgHr), (3.4) 



n>l, ai,...,anGCiA): 

a.i~\ {-ctn—oc^ T{Qi)— T(a), all i 
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where * is the Ringel-Hah muhiphcation m SFai(SDT^). Then [531 Th. 8.2] proves 



C(r)= Yl ,-i(r)*e-"^(r)*-.-*6-°"(r). (3.5) 

n>l, Qi,...,Q„eC(yt): 

ttlH hctji—a, T(Qi)— t(q), all i 



There are only finitely many nonzero terms in p.4p - p.5p . because as the family 
of T-semistable sheaves in class a is bounded, there are only finitely ways to 
write a — ai + ■ ■ ■ + an with r-semistable sheaves in class for all i. 



Here is a way to interpret (j3.4[) and (j3.5p informally in terms of log and exp: 
working in a completed version SFai(97t^) of the algebra SFai(2t^), so that 
appropriate classes of infinite sums make sense, for fixed t ^ T we have 



E e"(T) = iog 

aeC(A):T{a)=t 



~So+ E CM = exp E ^""M 

aeC{A}:T{a}=t \_ aeC{A}:T{a}=t 



(3.6) 
(3.7) 



where Sq is the identity 1 in SFai(2t^). For a G C{A) and t = T{a), using the 

power series log(l + x) — J2n>i — n — ^" ^^'^ exp(x) = 1 + X]n>i ^" 
that (I33)-(I331) are the restrictions of to OT^. This makes clear why 

p.4p and p.5p are inverse, since log and exp are inverse. Thus, knowing the 
€"{t) is equivalent to knowing the (S^(t). 

If M"^It) = 9Jt"t(^) then e"(T) = 4",(t). The difference between e"(T) and 
(5^(r) is that e"(T) 'counts' strictly semistable sheaves in a special, complicated 
way. Here |53[ Th. 8.7] is an important property of the e"(T), which does not 
hold for the 5^(t). The proof is highly nontrivial, using the full power of the 
configurations formalism of |51fl54j . 



Theorem 3.11. e"(T) lies in the Lie subalgebra SFai (371^) in SFai(OT^). 



3.3 Changing stability conditions and algebra identities 

In j54| we prove transformation laws for the (5^(r),e"(r) under change of sta- 
bility condition. These involve combinatorial coefficients S'(*;t, f) e Z and 
U{*;T,f) G Q defined in [531 §4.1]. We have changed some notation from [54) . 

Definition 3.12. Let A,K{A) satisfy Assumption O and (r, T, ^), (f , f , <) 
be weak stability conditions on A. We say that (f,T, ^) dominates {t,T, ^) if 
T(a) ^ t{I3) implies f{a) f(/3) for all a,^ G CiA). 

Let n ^ 1 and ai, . . . , G C{A). If for all i = 1, . . . , n — 1 we have either 

(a) T{ai) < T(aj+i) and f(ai H h aj) > T{ai+i H h a„) or 

(b) T{ai) > T(ai+i) and f{ai H h a^) < T(Q;i+i H h a„), 
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then define S{ai, . . . , a„; t, f) = (—1)'", where r is the number of z = 1, . . . , n — 1 
satisfying (a). Otherwise define S'(q;i, . . . , a„; r, f ) = 0. Now define 

[/(ai,...,a„;T,f) = (3.8) 
X] IIj^i '5'(/36i-i+i, /3b,_i+2, . . . , /36, ; r, f ) 

0— ao<ai <'"<a„i — n. 0— 60 <6i <■■■<&; —m: X 

Define /3i,.. .,/3„ e CiA) by ft = a,,_^ + i +■•• + «„,. • M . 

Define 71 , . . . , 7, G C(^) by 7i = /3b.„i + l + ■ • ■ + ft^ ■ i=i ^ fli-lj- 

Then r[j3i) — r(aj), « — 1, . . . , m, a^-i < j ^ a^^ 
and T{7i) — f(a-i + • ■ • + otn), i — 1, . . . , / 



Then in [531 §5] we derive wall-crossing formulae for the 5^(r),e"(r) under 
change of stability condition from (r, T, ^) to (f, T, ^): 

Theorem 3.13. Let Assumptions^ hold, and (r, T, (f , f, (f, f , 6e 

permissible weak stability conditions on A with (t,T,^) dominating (r, T, SC) 
and (f ,T, ^). Then for all a £ C{A) we have 



SssiT")^ Yl S'(ai,...,a„;T,f)- 



n^l, ai....,a„GC(^): (r) * S"^ (t) S"" (t) 



e"(f) = X t/(ai,...,a„;T,f)- 

Ql^ ha„=a ^ ^ ^ ' ^ ^' 

where there are only finitely many nonzero terms in p.9p - p.lOp . 



(3.9) 
(3.10) 



Here the third stability condition (f ,T, ^) may be thought of as lying on 
a 'wall' separating (r, T, ^) and {f,T,^) in the space of stability conditions. 
Here is how to prove p.9p - p.l0p . If i? S ^ then by Proposition 13.61 there is a 
unique Harder-Narasimhan filtration = EqG - • - G En — E with 5^ — Ek/E^^i 
T-semistable and t([5i]) > • • ■ > t([5„]). As f dominates r, one can show E is 
f-semistable if and only if f ([6*1]) = • • • = t{[S„])- It easily follows that 

E (3.11) 

n^l, ai ,...,QTiGC(^):aiH (-ct^— a, 

T(Qi)>--->T(a„), f (ai) = ---=f (a„) 

By a similar argument to (I3.4p - (I3.7I) but using the inverse functions x t-^ 
x/{l — x) and x x/{l + x) rather than log, exp, we find the inverse of p. lip 
is 

Sss{r)= E (-ir"'C(T)*^?.nr)*-.-*^«"(f). (3.12) 

n^l, Qi , . . ..Qti GC(-4);qi H \-an—a, 

r(Qi)>--->r(a„), f(cti ) = • • •=f(a„) 

Substituting p. Ill) into p.l2p with f in place of r gives (13. 9p . and p.lOp then 
follows from p. 41) , p.Sp and p.9p . From this proof we can see that over each 



30 



point of dJl^A there are only finitely many nonzero terms in p.9p - p.l0p . and also 
that every term in (|3.9p - (|3.10l) is supported on the open substack 9Jt"g(f) in 971^. 
Since f is assumed to be permissible, 9Jl"g(f ) is of finite type, and therefore there 
are only finitely many nonzero terms in (I3.9p ~ (l3.10|) . In [541 Th. 5.4] we prove: 

Theorem 3.14. Equation ([3TT0)) may be rewritten as an equation in SFi5'^(9JT^) 
using the Lie bracket [,] on SF"J"^(9Jl_4), rather than as an equation in SFai(9Jlyt) 
using the Ringel-Hall product * . That is, we may rewrite (j3.10p in the form 

X! C/(ai,...,a„;r,f)- 

aiH han=ct LL V ;j V yjJ 

for some system of combinatorial coefficients U (ai, . . . , a„; r, f ) G Q, with only 
finitely many nonzero terms. 

There is an irritating technical problem in |54[ §5] in changing between sta- 
bility conditions on coh(X) when dimX ^ 3. Suppose (r, T, ^), (f, T, are 
two (weak) stability conditions on coh(X) of Gieseker or /i-stability type, as in 
Examples 13.81 and 13 .9[ defined using different ample line bundles Ox{^)^ 
Then the first author was not able to show that the changes between (r, T, ^) 
and (f, T, ^) are globally finite. That is, we prove p.9p - p.l0p hold in the local 
stack function spaces LSF(93tcoh(x)): but we do not know there are only finitely 
many nonzero terms in p.9p - p.l0p . although the first author believes this is 
true. Instead, as in [SH §5.1], we can show that we can interpolate between any 
two stability conditions on X of Gieseker or ^-stability type by a finite sequence 
of stability conditions, such that between successive stability conditions in the 
sequence the changes are globally finite, and Theorem 13. 131 applies. 



3.4 Calabi— Yau 3-folds and Lie algebra morphisms 

We now specialize to the case when A = coh(X) for X a Calabi- Yau 3-fold, and 
explain some results of [551 §6.6] and [SJl §6.5]. We restrict to K of characteristic 
zero so that Euler characteristics over K are well-behaved. 

Definition 3.15. Let K be an algebraically closed field of characteristic zero. 
A Calabi~Yau 3-fold is a smooth projective 3-fold X over K, with trivial canon- 
ical bundle Kx. From [J5] onwards we will also assume that H^{Ox) = 0, 
but this is not needed for the results of [5TH54] . Take A to be coh.{X) and 
K{coh{X)) to be X™'"(coh(X)). As in Definition O we have the Euler form 
X : isr(coh(A)) x K{co\\{X))^-L in As X is a Calabi-Yau 3-fold, Serre du- 

ality gives ExtX-F,-E) = Ext^"'(£;, F)*, so dimExt^F, £;) = dimExt^-^F, F) 
for all E,F ^ coh{X). Therefore x is also given by 

X([F],[F]) =(dimHom(F,F)-dimExti(F,F))- 
(dimHom(F,F) -dimExt^(F,F)). 

Thus the Euler form x on K{coh{X)) is antisymmetric. 
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In [521 §6-5] we define an explicit Lie algebra L{X) as follows: L{X) is the 
Q- vector space with basis of symbols A" for a £ K{coh{X)), with Lie bracket 

[A",A^]=x(a,/3)A"+^ (3.15) 

for a, /3 S K {coh{X)) . As x is antisymmetric, p. 151) satisfies the Jacobi identity 
and makes L{X) into an infinite-dimensional Lie algebra over Q. (We have 
changed notation: in [52, A^ are written C'"'^(coh(X), Q, 5x),c".) 

Define a Q-linear map ^^'^ : SF'2''im,,^x),X,Q) ^ i(^) by 

*^'^(/)=E.e/^(coh(x))7"A", (3.16) 

where 7" G Q is defined as follows. Proposition [31] says SF|^';'*(S[)tcoh(x), X, Q) 
is spanned by elements [{U x [SpecIK/Gm],/?)]. We may write 

= Eti ^diU^ X [SpecK/G™],^,)], (3.17) 
where Si G <Q and t/^ is a quasiprojective IK-variety. We set 

r = J:tlS^xm. (3.18) 

This is independent of the choices in ([XTT)) . Now define : SFij;'^(9Jlcoh(x)) 
L{X) by * = ^'^'Q o n^^Q 



oh(X) 



In [52j Th. 6.12], using equation p.l4p . we prove: 

Theorem 3.16. : SF!,f(97l,oh(x)) ^ i(^) vI/x.Q : SFi^f (aHeoh(x), X, Q) 
— > L{X) are Lie algebra morphisms. 

Our next example may help readers to understand why this is true. 

Example 3.17. Suppose E, F are simple sheaves on X, with [E] = a and [F] = 
(3 in i^(coh(X)). Consider the stack functions Se,Sf in SFai(9Kcoh(X)5 X: Q): 
the characteristic functions of the points E,F in VJlcoh{X)- Since Aut(i?) = 
Aut(-F') = Gm as E, F are simple, we may write 

6e ^ [i[SpccK/G,n],e)] and Ij. = [([SpecK/G„], /)] , (3.19) 

where the 1-morphisms e,/ : [SpecK/Gm] ^coh{x) correspond to E,F. 
Thus 6e, Sf have virtual rank 1, and lie in SFi2'^(0Jlcoh(x), X) Q). We will prove 
explicitly that ^'^^^([^b, 6f]) = [*^'^(5is), «"^'Q(li?)] , as we need for ^^'^to be 
a Lie algebra morphism. From (|3.19p and [E] — a, [F] — (3 we have '^/^'^{Se) = 
A" and m^^iSF) = X^, so that [^^'^(Jb), *x^Q(^f)] = x(a,/3)A"+'' by (IXT51) . 
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Now in SFJ^f (9!Jlcoh(x),X,Q) we have 




(3.20) 



)] 



+ [{P{Ext\F, E)) X [SpecK/((G™ x Eom{F, E))], p^)] 
= [([Spec K/G^],P4)] - dim Hom(F,£;) [([Spec K/G„],p5)] 



+ [{¥iExt\F,E)) X [SpccK/G,„],p6)], 



where pi are 1-morphisms to 



.a+/3 
■coh{X) 



, and the group law on x Hom(i^, E) 



is (A, /i, 0) • (A', /i', 0') = (AA', pp\ X(f>' + ^'4>) for A, A', yit, p.' in Gm and (/), 4>' in 
Hom(F,i;), and G^, x Hom(F, £;) acts on Y.y±^{F,E) by {\,p,(l)) : e ^ Xp'^e. 

Here in the first step of (13.201) we use p.l9p . in the second p.3p . and in 
the third that the fibre of tti x tts over E, F is [Ext^(i^, i;)/ Hom(i^, In the 
fourth step of ((3?20l) we use relation Definition [?l6r i) in S~Fij}'^(OTcoh(x), X, Q) to 
cut [Ext^(F,i;)/G^„ X Hom(F,£;)] into two pieces [{0}/(G^ x Uojn{F,E))] and 
[(Ext^(i^,£;)\{0})/(G^„ X Hom(F, £;))], where for the second G^ x Hom(i^, £:) 
acts by dilation on Ext^(F, \ {0}, turning it into P(Ext^(i^, £:)), and the 
stabilizer of each point is G„i xHom(F, i?). In the fifth step of p.20p we use 
relation Definition 12 . 16f iii) to rewrite in terms of quotients by tori Gm, G^; the 
term in dim Hom(F, E) is there as the coefficient F(G^„ x Hom(F, E), G^, G^) 
in (|2.10p is — dimHom(F, E) (see equation (|11.13p in ifTTj for this computation). 
In the same way we show that 



~5f*~5e = ^ [([SpccIK/G^J,P4)] -dimHom(£;,F)[([SpccK/G„],p5)] 



where the terms [([Spec K/G^], ^4)] and [([SpecIK/G,„],p5)] in ^^-^^ 
are the same, mapping to E ® F. So subtracting (|3.21l) from (|3.20l) yields 

[5e,6f] = (dim Hom(£;,F) - dim Hom(F,£;)) [([Spec K/G„],p5)] 

+ [(P(Exti(F, E)) X [SpecK/G™], pe)] - [(P(Exti(£;, F)) x [SpecK/G™], pr)] • 

Applying vlix,Q ti^^g yields 

*'^'^([^iS,^F]) 

= (dim Hom(£;, i^) - dim Hom(F, E) + dim Ext^ (F, E) - dim Ext^ {E, F))X"+^ 
= x([i?],[J^])A"+^ = x(a,/3)A"+^ = [vI/^'Q(5i,),*X'Q(5;^)], 

by equation (|3ll)) and x(P(Ext^(£;, i^))) = dimExt^(£;, i^). 



+ [{F{Ext\E,F)) X [SpccIK/G„,],p7)], 



(3.21) 
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3.5 Invariants J"(r) and transformation laws 

We continue in the situation of i j3.4[ with K of characteristic zero and X a 
Calabi-Yau 3- fold over K. Let (r, T, ^) be a permissible weak stability condition 
on coh{X), for instance, Gieseker stability or /^-stability w.r.t. some ample line 
bundle C'x(l) on X, as in Example 13 .81 or [3751 In [5T, §6.6] we define invariants 
J"(r) e Q for all a e C(coh(X)) by 

^'(e°(r)) = J"(r)A". (3.22) 

This is valid by Theorem 13.111 These J°'{t) are rational numbers 'counting' 
r-semistable sheaves E in class a. When 7W"s(r) — Ms^{t) we have J"(t) = 
x(A1"t (''")); that is, J"(r) is the Euler characteristic of the moduli space ^^"^(t). 
As we explain in ^ this is not weighted by the Behrend function i^>i°(r)i and 
is not the Donaldson-Thomas invariant DT°'{t). Also, the J°'{t) are in general 
not unchanged under deformations of AT, as we show in Example 16.91 below. 

Now suppose (t, T, ^), (f , T, <), (f, T, ^) are as in Theorem 13.131 so that 
equation p.lOp holds, and is equivalent to a Lie algebra equation p.l3p as in 
Theorem l3.14l Therefore we may apply the Lie algebra morphisni ^I' to equation 
(|3.13p . In fact we prefer to work with equation p.lOp . since the coefficients 
J7(q!i, . . . ,a„;r, f) in (13.13P are difficult to write down. So we express it as an 
equation in the universal enveloping algebra U{L[X)). This gives 

r{f)X^= J2 [/(«!,..., a„;r,f)-nr=i-/"'M- , . 

n^l, ai,...,a„eC(coh(Jf)): X"'^ X""^ * ■ ■ ■ * X°'" , ^' ' 

CKiH hcK,!— a 

where ★ is the product in U{L{X)). 

Now in |521 §6.5], an explicit description is given of the universal enveloping 
algebra U{L{X)) (the notation used for U(L{X)) in [52] is C(coh(X),Q, ^x))- 
There is an explicit basis given for U{L{X)) in terms of symbols A[/.^], and 
multiplication ★ in U{L{X)) is given in terms of the A[/ as a sum over graphs. 
Here / is a finite set, n maps / — J> C(coh(X)), and when |/| — 1, so that / — {i}, 
we have A[/^] = A***^*). Then |53J eq. (127)] gives an expression for A"^ • •★A"" 
in U{L{X))^ in terms of sums over directed graphs {digraphs): 



A"^ ★ • • • Tk: A"" — terms in Aj/^j, |/| > 1 



(3.24) 



in— 1 



E 



A"i 



connected, simply-conncctcd digraphs T: edges 

vertices {1, . . . , n}. edge • — > • implies i < j • — J- • 

in r 



Substitute ()3.24p into f|3.23p . The terms in A[/^^] for |/| > 1 all cancel, as 
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(P:^ lies in L{X) C U{L{X)). So equating coefficients of A" yields 



= E E 

n^l, ai,...,an£C{coh{X)): connected, simply-connected digraphs F: 

aiH I-ckti— a , 1 J ^ ■ 1- ■ ^ ■ 

vertices {1, . . . , nj, edge • ^ • implies « < j ^ 

(3-25) 

1 

[/(«!,..., a„;r,-f) Y[ x{at,aj)'[[j°'^{T 

edges • — )■ • 111 i 

Following [54l Def. 6.27], we define combinatorial coefficients V{I, T, k; t, f): 

Definition 3.18. In the situation above, suppose F is a connected, simply- 
connected digraph with finite vertex set /, where |/| = n, and k : I ^ 
C(coh(X)) is a map. Define V{I, F, k; t, f ) e Q by 

V{I,T,k;t,t) = E C/(K(ii),'«(j2),--.,K(i«);T,-?). (3.26) 

orderings 21 , . . . . of /: 
edge • ^ • in r implies a < b 



Then as in [511 Th. 6.28], using f|3.26p to rewrite f|3.25p yields a transforma- 
tion law for the J^{t) under change of stability condition: 

'^"(^)=E E E nAr,^;r,f) -nxm^o')) 

iso. /t:/— J-C{coh(X)): connected, edges • — • in P j' o n'7\ 

classes ^^^x simply-connected V ■ 7 

1ei"r ' digraphs r, . TT J«(^)(r). 

vertices i ± l~i(zj 



As in [m Rem. 6.29], F(/,F, k;t, f) depends on the orientation of F only up 
to sign: changing the directions of k edges multiplies V{I,r, k;t,t) by (— 1)'^. 
Since x is antisymmetric, it follows that F, k; r, f ) • Hi-^i x('^(^)7 '^(j)) in 
(|3.27p is independent of the orientation of F. 



4 Behrend functions and Donaldson— Thomas 
theory 

We now discuss Behrend functions of schemes and stacks, and their application 
to Donaldson-Thomas invariants. Our primary source is Behrend's paper [5]. 
But Behrend considers only C-schemes and Deligne-Mumford C-stacks, whereas 
we treat Artin stacks, and discuss which parts of the theory work over other 
algebraically closed fields K. Some of our results, such as Theorem 14. Ill below, 
appear to be new. Also, in H4.5I we give an exact cohomological description of 
the numerical Grothendieck group i4r""™(coh(X)) of a Calabi-Yau 3-fold X. 

We have not tried to be brief; instead, we have tried to make i)4.H -i i4.4l a 
helpful reference on Behrend functions, by collecting ideas and material which 
may be useful in the future. Section 14.41 and most of §4.2) will not be used in 
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this book. We include in i i4.2l a discussion of perverse sheaves and vanishing 
cycles, since they seem to be connected to Behrend functions at a deep level, 
but we expect many of our readers may not be familiar with them. 

4.1 The definition of Behrend functions 

Definition 4.1. Let K be an algebraically closed field of characteristic zero, 
and X a finite type K-scheme. Write Z^,(X) for the group of algebraic cycles 
on X, as in Fulton [28]. Suppose X ^ M is an embedding of X as a closed 
subscheme of a smooth K-scheme M. Let CxM be the normal cone of X in 
M, as in [28l p. 73], and tt : CxM X the projection. As in [3j §1.1], define a 
cycle Cx/M & Z^X) by 

Cx/M = Ec'(-l)''™"^'''^mult(C')7r(C"), 

where the sum is over all irreducible components C of CxM . 

It turns out that Cx/M depends only on X, and not on the embedding 
X ^ M . Behrend |3| Prop. 1.1] proves that given a finite type K-scheme X, 
there exists a unique cycle Cx G Z^{X), such that for any etale map ip -.U ^ X 
for a K-scheme U and any closed embedding U ^ M into a smooth K-scheme 
M, we have ip*{cx) = ^u/m in Z^,{U). If X is a subscheme of a smooth M we 
take ?7 = X and get Cx = ^xjM- Behrend calls Cx the signed support of the 
intrinsic normal cone, or the distinguished cycle of X. 

Write CFz(X) for the group of Z- valued constructible functions on X. The 
local Euler obstruction is a group isomorphism Eu ; Z<f{X) CFz(X). It was 
first defined by MacPherson [7S] when K = C, using complex analysis, but 
Kennedy |60j provides an alternative algebraic definition which works over any 
algebraically closed field K of characteristic zero. If y is a prime cycle on X, 
the constructible function Eu(V^) is given by 

Eu(V-) : X ^ /^_,(^) c(f) n s{^l-Hx),V), 

where n : V V is the Nash blowup oi V, T the dual of the universal quotient 
bundle, c the total Chern class and s the Segre class of the normal cone to a 
closed immersion. Kennedy [60l Lem. 4] proves that Eu(y) is constructible. 
For each finite type K-scheme X, define the Behrend function vx in CF{X) by 
Vx = Eu(cx), as in Behrend [31 §1.2]. 

In the case K = C, using MacPherson's complex analytic definition of the 
local Euler obstruction |75j , the definition of vx makes sense in the framework of 
complex analytic geometry, and so Behrend functions can be defined for complex 
analytic spaces Xan- Informally, we have a commutative diagram: 

C-subvariety X in 

smooth C-variety M 

complex analytic space X 
in complex manifold M 



Algebraic cycle Algebraic Behrend function 
Cx/j\/ in Z^{X) Vx = Eu(cx/m) in C¥^{X) 

\ . ^ . 

Analytic cycle Analytic Behrend function 

^ c^/,~,in ZT{X) ^ v^^¥.n{t^,^j) in CF-(^), 
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where the columns pass from C-algebraic varieties/cycles/constructible func- 
tions to the underlying complex analytic spaces/cycles/constructiblc functions. 
Thus we deduce: 

Proposition 4.2. (a) // K is an algebraically closed field of characteristic zero, 
and X is a finite type ^-scheme, then the Behrend function vx is a well-defined 
l-valued constructible function on X, in the Zariski topology. 

(b) If Y is a complex analytic space then the Behrend function vy is a well- 
defined 1-valued locally constructible function on Y, in the analytic topology. 

(c) If X is a finite type C-scheme, with underlying complex analytic space Xan, 
then the algebraic Behrend function ux in (a) and the analytic Behrend function 
Vx^n in (b) coincide. In particular, vx depends only on the complex analytic 
space underlying X, locally in the analytic topology. 

Here are some important properties of Behrend functions. They are proved 
by Behrend O §1.2 & Prop. 1.5] when K = C, but his proof is valid for general K. 

Theorem 4.3. Let K be an algebraically closed field of characteristic zero, and 
X, Y be finite type ^-schemes. Then: 

(i) // X is smooth of dimension n then vx = (—1)". 

(ii) // (f : X ~>Y is smooth with relative dimension n then i^x = (I'y)- 

(iii) i/xxY ^ i^x ^i^Y, where {vx □ vy){x,v) = i/x{x)iyY{y)- 

We can extend the definition of Behrend functions to K-schemes, algebraic 
K-spaces, and Artin K-stacks, locally of finite type. 

Proposition 4.4. Let K be an algebraically closed field of characteristic zero, 
and X be a "K-scheme, algebraic W-space, or Artin W-stack, locally of finite 
type. Then there is a well-defined Behrend function vx, o, Z-valued locally 
constructible function on X, which is characterized uniquely by the property that 
if W is a finite type ^-scheme and ip : W ^ X is a 1-morphism of Artin stacks 
that is smooth of relative dimension n then Lp*{yx) = {—^Y^vw in CF{W). 

Proof. As Artin K-stacks include K-schcmcs and algebraic K-spaces, it is enough 
to do the Artin stack case. Suppose X is an Artin K-stack, locally of finite type. 
Let X G X(K). Then by the existence of atlases for X, and as X is locally of 
finite type, there exists a finite type K-scheme W and a 1-morphism (p : W ^ X 
smooth of relative dimension n, with x = ip^,{w) for some w G VF(K). Wc wish 
to define I'xix) = {—l)^iy'w{w). 

To show this is well-defined, suppose W , ,n' , w' are alternative choices for 
W, (fi, n, w. Consider the fibre product Y = W y-^p^x.-^' W . This is a finite type 
K-scheme, as W, W are. Let tti : Y ^ W and n2 : Y ^ W be the projections 
to the factors of the fibre product. Then 7ri,7r2 are morphisms of K-schemes, 
and TTi is smooth of relative dimension n' as (p' is, and 7r2 is smooth of relative 
dimension n as (p is. Hence Theorem 14.3( 11) gives 

(-l)"'^*(i/H') = J^y - (-l)"7r*(z.H-)- (4.1) 
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Since ip^{w) — x = cp'^{w'), the fibre of tti x n2 ■ Y ^ W x W over (w, w') is 
isomorphic as a K-scheme to the stabihzer group Isox(a;), and so is nonempty. 
Thus there exists y G Y{K) with {Tri)*{y) = w and {'K2)*{y) — w' . Equation 
dm thus gives {-1^' vw{w) = vyiy) = {-lYvw'{w'), so that {-lYvw{w) = 
(— 1)" vw'{w'). Hence vx{x) is weh-defined. 

Therefore there exists a unique function vx '■ X{K) Z with the property 
in the proposition. It remains only to show that vx is locaUy constructible. For 
(p,W,n as above, (fi*{i'x) = {—^)"vw and vw constructible imply that vx is 
constructible on the constructible set C X(K). But any constructible 

subset S of X{K) can be covered by finitely many such subsets 93,(VF(K)), so 
vx\s is constructible, and thus vx is locally constructible. □ 

It is then easy to deduce: 

Corollary 4.5. Theorem \4:.3\ also holds for Artin ^-stacks X, Y locally of finite 
type. 

4.2 Milnor fibres and vanishing cycles 

We define Milnor fibres for holomorphic functions on complex analytic spaces. 

Definition 4.6. Let U he a, complex analytic space, f : U ^ C a, holomorphic 
function, and x ^ U . Let (i( , ) be a metric on U near x induced by a local 
embedding of U in some C^. For (5, e > 0, consider the holomorphic map 

: {y^U:d{x,y)<5, 0< <e} {z e C : < |z| < e} 

given by ^f^^iy) = f{y) — f{x)- Milnor [78 , extended by Le [55], shows that 
$/_a; is a locally trivial topological fibration provided < e <C 5 ^ 1. The 
Milnor fibre MFf{x) is the fibre of ^f.x- It is independent of the choice of 
0<e<C(5<Clupto homcomorphism, or up to diffeomorphism for smooth U . 

The next theorem is due to Parusinski and Pragacz ^7], as in [3j §1.2]. 

Theorem 4.7. Let U be a complex manifold and f : U ^ C a holomorphic 
function, and define X to be the complex analytic space Crit(/) C U . Then the 
Behrend function vx of X is given by 

vx{x)^{-lf'^''{l~x{MFf{x))) for X ex. (4.2) 



These ideas on Milnor fibres have a deep and powerful generalization in 
the theory of perverse sheaves and vanishing cycles. We now sketch a few of 
the basics of the theory. It works both in the algebraic and complex analytic 
contexts, but we will explain only the complex analytic setting. A survey paper 
on the subject is Massey [76], and three books are Kashiwara and Schapira [57] . 
Dimca [18], and Schiirmann [93]. Over the field C, Saito's theory of mixed Hodge 
modules [92' provides a generalization of the theory of perverse sheaves with 
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more structure, which may also be a context in which to generahze Donaldson- 
Thomas theory, but we will not discuss this. 

What follows will not be needed to understand the rest of the book — the 
only result in this discussion we will use later is Theorem I4.11[ which makes 
sense using only the definitions of i j4.1l We include this material both for com- 
pleteness, as it underlies the theory of Behrend functions, and also to point out 
to readers in Donaldson-Thomas theory that future developments in the sub- 
ject, particularly in the direction of motivic Donaldson-Thomas invariants and 
motivic Milnor fibres envisaged by Kontsevich and Soibelman |63] , will probably 
be framed in terms of perverse sheaves and vanishing cycles. 

Definition 4.8. Let X be a complex analytic space. Consider sheaves of Q- 
modules C on X. Note that these are not coherent sheaves, which are sheaves 
of Ojf -modules. A sheaf C is called constructible if there is a locally finite 
stratification X — [Jj^ j Xj of X in the complex analytic topology, such that 
C\x- is a Q-local system for all j G J, and all the stalks Cx ioi x ^ X are 
finite-dimensional Q-vector spaces. A complex C* of sheaves of Q-modules on 
X is called constructible if all its cohomology sheaves W{C') for z e Z are 
constructible. 

Write Z)^^^(Ar) for the bounded derived category of constructible complexes 
on X. It is a triangulated category. By 18, Th. 4.1.5], D^^^^{X) is closed under 
Grothendieck's "six operations on sheaves" Rip,,, R(p\,ip* , ip' jTZHom,^. The 
perverse sheaves on X are a particular abelian subcategory Per(Ar) in D^^^{X), 
which is the heart of a t-structure on D'^^^^{X). So perverse sheaves are actually 
complexes of sheaves, not sheaves, on X. The category Per(X) is noetherian 
and locally artinian, and is artinian if X is of finite type, so every perverse sheaf 
has (locally) a unique filtration whose quotients are simple perverse sheaves; and 
the simple perverse sheaves can be described completely in terms of irreducible 
local systems on irreducible subvarieties in X. 

Next we explain nearby cycles and vanishing cycles. Let X be a complex 
analytic space, and / : X — > C a holomorphic function. Define Xq = /^^(O), 
as a complex analytic space, and X* = X \ Xq. Consider the commutative 
diagram 



Xo^^X^—X*^^X* 
\f \f \f \f 

{0} ^ c c* — c*. 

Here i : Xq X, j : X* — > X are the inclusions, p : C* — > C* is the universal 
cover of C* = C \ {0}, and X* = X* x /,c*,p C* the corresponding cover of X* , 
with covering map p : X* — )■ X*, and tt = j o p. The nearby cycle functor 
iPf : I^LX^) ^ D^coJXo) is ipf = i*RTT^TT*. 

There is a natural transformation 'E. : i* =^ between the functors i* ,ipf : 
Dl^^{X) D^„„(Xo). The vanishing cycle functor cj)f : Dl^^{X) Dl^^{Xn) 
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is a functor such that for every C* in D^^^{X) we have a distinguished triangle 

,*(C-) ^^(c.) . cbfiC) ^*iC') (4.3) 

in D'^^^{Xo). So roughly speaking 0/ is the cone on S, but this is not a good 
definition as cones are not unique up to canonical isomorphism. The shifted 
functors (/>/[— 1] take perverse sheaves to perverse sheaves. 

As «*, V'/, 0/ are exact, they induce morphisms on the Grothendieck groups 

(0/), : i^oPL(^)) i^oPL(^o)), 

with (V'/)* = (i*)* + (^/)* by Note that Xoli'Lnl^)) = ii'o(Per(X)) 

and ii:o(£'^„„(Xo)) = ifo(Per(Xo)), and for X of finite type i^o(Per(X)) is 
spanned by isomorphism classes of simple perverse sheaves, which have a nice 
description [l8l Th. 5.2.12]. 

Write CF^{X) for the group of Z- valued analytically constructiblc func- 
tions on X. Define a map xx ■ Obj CF^''(X) by taking Euler 
characteristics of the cohomology of stalks of complexes, given by 

Xxin : X ^ Efcez(-l)' dhnnHC').. 

Since distinguished triangles in D^^^{X) give long exact sequences on cohomol- 
ogy of stalks 'H''{—)x, this xx is additive over distinguished triangles, and so 
descends to a group morphism xx ■ Ko{D'^^^{X)) CFJ"(X). 

These maps xx : Ohi{D^^^^{X)) CF^'{X) and xx : A'o(£'co„(^)) 
CF|"(X) are surjective, since CFJ"(X) is spanned by the characteristic functions 
of closed analytic cycles Y in X, and each such Y lifts to a perverse sheaf in 
D'^^^{X). In category-theoretic terms, X is a functor -Dco„ from 

complex analytic spaces to triangulated categories, and X i-> CF^{X) is a 
functor CF^" from complex analytic spaces to abelian groups, and X i-^ xx is 
a natural transformation x from I?con to CF^^^. 

As in Schiirmann |93[ §2.3], the operations Rip^,,R(p\,(p* ,(p' ^TZHom, and 
on £)q^^(X) all have analogues on constructiblc functions, which commute with 
the maps xx- So, for example, if 93 : X — )> y is a morphism of complex ana- 
lytic spaces, puUback of complexes ip* corresponds to pullback of constructible 
functions in §2.11 that is, we have a commutative diagram 

DlAY) -^c„„(^) 

CF-(r) ^^CF^W. 

Similarly, if ip is proper then R(p^ on complexes corresponds to pushforward of 
constructible functions CF{ip) in §2.1) that is, we have a commutative diagram 

Ixx xyX (4.4) 

CFTix) ^ CFr(r). 
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Also corresponds to multiplication of constructible functions. 

The functors '0/, 0/ above have analogues VP/, on constructible functions 
defined by Verdier |1021 Prop.s 3.4 & 4.1]. For X, /, Xq as above, there is a 
unique morphism : CFg''(X) CFj"(Xo) such that 

[0, x£Xo\Z, 

whenever Z is a closed complex analytic subspace of X, and Iz G CF^(X) is 
given by Izix) = 1 if a; e Z and Izix) = if x ^ Z. We set = v]/^ _ i*^ 
where i : Xq X is the inclusion. Then we have commutative diagrams 

DLAX) -—^ ^L„(^o) Dl^^iX) Dl^^iXo) 

jxx XX(,| jxx XXoj (4.6) 

CFTiX) CFr(Xo), CFTiX) CFr(Xo). 

Now let J7 be a complex manifold of dimension n, and / : ?7 — > C a holomor- 
phic function. The critical locus X = Crit(/) is a complex analytic subspace 
of U, and / is locally constant on X, so locally X C f~^{c) for some c G C. 
Suppose X is contained in /~^(0) = Uq. Write Q for the constant sheaf with 
fibre Q on U, regarded as an element of D^^^^iU). As U is smooth of dimension 
n, the shift Q[n] is a simple perverse sheaf on U . Since ■(/'/[—I], take per- 

verse sheaves to perverse sheaves, it follows that -0/ [— 1] (Q[n]) — i-'f{Q[n — 1]) 
and [—1] (Q[n]) = 0/ (Q[f^ — 1]) are perverse sheaves on Uq. We call these the 
perverse sheaves of nearby cycles and vanishing cycles^ respectively. 

We will compute Xf7o(0/(Q[« — I]))- We have 



X£/o(0/(Q[n-l])) = (<i>/oxt/(Q[n-l])) = (-l)"-i($/oxr/(Q)) 

^ (-l)"-i($;(l^)) ^ (-l)"-i(*^.(lt/) - i*{lu)) 

^ {-ir-\^j{iu) ~ Wo) ^ (-i)"(iao - ^f{iu)), 

using (j4.6l) commutative in the first step, o [+1] = —xu in the second, 
Xu{'^ = 1(7 in the third and $/ = - i* in the fourth. So (14.51) gives 

X[/o(0/(Q[n - 1])) : X ^ (-1)"(1 - x{MFf{x))) for x G [/q. (4.7) 

If a; e ?7o \ X then MFf{x) is an open ball, so xt/o('/'/(Q[" - l]))(a;) = by 
(|i?71) . and if a; G X then xc/o(0/(Q[?i - l]))(a;) = J^x(a;) by (gJl) and Theorem 
14.71 Thus we have proved: 



Theorem 4.9. Let U be a complex manifold of dimension n, and / : [/ — ^ C a 
holomorphic function with X — Crit(/) contained in Uq = /^^({O}). Then the 
perverse sheaf of vanishing cycles 4>f{Q[n — 1]) on Uq is supported on X, and 

— [0, xeUo\X, 

where vx is the Behrend function of the complex analytic space X . 
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Behrend [21 eq. (5)] gives equation (|4.8p with an extra sign (— since 
he omits the shift [n — 1] in Q[n — 1] , which makes 0/ ((Q[n — 1]) a perverse sheaf. 
Theorem 14.91 may be important for future work in Donaldson-Thomas theory, 
as it suggests that we should try to lift from constructible functions to perverse 
sheaves, or mixed Hodge modules [SS], or some similar setting. 

This bridge between perverse sheaves and vanishing cycles on one hand, 
and Milnor fibres and Behrend functions on the other, is also useful because 
we can take known results on the perverse sheaf side, and translate them into 
properties of Milnor fibres by applying the surjective functors xx ■ Here is one 
such result. For constructible complexes, the functors ipf,(f>f commute with 
proper pushdowns [TS^, Prop. 4.2.11]. Applying xx yields: 

Proposition 4.10. Let X,Y be complex analytic spaces, tp :Y ^ X a proper 
morphism, and f : X ^ C a holomorphic function. Set g = f o ip^ and write 
Xq — /^^(O) and Yq — .9^^(0). Then the following diagrams commute: 

CFTiY) . CFTiX) GFTiY) . CF^ (X) 

I*, ^ */| |*« ^ (4.9) 

cFr(ro) cFr(Xo), cFr(>o) cFr(Xo). 



We use this to prove a property of Milnor fibres that we will need later. The 
authors would like to thank Jorg Schiirmann for suggesting the simple proof of 
Theorem 14.111 below using Proposition l4.10[ which replaces a longer proof using 
Lagrangian cycles in an earlier version of this book. 

Theorem 4.11. Let U be a complex manifold, /:[/—> C a holomorphic 
function, V a closed, embedded complex submanifold of U, and v G ynCrit(/). 
Define U to be the blowup of U along V, with blow-up map n : U ^ U, and set 
f = f on : U — )-C. Then 7r^^{v) — P{TyU/TyV) is contained in Crit(/), and 



x{MFj{v)) = / xiMFiw))dx ^ ^ 

JweP{T^u/T^v) (4-10) 

+ (l - dimU + dimV)x{MFfi^{v)) . 

Here w i— t- x(Mi^j(w)) is a constructible function on ¥{TyU/TyV), and the 
integral in (|4.10p is the Euler characteristic of F{TyU/TvV) weighted by this. 

Proof. Let U,V,U,v be as in the theorem. It is immediate that tt~^{v) = 
P{TyU/TyV) C Crit(/). Replacing / by / — f{v) if necessary, we can suppose 
f{v) = 0. Applying Proposition 14.101 with U, U, tt, /, / in place of X, Y, (p, /, g 
to the function Ify on U shows that 

CF(7r) o *^^(1^) = M/^ o CF(^)1^. (4.11) 
We evaluate (|4lT]) atv eV. Since ir-^iv) = ¥{TyU/TyV) C V, we have 



(CF(7^)ovI/-(l^))(^;)= / M;~(^)dx=/ x(Mi^/H) dx, (4.12) 
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by (|4.5I) . The fibre tt ^{u) of tt :[/—>[/ is one point over u G U \V, 
with x(7r^^(u)) ~ 1, and a projective space F{TuU/TuV) for u e V^, with 
x{tt~^{u)) = dimU - dimF. It follows that CF(7r)li7 is 1 at u £ C/ \ \/ and 
dim U — dim 1/ at w £ T^, giving 

CF(7r)lj^ = ![/ + (dimC/-dimy - (4.13) 

Applying 'if f to (|4.13l) and using (I4.5P to evaluate it at u gives 

(«'/oCF(7r)l^)(w) = x{MFf{v)) + {dimU - dimV - l)x{M Ff\^{v)) . (4.14) 

Equation (|i?TU| now follows from (|ilT|) . (HTT^ and □ 

4.3 Donaldson— Thomas invariants of Calabi— Yau 3-folds 

Donaldson-Thomas invariants DT°'{t) were defined by Richard Thomas |100] . 
following a proposal of Donaldson and Thomas [201 §3]- 

Definition 4.12. Let IK be an algebraically closed field of characteristic zero. 
As in i i3.4[ a Calabi-Yau 3-fold is a smooth projective 3-fold X over IK, with 
trivial canonical bundle Kx- Fix a very ample line bundle Ox{^) on X, and 
let (r, G, ^) be Gieseker stability on coh(X) w.r.t. 0^(1), as in Example 13.81 
For a e i(r""™(coh(X)), write Mss{t) , Mstif) for the coarse moduh schemes 
of r-(semi)stable sheaves E with class [E] = a. Then A^"s(t) is a projective 
K-scheme, and A^"j(r) an open subscheme. 

Thomas [lOOj constructs a symmetric obstruction theory on A^"^(r). Sup- 
pose that Mss{t) = A^"t(r). Then M^f^ir) is proper, so using the obstruction 
theory Behrend and Fantechi 5^ define a virtual class [A^"t(''')]^"^ ^ (.^"t (''')) • 
The Donaldson-Thomas invariant 100 is defined to be 

Note that DT"{t) is defined only when A^"s(t) = A^"j(t), that is, there are no 
strictly semistable sheaves E in class a. One of our main goals is to extend the 
definition to all a G K'''"^{coh{X)). 

In fact Thomas did not define invariants DT°'{t) counting sheaves with fixed 
class a G i4r"^™(coh(X)), but coarser invariants DT^{t) counting sheaves with 
fixed Hilbert polynomial P{t) G Q[t]. Since Al^(r) = ]la:P^=p M'^^{t), the 
relationship with our version DT°'{t) is 

with only finitely many nonzero terms in the sum. Thomas' main result [lOOj §3], 
which works over an arbitrary algebraically closed base field K, is that 

Theorem 4.13. For each Hilbert polynomial P{t), the invariant DT^{t) is 
unchanged by continuous deformations of the underlying Calabi-Yau 3-fold X . 
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The same proof shows that DT°'{t) for a 6 i4r""™(coh(X)) is deformation- 
invariant, provided we know that the group i4r™™(coh(X)) is deformation- 
invariant, so that this statement makes sense. This issue will be discussed 
in i i4.5l We show that when K = C we can describe _ftr""'"(coh(X)) in terms of 
cohomology groups H*{X;Z),H*(X;Q), so that ii:™(coh(X)) is manifestly 
deformation-invariant, and therefore DT°'{t) is also deformation-invariant. 

Here is a property of Behrend functions which is crucial for Donaldson- 
Thomas theory. It is proved by Behrend (3] Th. 4.18] when K = C, but his 
proof is valid for general K. 

Theorem 4.14. Let K he an algebraically closed field of characteristic zero, X 
a proper "K- scheme with a symmetric obstruction theory, and [XY" G Aq{X) 
the corresponding virtual class from Behrend and Fantechi . Then 

where xiXj'^x) = Jx(k)'^^'^^ Euler characteristic of X weighted by 

the Behrend function vx of X . In particular, ^^xY" ^ depends only on the 
'K-scheme structure of X, not on the choice of symmetric obstruction theory. 

Theorem 14.141 implies that DT°'{t) in (I4.15P is given by 

OT"(r)=x(A^s"tW,;^A4=(r)). (4.16) 

There is a big difference between the two equations (|4.15p and (|4.16|) defining 
Donaldson-Thomas invariants. Equation (|4.15p is non-local, and non-motivic, 
and makes sense only if A^"j(r) is a proper K-scheme. But (|4.16|) is local, and (in 
a sense) motivic, and makes sense for arbitrary finite type K-schemes A^"j(r). In 
fact, one could take (|4.16p to be the definition of Donaldson-Thomas invariants 
even when 7W"s(t) ^ A4'^^{t), but we will argue in i )6.5l that this is not a good 
idea, as then DT°'{t) would not be unchanged under deformations of X. 

Equation (|4.16|) was the inspiration for this book. It shows that Donaldson- 
Thomas invariants DT°'{t) can be written as motivic invariants, like those stud- 
ied in [5TH55] . and so it raises the possibility that we can extend the results 
of [5TI - I55] to Donaldson-Thomas invariants by including Behrend functions as 
weights. 

4.4 Behrend functions and almost closed 1-forms 

The material of §4.2l -i l4?3l raises an obvious question. Given a proper moduli 
space M. with a symmetric obstruction theory, such as a moduli space of sheaves 
M%{t) on a Calabi-Yau 3- fold when M%{t) = X"g(r), we have /[_^]vir 1 = 
x{M,vm) by Theorem 14.141 If we could write M as Crit(/) for /:[/-> C a 
holomorphic function on a complex manifold U , we could use the results of iJ4.2l 
to study the Behrend function vm- However, as Behrend says [S] p. 5]: 

'We do not know if every scheme admitting a symmetric obstruc- 
tion theory can locally be written as the critical locus of a regular 
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function on a smooth scheme. This hmits the usefulness of the above 
formula for vx{x) in terms of the Milnor fibre.' 

Later we will prove using transcendental complex analytic methods that 
when IK = C, moduli spaces A^"^(r) on a Calabi-Yau 3-fold can indeed be 
written as Crit(/) for / holomorphic on a complex manifold U , and so we can 
apply >i4.2l to prove identities on Behrend functions (I5.2p - (I5.3I) . But here we 
sketch an alternative approach due to Behrend [3 , which could perhaps be used 
to give a strictly algebraic proof of the same identities. 

Definition 4.15. Let K be an algebraically closed field, and M a smooth K- 
scheme. Let a; be a 1-form on M, that is, w G H^{T*M). We call w almost 
closed if dw is a section of ■ h?T*M , where I^^ is the ideal sheaf of the zero 
locus w~^(0) of w. Equivalently, dcj|(^-i(o) is zero as a section of A^T*M|^-i(o)- 
In (etale) local coordinates (zi, . . . , z„) on Ad , ii lj — /idzi + • ■ • + /„dz„, then 
u) is almost closed provided 

Behrend [31 Prop. 3.14] proves the following, by a proof valid for general K: 

Proposition 4.16. Let K be an algebraically closed field, and X a K-scheme 
with a symmetric obstruction theory. Then X may be covered by Zariski open 
sets Y C_ X such that there exists a smooth M^-scheme M, an almost closed 
1-form u! on M, and an isomorphism of ^.-schemes Y = a;~"'^(0). 

If we knew the almost closed 1-form oj was closed, then locally cj = d/ for 
/ : A/ — K regular, and X = Crit(/) as we want. Restricting to K = C, 
Behrend [3, Prop. 4.22] gives an expression for the Behrend function of the zero 
locus of an almost closed 1-form as a linking number. He states it in the complex 
algebraic case, but his proof is also valid in the complex analytic case. 

Proposition 4.17. Let M be a complex manifold and lo an almost closed holo- 
morphic (l,0)-/orm on M, and let X = w~^(0) as a complex analytic subspace 
of M. Fix X G X, choose holomorphic coordinates (zi, . . . , z„) on X near x with 
zi{x) = ■ ■■ = Zn{x) = 0, and let (zi, . . . ,z„,u;i, . . . ,w„) be the induced coordi- 
nates on T*M, with (zi, . . . , w„) representing the 1-form widzi + • • • -f Wndzn 
at (zi, . . . , z„), so that we identify T*M near x with C^". 

Then for all rj E C and e G M with < jTyj ^ e <C 1 we have 

iyx{x)^Ls^{T,j-i^nSe,AnSe), (4.17) 

where iSe = {(zi, . . . , w„) G C^" : |zip + - • = e^} is the sphere of radius e 

in C^", and F^-i^ the graph of rj^^uj regarded locally as a complex submanifold 
of C^" , and A = { (zi , . . . , ) G C^" : Wj = zj, j — 1, . . . ,n}, and Lg^ ( , ) the 
linking number of two disjoint, closed, oriented {n—l)-submanifolds in Se- 
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Here are some questions which seem interesting. If the answer to (a) is yes, it 
suggests the possibility of an alternative proof of our Behrend function identities 
(|5.2I) - (|5.3I) using algebraic almost closed 1-forms as in Proposition 14. 16[ rather 
than using transcendental complex analytic methods. 

Question 4.18. Let M be a complex manifold, uj an almost closed holomorphic 
(l,0)-/orm on M, and X = a;~^(0) as a complex analytic subspace of M. 

(a) Can one prove results for Behrend functions vx analogous to those one 
can prove for Behrend functions of Crit(/) for / : i\f — > C holomorphic, using 
Proposition 14.171 .'' For instance, is the analogue of Theorem 14.111 true with df 
replaced by an almost closed 1-form lo, and df replaced by 7r*(w)? 

(b) Can one define a natural perverse sheaf V supported on X, with Xxi'P) = 
Vx, such that V = 0/(Q[n — 1]) when lo = df for f : M ^ C holomorphic? 

(c) // the answer to (a) or (b) is yes, are there generalizations to the algebraic 
setting, which work say over EC algebraically closed of characteristic zero ? 

One can also ask Question I4.18f b) for Saito's mixed Hodge modules |92) . 

4.5 Characterizing ir°""^(coh(X)) for Calabi-Yau 3-folds 

Let X be a Calabi-Yau 3-fold over C, with H^{Ox) = 0. We will now give 
an exact description of the numerical Grothendieck group K'^^™{coh{X)) in 
terms of the cohomology Q). A coroUary of this is that i^""'"(coh(X)) 

is unchanged by small deformations of the complex structure of X. This is 
necessary for our claim in gEl that the DT"{t) for a S i^"^'"(coh(X)) are 
deformation-invariant to make sense. 

To do this we will use the Chern character, as in Hartshorne |401 App. A] or 
Fulton [28]. For each E e coh(X) we have the rank r{E) G H°{X;Z) and the 
Chern classes Ci{E) G H^'^{X; Z) for i — 1,2, 3. It is useful to organize these into 
the Chern character ch(E) in Q), where ch{E) = cho{E) + chi{E) + 

ch2iE) + chsiE) with ch,(£;) e H^'{X; Q), with 

choiE) = r{E), ch^{E)^c,{E), ch^iE) ^ l{ci{E)^ ~ 2c2{E)) , 
ch3{E)^l{ciiEf ~3ciiE)c2iE) + 3c3{E)). 

Here we use the natural morphism ^^^^"'(X; Z) i/'=™'^(X;Q) to make r{E), 
Ci{E) into elements of Q). The kernel of this morphism is the torsion 

of iJ°™"(X;Z), the subgroup of elements of finite order. From now on we will 
neglect torsion in Z), so by an abuse of notation, when we say that 

an element \i of H^\X; Q) lies in H^^{X; Z), we really mean that Ai lies in the 
image of H^'{X;Z) in H^'{X;Q). 

By the Hirzebruch-Riemann-Roch Theorem [4Ql Th. A.4.1], the Euler form 
on coherent sheaves E, F is given in terms of their Chern characters by 

X{[E], [F]) = deg{ch{Ey ■ ch{F) ■ td(TX))3, (4.19) 
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where td{TX) is the Todd class of TX, which is 1 + j^C2{TX) as X is a 
Calabi-Yau 3-fold, and (Ao, Ai, A2, Aa)^ = (Ao, — Ai, A2, — A3), writing elements 
of i?<=™"(X; Q) as (Ao, . . . , A3) with A, e 

The Chern character is additive over short exact sequences. That is, if 
G^E^F^G^Q IS exact in coh(X) then ch(/) = c}y{E) + ch(G). 
Hence ch induces a group morphism ch : i^'o(coh(X)) — )■ i/°™"(X;Q). We have 
X""">(coh(X)) = Ko{co\\{X))/I, where / is the kernel of x on Kq{co\\{X)). 
Equation (|4.19p implies that Kerch C /. Theorem 14.191 will identify the im- 
age of ch in i/'=™"(X;Q). This image spans iJ^™"(X;Q) over Q, so as the 
pairing {a, (3) deg(a^ • (3 ■ td(TX))3 is nondegenerate on i/°™"(X;Q), it is 
nondegenerate on the image of ch, so Kerch = /. 

Hence ch induces an injective morphism ch : i4r""™(coh(X)) ^ Q), 
and we may regard iC"^"(coh(X)) as a subgroup of ^^^^"(X; Q). (Actually, this 
is true for any smooth projective C-scheme X.) Our next theorem identifies the 
image of ch. 

Theorem 4.19. Let X be a Calahi~Yau 3-fold overC with H^{Ox)^Q- Define 

Ax = {(Ao,Ai,A2, A3) e H^™"(A;Q) : Aq G H"(A;Z), Ai e H^{X;Z), 

A2 - ^Xl e HHX;Z), A3 + j^AiC2(TA) e H%X;Z)}. 

(4.20) 

Then Ax is a subgroup of i7°™"(A;Q), a lattice of rank '^i^ob'^^{X), and the 
Chern character gives a group isomorphism ch : i^T""™ (coh(A) )—> Ax . 

Therefore the numerical Grothendieck group _fir""™(coh(A)) depends only on 
the underlying topological space of X up to homotopy, and so X"""^(coh(A)) is 
unchanged by deformations of the complex structure of X . 

Proof. Suppose for simplicity that X is connected, so that we have natural 
isomorphisms H^{X; Q) = Q and i?^(X; Z) = 1. If it is not connected, we can 
run the argument below for each connected component of X . 

To show Ax is a subgroup of iJ°™"(A; Q), we must check it is closed under 
addition and inverses. The only issue is that the condition A2 — |A^ e H^{X; Z) 
is not linear in Ai. If (Aq, . . . , A3), (Aq, . . . , A3) S Ax then 

(A2 + AJ,) - i(Ai + \\f = [A2 - + [A^ - \{Kf] + [Aia;] , 

and the right hand side is the sum of three terms in H^{X\'L). So (Aq -f 
A^,...,A3 + A!,) e Ax. Also 

(-A2)-i(-Ai)^ = -[A2-iA?]-[A?], 

with the right hand the sum of two terms in H'^{X; Z). So (— Aq, . . . , — A3) G Ax, 
and Ax is a subgroup of i/'=™"(A;Q). We have 

1 ijovon^j^. X) /torsion C Ax C iJ°™"(X; Z) /torsion C i?'=^™(X; Q), 
so Ax is a lattice of rank ELo^^'(^) i?""™" (A; Z) /torsion is. 
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Next we show that ch(it'"™(coh(X))) C Ax- As Ax is a subgroup, it is 
enough to show that ch{E) G Ax for any E G coh(X). Set ch{E) — (Aq, . . . , A3). 
Then (Hl^ gives Aq = r{E), Ai = ci{E), A2 = ^{ci{E)^ - 2c2{E)) and 
A3 = \{ci{Ef - ici{E)c2{E) + 3c3(£:)), with r{E) e H"{X;Z) and c,{E) G 
ij2»(X;Z). The conditions Aq G H°{X;Z) and Ai G H^{X]Z) are immediate, 
and A2 — ^Af = — C2(£') which hes in iJ^(X;Z). For the final condition, 

deg{\3 + ^,XiC2{TX)) 

= deg(i(ci(i;)3 - 3ci(i;)c2(S) + 3c3(£;)) + ^ciiE)c2iTX)) 
= deg((l, 0, 0, 0) • (riE), ci{E), \{c^{Ef - 2c2{E)), 

^{ciiEf - 3ci{E)c2{E) + 3c3{E))) ■ (1, 0, ^C2{TX),0))3 
= deg(ch(0)^ • ch(£;) • td(rx))3 = x{[Oxl [F]) G z, 

using in the last line. Then deg(A3 + j^XiC2{TX)) G Z implies A3 + 

^XiC2(TX) G H'^iX; Z) = Z. Hence ch{E) = (Aq, . . . , A3) G Ax, as we want. 

As a: is a Calabi-Yau 3-fold over C with H'^{Ox) = we have H'^'°{X) = 
H°'^{X) = 0, so iJi'i(X) = H^{X;C). Therefore every /3 G H^{X;Z) is ci(L/3) 
for some holomorphic line bundle L^, with 

ch(L^) = (l,/3,i/32,i/33), forany/3Gi/2(X;Z). (4.21) 

Pick X £ X, and let C^, be the skyscraper sheaf at x. Then 

ch(0,) = (0,0,0,1), (4.22) 

identifying i/6(X;Q) = Q and H'^{X;Z) = Z in the natural way. Suppose 
E is an reduced algebraic curve in X, with homology class [S] G H2{X;'Z) = 
H'^{X;'E). Then the structure sheaf in coh(X) has 

ch(C>s) = (0, 0, [S], fc) for some k G Z. (4.23) 

Now ch(ii:""™(coh(X))) is a subgroup of Ax which contains (|4?2T|) - (|4?23)) . 
We claim that the elements (|4.2ip - (|4.23p over all /3, E generate Ax, which forces 
ch(ii'"™(coh(A:))) = Ax and proves the theorem. This depends on a deep fact: 
Voisin |1031 Th. 2] proves the Hodge Conjecture over Z for Calabi-Yau 3-folds X 
over C with (Ox) — 0. In this case, the Hodge Conjecture over Z is equivalent 
to the statement that H2{X;Z) = H'^{X;Z) is generated as a group by classes 
[S] of algebraic curves T, in X. It follows that (I4.22p and (|4.23p taken over all 
E generate the subgroup of (0, 0,A2,A3) G Ax with A2 G H'^{X;'Z) and A3 G 
H'^iX; Z). Together with ^jTijl for ah ^ e H'^{X;Z), these generate Ax- □ 

Remark 4.20. (a) Our proof used the Hodge Conjecture over Z for Calabi- 
Yau 3-folds, proved by Voisin [1031 . But the Hodge Conjecture over Z is false 
in general, so the theorem may not generalize to other classes of varieties. 

(b) In fact Ax is a subring of ''^^ (X ; Q) . Also, Ko(coh(A:)), i^""'°(coh(X)) 
naturally have the structure of rings, with multiplication ' • ' characterized by 
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[E] • [F] = [E(»F] for E, F locally free. As ch(£: ^ F) ^ ch{E) ch{F) for E, F 
locally free, it follows that ch : i4r™™(coh(X)) Ax is a ring isomorphism. 
But we will make no use of these ring structures. 

(c) If X is a Calabi-Yau 3-fold over C but H^Ox) ^ then ch(ii:""™(coh(X))) 
can be a proper subgroup of Ax, and this subgroup can change under defor- 
mations of X. Thus i4r""™(coh(X)) need not be deformation-invariant up to 
isomorphism, as its rank can jump under deformation. 

To see this, note that if H^{Ox) 7^ then H^^°{X) ^ 0, so H^^'^iX) is a 
proper subspace of H'^{X;C), which can vary as we deform X, and the inter- 
section H^'^{X) nH^{X;Z) can change under deformation. Let (3 £ H^{X;Z). 
Then f3 = ci{L) for some holomorphic line bundle L on X if and only if /3 G 
Fi'i(X), and then ch(L) = (l, ^, i/?^) . One can show that (l, /3, i/?^) 
lies in ch(ii''™(coh(X))) if and only if /3 e H^'^{X). 

(d) Let i? be a C-scheme, and Xt, for b G -B(C) be a family of Calabi-Yau 3-folds 
with H^{Oxh) — 0- That is, we have a smooth C-scheme morphism tt : X B, 
with fibres Xi, for b G B{C). Then we can form i^T™™ (coh(Xf,)) for each b G 
B{C). If B is connected, then for bQ,bi G B{C), we can choose a continuous 
path 7 : [0,1] B(C) joining bo and &i. The family X^(^t) for t G [0,1] 
defines a homotopy Xb^ , and so induces isomorphisms i?''™"(Xb„; Q) = 

Ax,^ = Ax,^, and if """"(cohCAbJ) ^ X""'°(coh(X,, J). 

However, if i? is not simply- connected this isomorphism iir""™(coh(At,o)) = 
iir""'"(coh(Af,j )) can depend on the homotopy class of the path 7. The groups 
i<r""™(coh(Xb)) for b G i?(C) form a tocaZ system on B{C), so that the fibres are 
all isomorphic, but going round loops in B{C) can induce nontrivial automor- 
phisms of if"""(coh(A6)), through an action of 7ri(B(C)) on 7f™'°(coh(Xf,)). 
This phenomenon is called monodromy. We study it in Theorem 14.211 below. 

Thus, the statement in Theorem 14.191 that _fi'""'"(coh(A)) is unchanged by 
deformations of the complex structure of X should be treated with caution: 
it is true up to isomorphism, but in general it is only true up to canonical 
isomorphism if we restrict to a simply-connected family of deformations. 

(e) It may be possible to extend Theorem 14.191 to work over an algebraically 
closed base field K of characteristic zero by replacing H*{X; Q) by the algebraic 
de Rham cohomology H^^i i^) of Hartshorne (39) . For X a smooth projective 
K-scheme, H^^{X) is a finite-dimensional vector space over K. There is a 
Chern character map ch : i4:'^"'"(coh(A)) --^ In [Ml §4], Hartshorne 
considers how H^^^Xt) varies in families Xt : t G T, and defines a Gauss-Manin 
connection, which makes sense of H^^{Xt) being locally constant in t. 

We now study monodromy phenomena for ii'""'"(coh(A„)) in families of 
smooth K-schemes A as in Remark l4.20r d'). We find that we can always 

eliminate such monodromy by passing to a finite cover U of U. This will be 
used in ii5.4l and [JT2]to prove deformation-invariance of the DT°'{t), PI"'"'{t'). 

Theorem 4.21. Let IK be an algebraically closed field, ip : X ^ U a smooth 
projective morphism of "K-schemes with U connected, and Ox{^) 0, relative 
very ample line on A, so that for each u G UifK), the fibre A„ of Lp is a 



49 



smooth projective ^-scheme with very ample line bundle Ox^i^)- Suppose the 
numerical Grothendieck groups i4r™™(coh(X„)) are locally constant in J7(K), so 
that u (-> i^""'"(coh(X„)) is a local system of abelian groups on U . 

Fix a base point v G t^(IK), and let T be the group of automorphisms of 
K™™(coh{Xy)) generated by monodromy round loops in U . Then T is a finite 
group. There exists a finite etale cover w : U ^ U of degree \T\, with U a 
connected 'K-scheme, such that writing X = X Xij U and (p : X ^ U for the 
natural projection, with fibre Xji at u € U{Wi), then K'^'^'^{coh{Xu)) for all 
u G C/(K) are all globally canonically isomorphic to K'^^™{co}i{Xy)). That is, 
the local system u i— t- K'^^™[c6h{Xu)) on U is trivial. 

Proof. As iir™™(coh(Xt,)) is a finite rank lattice, we can choose Ei, . . . ,i?„ G 
coh(X^) such that [Ei],. . . , [E^] generate if"""^(coh(Xi,)). Write r for Gieseker 
stabihty on coh(X^) with respect to C'x„(l)- Then as in H3.2\ each Ei has a 
Harder-Narasimhan filtration with r-semistable factors Sij. Let ai, . . . , G 
K'^^™{coh{Xy)) be the classes of the Sij for all i,j. Then qi, . . . , generate 
if ""™(coh(X„)) as an abelian group, and the coarse moduli scheme {''')v of 
T-semistable sheaves on Xy in class ai is nonempty for i ~ 1, . . . , fc. Let Pi be 
the Hilbert polynomial of ai for i = 1, . . . ,k. 

Let 7 G r, and consider the images 7 • cti G K'^^™{coh{Xy)) ior i — 1, . . . , k. 
As we assume Ox{^) is globally defined on U and does not change under mon- 
odromy, it follows that the Hilbert polynomials of classes a G if™™(coh(X„)) 
do not change under monodromy. Hence 7 • ai has Hilbert polynomial Pi. Also, 
the condition that >l"s(r)„ ^ for u G U{K) and a G ii'™™(coh(X„)) is an 
open and closed condition in (u,a), so as M"s{''')v ^ we have A1ss"'(t)„ 7^ 0. 

For each i = 1, . . . , k, the family of r-semistable sheaves on Xy with Hilbert 
polynomial Pi is bounded, and therefore realizes only finitely many classes 
Pi,..., in is:""™{coh(X„)). It follows that for each 7 G T we have 7 • G 
{Pi, . . . , /3"'}. So there are at most ni ■ ■ - Uk possibilities for (7 • ai, . . . , 7 • ak). 
But (7 • ai, ... ,7 • ak) determines 7 as ai, . . . ,ak generate iir""™(coh(X^)). 
Hence |r| ^ ni ■ ■ ■ n^, and F is finite. 

We can now construct an etale cover tt : J7 — > [/ which is a principal F- 
bundle, and so has degree |F|, such that the K-points of U are pairs {u,l) 
where u G ;7(IK) and l : X™'"(coh(X„)) ivT"^" (coh(X„)) is an isomorphism 
induced by parallel transport along some path from u to v, which is possible as 
U is connected, and F acts freely on U (K) by 7 : {u, l) ^-^ (u, 7 o t), so that the 
F-orbits correspond to points u G /7(K). Then for u — [u, l) we have Xu = Xy, 
with canonical isomorphism t : if™™(coh(Xfi)) K^™™ {coh{Xy)) . □ 



5 Statements of main results 

Let X be a Calabi~Yau 3-fold over the complex numbers C, and a very 

ample line bundle over X. For the rest of the book, our definition of Calabi~Yau 
3-fold includes the assumption that H^{Ox) = 0, except where we explicitly 
allow otherwise. Remarks 15.11 and 15.21 discuss the reasons for assuming IK = C 
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and H^{Ox) = 0. Write coh(X) for the abelian category of coherent sheaves 
on X, and -ft'(coh(X)) for the numerical Grothendieck group of coh{X). Let 
(t, G, ^) be the stabihty condition on coh(X) of Gieseker stabihty with respect 
to Ox{i), as in Example 13.81 If i? is a coherent sheaf on X then the class 
[E] G K{coh{X)) is in effect the Chern character ch(£') of E. 

Write 9Jl for the moduli stack of coherent sheaves E on X. It is an Artin 
C-stack, locally of finite type. For a e K {coh{X)) , write 971" for the open and 
closed substack of E with [E] = a in K{coh{X)). (In SJ3] we used the nota- 
tion ^XIlcoh(x)T'^coh{x) fo'" 971,371", but we now drop the subscript coh(X) for 
brevity). Write 971"s(t), 97l"t(T) for the substacks of r- (semi) stable sheaves E in 
class [E] = a, which are finite type open substacks of 97t". Write A4"s(t), Mg^^ir) 
for the coarse moduli schemes of T-(semi)stable sheaves E with [E] — a. Then 
Mss{t) is a projective C-scheme whose points correspond to S-equivalence 
classes of r-semistable sheaves, and M'^^{t) is an open subscheme of A^"g(r) 
whose points correspond to isomorphism classes of r-stable sheaves. 

We divide our main results into four sections > j5.H -i )5.4l Section 15.11 studies 
local properties of the moduli stack 9Jl of coherent sheaves on X. We first 
show that 971 is Zariski locally isomorphic to the moduli stack 5Ject of algebraic 
vector bundles on X. Then we use gauge theory on complex vector bundles and 
transcendental complex analytic methods to show that an atlas for 971 may be 
written locally in the complex analytic topology as Crit(/) for /:[/—> C a 
holomorphic function on a complex manifold U. The proofs of Theorems 15.31 
[Ql and [53] in g5?T]are postponed to 

Section [5T2] uses the results of §5. H and the Milnor fibre description of Behrend 
functions in §4.2l to prove two identities (|5.2|) - (|5.3|) for the Behrend function t'OT 
of the moduli stack 97t. The proof of Theorem 15.111 in §5.21 is given in fTOl 
Section 15. 3[ the central part of our book, constructs a Lie algebra morphism 
^ : SFi,"'^(97l) L{X), which modifies * in ^M^Y inserting the Behrend func- 
tion fajt as a weight. Then we use \1/ to define generalized Donaldson-Thomas 
invariants DT"(r), and show they satisfy a transformation law under change of 
stability condition r. Theorem 15. 141 in ij5.3l is proved in ijlll 

Section 15.41 shows that our new invariants DT°'(t) are unchanged under 
deformations of the underlying Calabi-Yau 3-fold X. We do this by first defining 
auxiliary invariants P/"'"(t') counting 'stable pairs' s : Ox{—n) —^EioiEG 
coh{X) and n ^ 0, similar to Pandharipande-Thomas invariants [S^. We 
show the moduli space of stable pairs A1"t'p (''"') is a projective scheme with a 
symmetric obstruction theory, and deduce that P/"^"(t') is unchanged under 
deformations of X. We prove a formula for PI°'^'^{t') in terms of the DTi^ir), 
and use this to deduce that DT°'{t) is deformation- invariant. The proofs of 
Theorems [Q^ [Q^ [QSl and[527|in gO]are postponed to 311-3131 

Remark 5.1. We will use the assumption that the base field K = C for the 
Calabi-Yau 3-fold X in three main ways in the rest of the book: 

(a) Theorems 15.41 and 15 . 5 1 in i j5.1l are proved using gauge theory and transcen- 
dental complex analytic methods, and work only over IK = C. These are 
used to prove the Behrend function identities (|5.2|) - (|5.3p in §5.2) which 
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are vital for much of ij5.3l -i}7[ including the wall crossing formula (|5.14l) 
for the DT°'{t), and the relation ([STT]) between P/"'"(t'), -DT"(r). In 
examples we often compute PI°''^{t') and then use (|5.17p to find DT°'{t). 

(b) As in S31 when IK = C the Chern character embeds X""'"(coh(X)) in 
^cvcn^^. g^^^ -(-jjjg gj^Q^ iir""™(coh(X)) is unchanged under 
deformations of X. This is important for the results in ii5.4l that DT°'{t) 
and PI°''"{t') for a G if""™(coh(X)) are invariant under deformations of 
X even to make sense. Also, in [JBlwe use this embedding in Q) 
as a convenient way of describing classes in 7^""™(coh(X)). 

(c) Our notion of compactly embeddable in iJ6.7l is complex analytic and does 
not make sense for general K. 

We now discuss the extent to which the results can be extended to other fields 
K. Thomas' original definition (I4.15|) of DT°-{t), and our definition (|5.15p of 
the pair invariants PI°''"'{t'), arc both valid over general algebraically closed 
fields K. Apart from problem (b) with if™™(coh(X)) above, the proofs of 
deformation-invariance of DT°'{t), PI°''"{t') are also valid over general K. 

As noted after Theorem 12.41 constructible functions methods fail for K 
of positive characteristic. Because of this, the alternative descriptions (j4.16p . 
(|5.16p for DT°'{t), PI°''"{t') as weighted Euler characteristics, and the defini- 
tion of DT" (r) in i j5.31 are valid for algebraically closed fields IK of characteristic 
zero. 

The authors believe that the Behrend function identities (|5.2p - (l5.3p should 
hold over algebraically closed fields IK of characteristic zero; Question I5.12r a) 
suggests a starting point for a purely algebraic proof of (I5.2I) - (|5.3I) . This would 
resolve (a) above, and probably also (c), because we only need the notion of 
'compactly embeddable' as our complex analytic proof of (|5.2p - (|5.3p requires 
X compact; an algebraic proof of (|5.2p ~ (|5.3p would presumably also work for 
compactly supported sheaves on a noncompact X. 

For (b), one approach valid over general K which is deformation-invariant 
is to count sheaves with fixed Hilbert polynomial, as in Thomas |100j . rather 
than with fixed class in if™'"(coh(A:)). It seems likely that ii:™'"(coh(X)) is 
deformation-invariant for more general IK, so there may not be a problem. 

Remark 5.2. We will use the assumption H^{Ox) = for the Calabi-Yau 
3-fold X in four different ways in the rest of the book: 

(i) Theorem 15.31 shows that the moduli stack 93T of coherent sheaves is locally 
isomorphic to the moduli stack QJect of vector bundles. The proof uses 
Seidel-Thomas twists by Ox{—n), and is only valid if Ox{—n) is a spher- 
ical object in L»^(coh(A:)), that is, if H^{Ox) = 0. Theorem [O] is needed 
to show that the Behrend function identities (I5.2I) - (|5.3I) hold on 9Jl as well 
as on 2Jeci, and (I5.2p - (l5.3p are essential for most of t )5.3l - H5.4l 

(ii) If H^Ox) = then as in S3] ii:™'"(coh(A:)) is unchanged under defor- 
mations of X, which makes sense of the idea that DT"{t) is deformation- 
invariant for a e iir™™(coh(A:)). 
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(iii) In go we use that if H'^{Ox) = then Hilbert schemes m\\/{X) are 
open subschemes of moduh schemes of sheaves on X. 

(iv) In SlUand ESwe use that if H\Ox) = then every P e H'^{X;Z) is 
ci{L) for some line bundle L and the map E t-^ E (g> L ioi E E coh(X) to 
deduce symmetries of the DT"{t). 

Of these, in (i) Theorem l5.3l is false if H^{Ox) 7^ 0, but nonetheless the authors 
expect (|5.2p - (|5.3p will be true if H^{Ox) ^ 0, and this is the important thing 
for most of our theory. Question I5.12f a) suggests a route towards a purely 
algebraic proof of (|5.2l) - (|5.3p . which is likely not to require H^{Ox) — 0. 

For (ii), if H^{Ox) 7^ then in i i4.5l the Chern character induces a map 
ch : ii'""™(coh(X)) — s> Ax which is injective but may not be surjective, where 
Ax C ff^™"(X;Q) is the lattice in (g^. Let us identify if"^"(coh(X)) with 
its image under ch in Ax, and then extend the definition of DT°'{t) to all 
a e Ax by setting DT"(t) = for a e Ax \ ch(ii:"™(coh(A:))) . Then IXr°(r) 
is defined for a G Ax, where Ax is deformation-invariant, and we claim that 
DT°'{t) will then be deformation-invariant. Part (iii) is false if H^{Ox) 7^ 0. 

Generalizing our theory to the case H^{Ox) 7^ is not very interesting any- 
way, as most invariants ZJT" (t) (as we have defined them) will be automatically 
zero. If dimiJ^(Ox) — 9 > ^ then there is a T^^ family of flat line bundles on 
X up to isomorphism, which is a group under ®, with identity Ox- Suppose 
a G i4r™™(coh(X)) with ranka > 0, so that r-semistable sheaves in class a 
are torsion- free. Then E ^ E ® L iov E G -^"s(''') and L G T^^ defines an 
action of T^^ on A^"s(t) which is essentially free. As DT°'{t) is a weighted 
Euler characteristic of A^"s(t), and each orbit of T^^ in 7W"s(t) is a copy of T^^ 
with Euler characteristic zero, it follows that DT°'{t) = when ranka > 0. 

One solution to this is to consider sheaves with fixed determinant, as in 
Thomas [100] . But this is not nicely compatible with viewing coh(Ar) as an 
abelian category, or with our treatment of wall-crossing formulae. In (iv) above, 
if iJ^(C'x) ^ and /3 £ H^{X;Z) is not of the form Ci{L) for a holomorphic 
line bundle L, then for any a € i^""'"(coh(X)) which would be moved by the 
symmetry of iJ°™"(X;Q) corresponding to /3 we must have DT°'{t) = as 
above. Thus (iv) should still hold when H^{Ox) 7^ 0, but for trivial reasons. 

5.1 Local description of the moduli of coherent sheaves 

We begin by recalling some facts about moduli spaces and moduli stacks of co- 
herent sheaves and vector bundles over smooth projective K-schemes, to estab- 
lish notation. Let K be an algebraically closed field, and X a smooth projective 
K-scheme of dimension m. In Theorem 15.31 we will take X to be a Calabi-Yau 
m-fold over general K, and from Theorem [52] onwards we will restrict to K = C, 
m — 3 and X a Calabi-Yau 3-fold, except for Theorems I5.22[ 15.231 and I5.25i 
which work over general K. 

Some good references are Hartshorne [401 §11-5] on coherent sheaves, Huy- 
brechts and Lehn [l^ on coherent sheaves and moduli schemes, and Laumon 
and Moret-Bailly on algebraic spaces and stacks. When we say a coherent 
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sheaf E is simple we mean that Hom(i?, E) = C. (Beware that some authors 
use 'simple' with the different meaning 'has no nontrivial subobjects'. An al- 
ternative word for 'simple' in our sense would be Schurian.) By an algebraic 
vector bundle we mean a locally free coherent sheaf on X of rank I ^ 0. (See 
Hartshorne [IHl Ex. II. 5. 18] for an alternative definition of vector bundles i? as a 
morphism of schemes tt : E X with fibre K' and with extra structure, and an 
explanation of why these are in 1-1 correspondence with locally free sheaves.) 

Write 9JI and QJect for the moduli stacks of coherent sheaves and algebraic 
vector bundles on X, respectively. By Laumon and Moret-Bailly [67, §§2.4.4, 
3.4.4 & 4.6.2] using results of Grothendieck [M1|3S], they are Artin K-stacks, 
locally of finite type, and QJeci is an open K-substack of 9Jl. Write Msi and Vectsi 
for the coarse moduli spaces of simple coherent sheaves and simple algebraic 
vector bundles. By Altman and Kleiman [1] Th. 7.4] they are algebraic K- 
spaces, locally of finite type. Also Vectsi is an open subspace of A^si- 

Here Wl, QJect, A^si, Vectsi being locally of finite type means roughly only that 
they are locally finite-dimensional; in general 971, . . . , Vectsi are neither proper 
(essentially, compact), nor separated (essentially, Hausdorff), nor of finite type 
(finite type is necessary for invariants such as Euler characteristics to be well- 
defined; for the purposes of this book, 'finite type' means something like 'mea- 
surable'). These results tell us little about the global geometry of 971, ... , Vectsi- 
But we do have some understanding of their local geometry. 

For the moduli stack 971 of coherent sheaves on X, writing 97l(K) for the 
set of geometric points of 97t, as in Definition 12. li elements of 97t(]K) are just 
isomorphism classes [E] of coherent sheaves E on X. Fix some such E. Then 
the stabilizer group Isogji ( [E] ) in 971 is isomorphic as an algebraic K-group to the 
automorphism group Aut(i^), and the Zariski tangent space T[e]^ to 97t at [E] 
is isomorphic to Ext^(£', E), and the action of Isoot([£']) on Tj^jajl corresponds 
to the action of Aut(£') on Ext^(£', E) by7:ei-J>7oeo 

Since Isoot([^']) is the group of invertible elements in the finite-dimensional 
K-algebra Aut(£^), it is an affine K-group. Hence the Artin K-stack 97t has affine 
geometric stabilizers^ in the sense of Definition 12.11 If 5 is a K-scheme, then 
1-morphisms : — >■ 971 are just families of coherent sheaves on X parametrized 
by 5, that is, they are coherent sheaves Es ox\ X x S fiat over S. A 1-morphism 
: 5 ^> 971 is an atlas for some open substack il C 97t, if and only if Es is a 
versal family of sheaves such that {[Es] : s S ^(IK)} = il(K) C 97l(]K). 

For the algebraic K-spaces 7Wsi,Vecisi, elements of A1si(K.), Vecisi(IK) are 
isomorphism classes [E] of simple coherent sheaves or vector bundles E. When 
K = C, Msi.Vectsi are complex algebraic spaces, and so A^si(C), Vectsi (C) 
have the induced structure of complex analytic spaces. Direct constructions 
of Vectsi (C) as a complex analytic space parametrizing complex analytic holo- 
morphic vector bundles are given by Liibke and Okonek |72j and Kosarew and 
Okonek [B^- Miyajima [75] Th. 3] shows that these complex analytic space 
structures on Vectsi (C) coming from the algebraic side [J and the analytic 
side [65l[72] are equivalent. 

Our first result works for Calabi-Yau to- folds X of any dimension to ^ 1, and 
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over any algebraically closed field K. It is proved in 3H1 The authors are grateful 
to Tom Bridgeland for suggesting the approach used to prove Theorem 15.31 

Theorem 5.3. Let K be an algebraically closed field, and X a projective Calabi- 
Yau m-fold over K for m ^ 1, with H^{Ox) — for < i < m, and 
set, 93ect, TMsi, Vecisi be as above. Let il be an open, finite type substack of 9Jl. 
Then there exists an open substack 03 in QJect, and a 1-isomorphism : il — >■ 
of Artin ^-stacks. Similarly, let U be an open, finite type subspace of Ms\- 
Then there exists an open subspace V in Vectsi and an isomorphism tp : U ^ V 
of algebraic K-spaces. That is, 9Jl, A4si are locally isomorphic to QJect, Vecigi, in 
the Zariski topology. The isomorphisms ip, ip are constructed as the composition 
of m Seidel-Thomas twists by Ox{~n) for n 3> and a shift [—m]. 

We now restrict to Calabi-Yau 3-folds over C, which includes the assumption 
H^{Ox) = 0. Our next two results, Theorems 15.41 and 15. 5[ are proved in Sj9l 
Roughly, they say that moduli spaces of coherent sheaves on Calabi-Yau 3-folds 
over C can be written locally in the form Crit(/), for / a holomorphic function 
on a complex manifold. This is a partial answer to the question of Behrend 
quoted at the beginning of H4.4I Because of Theorems 15.41 and 15.51 we can use 
the Milnor fibre formula for the Behrend function of Crit(/) in i )4.2l to study 
the Behrend function j^ot, and this will be vital in proving Theorem 15. Ill 

Theorem 5.4. Let X be a Calabi-Yau 3-fold over C, and Aisi the coarse 
moduli space of simple coherent sheaves on X, so that A^si(C) is the set of 
isomorphism classes [E] of simple coherent sheaves E on X, and is a complex 
analytic space. Then for each [E] G jMsi(C) there exists a finite- dimensional 
complex manifold U, a holomorphic function f : U — > C, and a point u € U with 
f{u) — df\u = 0, such that A^si(C) near [E] is locally isomorphic as a complex 
analytic space to Crit(/) near u. We can take U to be an open neighbourhood 
of u = in the finite- dimensional complex vector space Ext^{E,E). 

Our next result generalizes Theorem 15.41 from simple to arbitrary coherent 
sheaves, and from algebraic spaces to Artin stacks. 

Theorem 5.5. Let X be a Calabi-Yau 3- fold over C, and 9Jt the moduli 
stack of coherent sheaves on X . Suppose E is a coherent sheaf on X, so that 
[E] G 9Jt(C). Let G be a maximal compact subgroup in Aut(i?), and its 
complexification. Then G^ is an algebraic <C-subgroup of Aut(i?), a maximal 
reductive subgroup, and G"^ = Aut(i?) if and only if Ant(E) is reductive. 

There exists a quasiprojective C-scheme S, an action of G^ on S, a point 
s G S'(C) fixed by G"^, and a l-morphism of Artin C-stacks $ : [S/G""] — > 9Jl, 
which is smooth of relative dimension dimAut(i?) — dimG*^, where [S'/G'^] is 
the quotient stack, such that $(sG'^) ~ [E], the induced morphism on stabi- 
lizer groups : IsO[5/qc] (s G*^) — > Isogj; ( ) is the natural morphism G"^ '->■ 
k.ni{E) = Isoot([£;]), and d$|,G'= : T,S ^ T.gcIS/G"] T[e]M ^ F.iit\E,E) 
is an isomorphism. Furthermore, S parametrizes a formally ver sal family {S,T>) 
of coherent sheaves on X, equivariant under the action of G*^ on S, with fibre 
T>s = E at s. If Aut(_B) is reductive then $ is Stale. 
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Write S'an for the complex analytic space underlying the C-scheme S. Then 
there exists an open neighbourhood U of in F,xi^{E,E) in the analytic topol- 
ogy, a holomorphic function f : U C with /(O) = d/|o = 0, an open 
neighbourhood V of s in S'an, and an isomorphism of complex analytic spaces 
S : Crit(/) — V, such that S(0) = s and dS|o : ToCrit(/) — T^V is the in- 
verse of d^lsQC : TgS — Ext^(i?, £'). Moreover we can choose U,f,V to be 
-invariant, and S to be G"^ -equivariant. 

Here the first paragraph is immediate, and the second has a straightforward 
proof in ^9.3[ similar to parts of the proof of Luna's Etale Slice Theorem [71] ; the 
case in which Aut(£') is reductive, so that G"^ = Aut(i?) and $ is etale, is a fairly 
direct consequence of the Etale Slice Theorem. The third paragraph is what 
takes the hard work in the proof. Composing the projection ir : S ^ [S'/G^] 
with $ gives a smooth 1-morphism ^ on : S ^ 9Jl, which is locally an atlas for 
9Jt near [E\. Thus, Theorem 15.51 savs that we can write an atlas for 2Jl in the 
form Crit(/), locally in the analytic topology, where / : f7 C is a holomorphic 
function on a complex manifold. 

By Theorem 15.31 it suffices to prove Theorems I5.4l and l5.5l with Verfsi,2Ject 
in place of A^si,9Jt. We do this using gauge theory, motivated by an idea of 
Donaldson and Thomas [20l §3], [lOOl §2]. het E X he a fixed complex 
(not holomorphic) vector bundle over X . Write si/ for the infinite-dimensional 
affine space of smooth semiconnections (9-operators) on E, and for the 
open subset of simple semiconnections, and for the infinite-dimensional Lie 
group of smooth gauge transformations of E. Note that we do not assume 
semiconnections are integrable. Then acts on ^ and jz/gi, and = is 
the space of gauge-equivalence classes of semiconnections on E. 

The subspace SS^x = s^aM of simple semiconnections should be an infinite- 
dimensional complex manifold. Inside is the subspace 'VsX of integrable 
simple semiconnections, which should be a finite-dimensional complex analytic 
space. Now the moduli scheme Vectsi of simple complex algebraic vector bundles 
has an underlying complex analytic space Vecisi(C); the idea is that is 
naturally isomorphic as a complex analytic space to the open subset of Vectsi(C) 
of algebraic vector bundles with underlying complex vector bundle E. 

We fix in si coming from a holomorphic vector bundle structure on E. 
Then points in si are of the form ds^AioY (End(£') (8)c A°'iT*X) , and 

A makes E into a holomorphic vector bundle if i^^'^ — BeA^ Al\A is zero 
in C°° (End(_E) ®c A°'^T*X) . Thus, the moduh space of holomorphic vector 
bundle structures on E is isomorphic to {9^ -f ^ g ^ : F^'^ = 0}/^. Thomas 
observes that when A is a Calabi-Yau 3-fold, there is a natural holomorphic 
function CS : si — ^ C called the holomorphic Chern-Simons functional, invari- 
ant under up to addition of constants, such that {Be -\- A G s/ : F^'^ = 0} is 
the critical locus of CS. Thus, %i, and hence (Vecisi)(C), is (informally) locally 
the set of critical points of a holomorphic function CS* on an infinite-dimensional 
complex manifold ^si- 

In the proof of Theorem l5.4l in ^ when Be is simple, we show using results 
of Miyajima 79^ that there is a finite-dimensional complex submanifold of 
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^ containing 9b, such that Vectsi(C) near \[E, 9^;)] is isomorphic as a complex 
analytic space to Crit(CS'|Qj near Be-, where CS'Iq^ : — >■ C is a holomorphic 
function on the finite-dimensional complex manifold Q^. We also show is 
biholomorphic to an open neighbourhood t/ of in Ext^(i?, E'). 

In the proof of Theorem l5.5l in fJHl without assuming Be simple, we show that 
a local atlas S for QJect near [(£', 9b)] is isomorphic as a complex analytic space 
to Crit(C5'|Qj near 9b. The new issues in Theorem 15 . 5 1 concern to what extent 
we can take S.Q^ and CS\q^ : — J" C to be invariant under Aut(£^,9B)- In 
fact, in Theorem 15.51 we would have preferred to take 5, U, V, f invariant under 
the full group Aut(-E), rather than just under the maximal reductive subgroup 
G^. But we expect this is not possible. 

On the algebraic geometry side, the choice of 5', 2? in the second paragraph 
of Theorem 15. 5i to construct 5* we use ideas from the proof of Luna's Etale 
Slice Theorem [74] . which works only for reductive groups, so we can make S 
invariant under at most a maximal reductive subgroup G"^ in Aut(i?). On the 
gauge theory side, constructing involves a slice 5^e = {Be^ A : d*^A = 0} to 
the action of in ^ at Be G where B'^ is defined using choices of Hermitian 
metrics hx,hE on X and E. In general we cannot make S'e invariant under 
AvLt(E,dE)- The best we can do is to choose He invariant under a maximal 
compact subgroup G of Aut(£',9B). Then S^e is invariant under G, and hence 
under G^ as S^e is a closed complex submanifold. 

We can improve the group-invariance in Theorem [53] if we restrict to moduli 
stacks of semistable sheaves. 

Corollary 5.6. Let X be a Calabi~Yau 5-fold over C. Write r for Gieseker 
stability of coherent sheaves on X w.r.t. some ample line bundle C'x(l), o,nd 
9Jl"g(T) for the moduli stack of r-semistable sheaves with Chern character a. It 
is an open Artin C-substack of DJl. 

Then for each [E] £ 9Jt"g(T)(C), there exists an affine C-scheme S with 
associated complex analytic space S'an, a point s G S'an, a reductive affine alge- 
braic C-group H acting on S, an etale morphism $ ; [S/H] — > 9Jt"g(T) mapping 
iJ-s I— > [E], a finite- dimensional complex manifold U with a holomorphic action 
of H, an H -invariant holomorphic function f : U C, an H -invariant open 
neighbourhood V of s in 5an in the analytic topology, and an H-equivariant 
isomorphism of complex analytic spaces S : Crit(/) — V . 

Proof. Let [E] G 9JI"s(t)(C). Then by properties of Gieseker stability, E has 
a Jordan-Holder decomposition into pairwise non-isomorphic stable factors Ei , 
. . . , Ek with multiplicities mi, . . . , ruk respectively, and E is an arbitrarily small 
deformation of E' — miEi © • • • © rukEk- We have Hom(£'i, Ej) = if i 7^ j 
and TioTa{E„Ei) = C. Thus Aut(£;') = HjLi GL(m,, C), which is the complex- 
ification of its maximal compact subgroup HiLi U(wi)- Applying Theorem 15. 51 
to E' with G = n»=iU(m,) and = kni{E') gives S,H = G'',<i>,U, f,V, 
E. Since E is an arbitrarily small deformation of E' and $ is etale with 
: [H ■ 0] h-> [E'], [E] lies in the image under of any open neighbour- 
hood of [H ■ 0] in [S/H]{€.), and thus [E] lies in the image of any iJ-invariant 
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open neighbourhood 1^ of in S'an, in the analytic topology. Hence there exists 
s G F C S^an with <^{H ■ s) ^ [E]. The corohary follows. □ 

We can connect the last three results with the ideas on perverse sheaves 
and vanishing cycles sketched in H4.2I The first author would like to thank 
Kai Behrend, Jim Bryan and Balazs Szendroi for explaining the following ideas. 
Theoreni l5.4| proves that the complex algebraic space A^si may be written locally 
in the complex analytic topology as Crit(/), for /:[/-> C holomorphic and U 
a complex manifold. Therefore Theorem 14.91 shows that locally in the complex 
analytic topology, there is a perverse sheaf of vanishing cycles (/)/(Q[dim i7 — 1]) 
supported on Crit(/) = A^si, which projects to VM^i under xua- So it is natural 
to ask whether we can glue these to get a global perverse sheaf on A^si^ 

Question 5.7. (a) Let X be a Calabi-Yau 3-fold over C, and write Msi for the 
coarse moduli space of simple coherent sheaves on X. Does there exist a natural 
perverse sheaf V on Msi, with XM^ii'P) = ^M^i, which is locally isomorphic to 
(pf{Q[dmiU — 1]) for /, U as in Theorem \5.4S 

(b) Is there also some Artin stack version of V in (a) for the moduli stack 971, 
locally isomorphic to (/)/(Q[dimJ7 — 1]) for f, U as in Theorem \b.bV 

The authors have no particular view on whether the answer is yes or no. 
One can also ask Question 15.71 for Saito's mixed Hodge modules [92] . 

Remark 5.8. (i) Question 15. 7f a) could be tested by calculation in examples, 
such as the Hilbert scheme of n points on X. Partial results in this case can be 
found in Dimca and Szendroi |19) and Behrend, Bryan and Szendroi |3], see in 
particular [H Rem. 3.2]. 

(ii) If the answer to Question I5.7f a) is yes, it would provide a way of cat- 
egorifying (conventional) Donaldson-Thomas invariants DT^ir). That is, if 
a e K{coh{X)) with A("s(t) = A("t(r), as in ^Ol then we can restrict V in 
Question I5.7f a') to a perverse sheaf on the open, proper subscheme A4"^{t) in 
M.si, ^-nd form the hypercohomology ]HI*(A^"j(t);P|^c»(t-)), which is a finite- 
dimensional graded Q- vector space. Then 

^(-l)'=dimtf (X,",(t);7'|^=m) = x{M':,{T),XM.,{V)\MUr)) 
where the first equality in (15. ip holds because we have a commutative diagram 



^L„(-Ms"t(T)) ■ 



Rtt, 
CF(7r) 



-L»Jl„„(SpecC) 

XSpocC j 

■CFg"(SpecC). 



by (|4.4p . where tt : 7W"t(T) SpecC is the projection, which is proper as 
A("t(r) is proper, and the last equality in (|5.ip holds by (|4.16|) . 

Thus, EI*(A^"t(T); T'l^c. (t)) would be a natural cohomology group of A("t(r) 
whose Euler characteristic is the Donaldson-Thomas invariant by ()5.ip : the 
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Poincare polynomial of M* {M"t{T);V\M^,{T)) would be a lift of DT°'{t) to 
'Z[t,t~^], which might also be interesting. 

(iii) If the answers to Question 15 . 7f a) . fb) are no, at least locally in the Zariski 
topology, this might be bad news for the programme of Kontsevich-Soibelman 
to extend Donaldson-Thomas invariants of Calabi-Yau 3-folds to other mo- 
tivic invariants. Kontsevich and Soibelman wish to associate a 'motivic Milnor 
fibre' to each point of DJl. The question of how these vary in families over 
the base 9JI is important, but not really addressed in [53]. It appears to the 
authors to be a similar issue to whether one can glue perverse sheaves above; 
indeed, V in Question 15 . 71 mav be some kind of cohomology pushforward of the 
Kontsevich-Soibelman family of motivic Milnor fibres, if this exists. 

The last three results use transcendental complex analysis, and so work only 
over C. It is an important question whether analogous results can be proved 
using strictly algebraic methods, and over fields K other than C. Observe that 
above we locally write Aisi as Crit(/) ioT f : U — > C, that is, we write A^si as 
the zeroes (d/)~^(0) of a closed 1-form df on a smooth complex manifold U. 
A promising way to generalize Theorems I5.4H5.5I to the algebraic context is to 
replace df by an almost closed 1-form uj, in the sense of t j4.4l 

Results of Thomas |100| imply that the coarse moduli space of simple co- 
herent sheaves M.si on X carries a symmetric obstruction theory, and thus 
Proposition 14.161 shows that A^si is locally isomorphic to the zeroes of an al- 
most closed 1-form w on a smooth variety U. Etale locally near [E] 6 A^si(IK) 
we can take U to be Ext^E',^;). Thus we deduce: 

Proposition 5.9. Let IK be an algebraically closed field and X a Calahi~Yau 
3-fold over K, and write A4si for the coarse moduli space of simple coherent 
sheaves on X, which is an algebraic K-space. Then for each point [E] G A4si(IK) 
there exists a Zariski open subset U in the affine "K-space Ext^ (£;,£') with G 
[/(K), an algebraic almost closed 1-form uj on U with — c^wjo = 0, and 
an etale morphism ^ : uj~^{0) A4si with ^(0) — [E] G A^si(IK) and d^|o : 
To(a;"^(0)) ~ Ejxt^{E,E) — !> T[E]M.si the natural isomorphism, where w^^(O) is 
the 'K-subscheme of U on which io = 0. 

This is an analogue of Theorem 15.41 with C replaced by any algebraically 
closed K, the complex analytic topology replaced by the etale topology, and the 
closed 1-form df replaced by the almost closed 1-form uj. We can ask whether 
there is a corresponding algebraic analogue of Theorem l5.5l 

Question 5.10. Let K be an algebraically closed field and X a Calabi-Yau 
3-fold over K, and write 2t for the moduli stack of coherent sheaves on X . 

(a) For each [E] G 9Tt(K), does there exist a Zariski open subset U in the 
affine K-space F,xt^{E,E) with G U{K), an algebraic almost closed 1- 
form u! on U with u!\o — 9w|o — 0, and a 1-morphism ^ : uj^^{0) 93t 
smooth of relative dimension dimAut(i?), with ^(0) = [E] G and 
d^lo '■ ^o('^^^(0)) — Ext^{E,E) T[£;]*It the natural isomorphism? 
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(b) In (a), let G be a maximal reductive subgroup of Ant(E), acting on 
Ext\E,E) by 7 : eM>7oeo7 ^. Can we take U,uj,^ to be G-invariant? 

5.2 Identities on Behrend functions of moduli stacks 

We use the results of i )5.1l to study the Behrend function vrgi of the moduh stack 
DJl of coherent sheaves on X, as in SJH Our next theorem is proved in iJlOl 

Theorem 5.11. Let X be a Calabi-Yau 3-fold over C, and 2Jl the moduli stack 
of coherent sheaves on X . The Behrend function i><x)x : 3Jl(C) Z, is a natural 
locally constructive function on 9Jt. For all Ei,E2 G coh(X), it satisfies: 

ymx{E^ ® E2) = (-l)*([^^l^[^=lVOT(£;i)i.OT(£^2), (5.2) 

= (diniExt^(£;2,-Bi) - diniExt\£;i,£'2))z^9ji(£;i ® E2). 

Here x([i?i], [E2]) in (|5.2p is defined in (|3.ip . anrf m (|5.3p </ie correspondence 
between [A] G P(Ext^(£;2, Si)) and F e coh(X) zs that [A] e P(Ext^(£:2, Si)) 
/z/is to some ^ A G Ext^(_B2, Si), which corresponds to a short exact sequence 
^ El ^ F ^ E2 ^ in coh(X) in the usual way. The function [A] vmiF) 
is a constructive function P(Ext^(i?2, Si)) Z, and the integrals in ()5.3p are 
integrals of constructible functions using the Euler characteristic as measure. 

We will prove Theorem 15 . 1 1 1 using Theorem [53] and the Milnor fibre descrip- 
tion of Behrend functions from H4.2I We apply Theorem l5.5l to E = Ei (BE2, and 
we take the maximal compact subgroup G of Aut(S) to contain the subgroup 
{idsi +AidE2 : A S U(l)}, so that G"^ contains {id£;i -|-Aid_E2 : A G Gm}- Equa- 
tions (|5.2I) and (|5.3p are proved by a kind of localization using this Gm-action 
on Ext^(Si ® S2,Si ® S2). 

Equations (|5.2p - (|5.3p are related to a conjecture of Kontsevich and Soibel- 
man [531 Conj. 4] and its application in [531 §6-3], and could probably be deduced 
from it. The authors got the idea of proving (j5.2p ~ (|5.3p by localization using 
the Gm-action on Ext^(Si (B E2,Ei (B E2) from ^63^. However, Kontsevich and 
Soibelman approach [631 Conj. 4] via formal power series and non- Archimedean 
geometry. Instead, in Theorem 15.51 we in effect first prove that we can choose 
the formal power series to be convergent, and then use ordinary differential 
geometry and Milnor fibres. 

Note that our proof of Theorem 15.111 is not wholly algebro-geometric — 
it uses gauge theory, and transcendental complex analytic geometry methods. 
Therefore this method will not suffice to prove the parallel conjectures in Kont- 
sevich and Soibelman [531 Conj. 4], which are supposed to hold for general fields 
K as well as C, and for general motivic invariants of algebraic K-schemes as well 
as for the topological Euler characteristic. 
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Question 5.12. (a) Suppose the answers to Questions I4.18f a) and 15.101 are 
both yes. Can one use these to give an alternative, strictly algebraic proof of 
Theorem 15.111 using almost closed 1- forms as in MAI either over K — C 
using the linking number expression for Behrend functions in (j4.17p . or over 
general algebraically closed K. of characteristic zero by some other means ? 

(b) Might the ideas of (a) provide an approach to proving [531 Conj. 4] without 
using formal power series methods? 

(c) Can one extend Theorem 15.111 from the abelian category coh(X) to the 
derived category D^{X), say to all objects Ei®E2 in D{X) with Ext^'^(£'i© 

5.3 A Lie algebra morphism ^ : SFj^f (OJl) ^ and 
generalized Donaldson— Thomas invariants DT'^(t) 

In ij3.4l we defined an explicit Lie algebra L{X) and Lie algebra morphisms 
: SF!,';'^(Srn) ^ L{X) and : SF!^';^(9JI, x, Q) ^ L{X). We now define 

modified versions L{X), ^, ^xM^ with ^, ^^'^ weighted by the Behrend function 
vrui of 971. We continue to use the notation of 

Definition 5.13. Define a Lie algebra L{X) to be the Q- vector space with basis 
of symbols A" for a £ K'"''^{coh{X)), with Lie bracket 

[r,A^] = (-l)^("'«x(«,/3)A"+^ (5.4) 

which is p.l5p with a sign change. As x is antisymmetric, (|5.4p satisfies the 
Jacobi identity, and makes L{X) into an infinite-dimensional Lie algebra over Q. 
Define a Q-linear map : SF|^'['^(9JT, x, Q) ^ L{X) by 

as in p.l6p . where 7" G Q is defined as follows. Write flm" in terms of 6i, Ui, pi 
as in p.l7p . and set 

7" = Er=i'5.x(f/^,P.r(^OT)), (5.5) 

where p*(t'OT) is the pullback of the Behrend function t'OT to a constructible 
function on Ui x [SpecC/Gm], or equivalently on Ui, and x{Ui, pl{ym)) is the 
Euler characteristic of Ui weighted by p*(t'gj!). One can show that the map from 
(jXTTl) to is compatible with the relations in SFf^'['^(9Jt", x, Q), and so ^^'^ 
is well-defined. Define ^ : SF!^';'^(2n) ^ L{X) by * = ^^^^ o n^Q. 

Here is an alternative way to write ^i^'"^, ^ using constructible functions. 
Define a Q-linear map Bcf : SF!5<^(9Jt, x, Q) ^ CV{m) by 

ncF : T.l=l5^[{U^ X [Spcc C/G^] , p,)] ^ E^^i '^^ CF""(P^) (1 t/J , 

where by Proposition 13.41 any element of SF!^"'^(9Jt, x, Q) can be written as 
Sr=i X [SpecC/Gmlj/Cj)] for 5i G Q, Ui a quasiprojective C-variety, and 
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[{Ui X [SpecC/G„i], Pi)] with algebra stabilizers, and G CF{Ui) is the func- 
tion 1, and CF"^(pi) is as in Definition 12.31 Then we have 

^''^'^a) = Ec^eK^u^icoHx)) (ncF(/) • i^m)\m') A", 



Our Lie algebra L{X) is essentially the same as the Lie algebra gr of Kontse- 
vich and Soibelman §1.4]. They also define a Lie algebra gy which is a com- 
pletion of a Lie subalgebra of gr, and a pro-nilpotent Lie group Gy with Lie alge- 
bra Qv- Kontsevich and Soibelman express wall-crossing for Donaldson-Thomas 
type invariants in terms of multiplication in the Lie group Gy, whereas we do 
it in terms of Lie brackets in the Lie algebra L{X). Applying exp : gy Gy 
should transform our approach to that of Kontsevich and Soibelman. 

The reason for the sign change between p.lSp and (|5.4p is the signs involved 
in Behrend functions, in particular, the (—1)" in Theorem I4.3r ii). which is 
responsible for the factor {-l)xi[Ei]AE2]) 

Here is the analogue of Theorem 13.161 It is proved in iJTTJ 

Theorem 5.14. * : SFi^';'^(Sr>t) ^ L{X) and : SFi5'i(an, x, Q) ^ L{X) 

are Lie algebra morphisms. 

Theorem l5.14l should be compared with Kontsevich and Soibelman [531 §6-3], 
which gives a conjectural construction of an algebra morphism : SF(9Jt) — > 
Ti-K(coh{x)), where TZK{coh(x)) is a certain explicit algebra. We expect our ^ 
should be obtained from their $ by restricting to SF'JJ'^(9Jl), and obtaining L{X) 
from a Lie subalgebra of Ti-Kicohix)) by taking a limit, the limit corresponding 
to specializing from virtual Poincare polynomials or more general motivic in- 
variants of C- varieties to Euler characteristics. 

We can now define generalized Donaldson-Thomas invariants. 

Definition 5.15. Let X be a projective Calabi-Yau 3-fold over C, let Ojc (1) 
be a very ample line bundle on X, and let {t,G, be Gieseker stability and 
(/i, M, ^) be /i-stability on coh{X) w.r.t. Ox{^), as in Examples 13.81 and 13.91 
As in (|3.22p . define generalized Donaldson-Thomas invariants Z3T"(t) g Q and 
DT^i^i) e Q for all a € C(coh(X)) by 

§(e"(r)) = -i7r"(r)A" and *(e"(/i)) = -ZJT"(^)A". (5.7) 

ReTe_e°'{T),e"_{ii) are defined in and lie in SFi5'^(ait) by Theorem [mi 

so DT°'{t), DT°'{fj,) are well-defined. The signs in (|5.7p will be explained after 
Proposition 15. 171 Equation (15. 6p implies that an alternative expression is 

OT"(/i) = -x"^(an:(M),ncF o ng^i^in)) • ^^on). 

For the case of Gieseker stability (r, G, ^), we have a projective coarse moduli 
scheme Mf^ir). Write tt : 9Jt"g(r) Aifgir) for the natural projection. Then 
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by functoriality of the naive pushforward (|2.ip . we can rewrite the first line of 
(|5.8p as a weighted Euler characteristic of A^"s (''')• 



The constructible functions — IIcf ° n^'^(e"(T)) ■ j/rrn on ajl"s(r) in ()5.8p . and 
-_CF"''(7r)[ncF o n^^(e"(T)) • i^^] on MZ{r) in ([Ell), are the contributions to 
DT"-{t) from each r-semistable, and each S-equivalence class of r-semistables 
(or r-polystable), respectively. We will return to ()5.9p in ! i6.2l 

Remark 5.16. We show in CoroUarv 15.281 below that DT°-{t) is unchanged 
under deformations of X. Our definition of DT"{t) is very complicated. It 
counts sheaves using two kinds of weights: firstly, we define e"(T) from the 
5fg(T) by (|3.4p . with Q-valued weights (— l)"~^/n, and then we apply the Lie 
algebra morphism ^, which takes Euler characteristics weighted by the Z- valued 
Behrend function v^. Furthermore, to compute ^'(e"(T)) we must first write 
e"(r) in the form p.l7p using Proposition [2111 and this uses relation Definition 
dl^iii) involving coefhcients F{G,T^,Q) G Q. 

In ii6.5l we will show in an example that all this complexity is really neces- 
sary to make DT^ir) deformation-invariant. In particular, we will show that 
strictly r-semistable sheaves must be counted with non-integral weights, and 
also that the obvious definition DT°'{t) = x(-^"t(''')j '^xjl'^)) ^onr (|4.I6|) is 
not deformation- invariant when j\4"^{t) ^ A^"j(r). 

Suppose that 7W"g(r) = 7W"^(t), that is, there are no strictly r-semistable 
sheaves in class a. Then the only nonzero term in p.4p is n = 1 and a\ = a, so 



where t : ^sti^) ^ 9^ is the inclusion 1-morphism. Write tt : 9Jt"t(r) Ms^{t) 
for the projection from 2Jl"j(r) to its coarse moduli scheme 7W"j(r). Then 



OT"(r) = -x^^{Tl^,{T),i*M) = -x"^(an,"t(r),^ana(r)) 



using Definition 15 . 131 and (|5.7p in the first step, 9Jl"j(r) open in 9Jl in the second, 
TT smooth of relative dimension —1 and CoroUarv 14. 51 to deduce 7r*(z^7V!° (r)) = 
~^OT°(r) in the third, tt* : 2R"j(r)(C) 7W"j(r)(C) an isomorphism of con- 
structible sets in the fourth, and (|4.16p in the fifth. Thus we have proved: 

Proposition 5.17. // M'^^{t) = >["t(r) then DT"{t) = DT"{t). That is, our 
new generalized Donaldson-Thomas invariants DT°'{t) are equal to the original 
Donaldson-Thomas invariants DT°'{t) whenever the DT°'{t) are defined. 

We include the minus signs in (|5.7p to cancel that in vr* (i^^c. (^-j) = — iy^jfa i-^-,. 
Omitting the signs in (|5.7p would have given DT°'{t) ~ —DT"{t) above. 

We can now repeat the argument of ^3.51 to deduce transformation laws for 
generalized Donaldson-Thomas invariants under change of stability condition. 



(5.9) 



e-"(r) = SZ{r) = S^.^^^ = [(^^".(r), t) 



(5.10) 
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Suppose (t,T, ^),(f,f', <),(f,'f, are as in Theorem [313] for A = coh(X). 
Then as in ^3.2\ equation p.lOp holds, and by Theorem 13.141 it is equivalent 
to a Lie algebra equation p.l3p in SF!2'^(9Jl). Thus we may apply the Lie 
algebra morphism \1/ to transform (I3.13|) (or equivalently p.lOp ) into an identity 
in the Lie algebra L{X), and use (I5.7P to write this in terms of generalized 
Donaldson-Thomas invariants. As for (|3.23p . this gives an equation in the 
universal enveloping algebra U{L{X)): 

n^l, ai ,....Q^(^C(coh(X)): Tai , \a2 , , ' 

QiH ha,i=ct *^ ★•••*A 

As in [SU §6.5], we describe U{L{X)) explicitly, and the analogue of (|3.24[) is 
★ • • • ★ A"" = terms in ~X[j^^, \I\ > 1, (5.12) 



connected, simply-connected edges 
digraphs F: vertices {1, . . . , n}, i j 



I-Qti 



edge • ^ • implies i < j 

Substitute (|5.12p into (|5.1ip . As for (|3.25p , equating coefficients of A" yields 
OT"(f)= ^ 5] (5.13) 

Qi , . . .,QTi^C'(coh(X)) : connected, simply-connected digraphs F: 

n>l. QiH f-ctii— CK i." n 1 J ^ ■ 1- - ^ ■ 

vertices {1, . . . , n|, edge • — • implies i < j 

^^^3^ [/(ai,...,a„;r,f) H x(a., a,) H M- 

edges • — ^ • m i 

Using the coefficients V{I,r, K;T,f) of Definition 13.181 to rewrite (|5.13l) . we 
obtain an analogue of ((3??7l) . as in fM', Th. 6.28]: 

Theorem 5.18. Under the assumptions above, for all a £ C(coh(A')) we have 
DT"{f) = 

E E E i'ir-'V{I,T,.;r,f).l[^^^D-T<Hr) 

ISO. k:/— >C(coh(X)): connected, , 

„f/^f/, E.e.^W- -31^^;^^^ •(-l)^5:.„e.lx(-W.«W)l.-Q^(^(i)^^(j)), 

^^^■^ digraphs T, edges • ^ • in T 

vertices I 

(5.14) 

wiii/i only finitely many nonzero terms. 

As we explained at the end of t j3.31 for technical reasons the authors do 
not know whether the changes between every two weak stability conditions of 
Gieseker or ^-stability type on coh(X) are globally finite, so we cannot apply 
Theorem 15.181 directlv. But as in [511 §5.1], we can interpolate between any 
two such stability conditions on X of Gieseker stability or /i-stability type by 
a finite sequence of stability conditions, such that between successive stability 
conditions in the sequence the changes are globally finite. Thus we deduce: 
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Corollary 5.19. Let (r, T, (f, T, ^) he two permissible weak stability con- 
ditions on coh{X) of Gieseker or ^-stability type, as in Examples 13.81 and 13.91 
Then the DT°'{t) for all a £ C(coh(X)) completely determine the DT"{t) for 
all a £ C(coh(X)), and vice versa, through finitely many applications of the 
transformation law (I5.14[) . 

5.4 Invariants PI"'^\t') counting stable pairs, and 
deformation-invariance of the DT°'{t) 

Next we define stable pairs on X. Our next three results, Theorems I5.22[ [5.231 
and I5.25[ will be proved in i}T2] They work for X a Calabi-Yau 3-fold over a 
general algebraically closed field K, without assuming H^{Ox) = 0. 

Definition 5.20. Let K be an algebraically closed field, and X a Calabi-Yau 
3-fold over K, which may have H^{Ox) 7^ 0. Choose a very ample line bun- 
dle C'x(l) on X, and write (r, G, ^) for Gieseker stability w.r.t. C'x(l), as in 
Example [3^81 

Fix n ^ in Z. A pair is a nonzero morphism of sheaves s : Oxi^n) — ?> E, 
where is a nonzero sheaf. A morphism between two pairs s : Oxi—n) — >■ E 
and t : Ox{—n) — > F is a morphism of Ox-modules f : E ~^ F, with f o s — t. 
A pair s : Ox{—n) E is called stable if: 

(i) t{[E']) t{[E]) for all subsheaves E' of E with Q ^ E' ^ E; and 

(ii) If also s factors through £", then t{[E']) < t{[E]). 

Note that (i) implies that if s : Ox{—n) E is stable then E is r-semistable. 
The class of a pair s : Ox{~n) ~^ E is the numerical class [E] in K'^^™{coh{X)). 

We have no notion of semistable pairs. We will use r' to denote stability of 
pairs, defined using C'x(l). Note that pairs do not form an abelian category, so 
r' is not a (weak) stability condition on an abelian category in the sense of ij3.2l 
However, in ijl3.1l we will define an auxiliary abelian category Bp and relate 
stability of pairs t' to a weak stability condition (t,T, ^) on Bp. 

Definition 5.21. Use the notation of Definition l5.20l Let T be a K-scheme, and 
write TTx : X xT ^ X for the projection. A T- family of stable pairs with class a 
in if"™(coh(X)) is a morphism of OxxT-modules s : tt^ (Ox (—/;-)) E, where 
E is flat over T, and when restricting to K-points t G r(K), St : Ox(— Et 
is a stable pair, with [Et] = a. Note that since E is flat over T, the class [Et] in 
if"™(coh(X)) is locally constant on T, so requiring [Et] = a for all t e r(K) 
is an open condition on such families. 

Two T-families of stable pairs si : 7r^(Ox(-"-)) Ei, S2 : 7r^(Ox(— J^)) — > 
E2 are called isomorphic if there exists an isomorphism f : Ei E2, such that 
the following diagram commutes: 



7r:^(Ox(-n)) 
7r^(Ox(-n)) 



SI 



El 
t/ 

E2. 
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The moduli functor of stable pairs with class a: 

M^t';(T') : SchK -Sets 

is defined to be the functor that takes a K-scheme T to the set of isomorphism 
classes of T-famihes of stable pairs with class a. 

In i jl2.1l we will use results of Le Potier to prove: 

Theorem 5.22. The moduli functor M["j^(t') is represented by a projective 
K-scheme A^"jp (r'). 

Broadly following similar proofs by Pandharipande and Thomas ^86j §2] and 
Huybrechts and Thomas [45] §4], in i il2.5l -i il2.7l we prove: 

Theorem 5.23. If n is sufficiently large then the projective K-scheme ^^"1^(7"') 
has a symmetric obstruction theory. 

Here n is sufhciently large if all r-semistable sheaves E in class a are n- 
regular. Using this symmetric obstruction theory, Behrend and Fantechi [5] 
construct a canonical Chow class [X"tp (r')]""' e A^{M"^^{t')). It lies in degree 
zero since the obstruction theory is symmetric. Since A^st'p (''"') proper, there 
is a degree map on Ao(A^"t'p (t')). We define an invariant counting stable pairs 
of class (a, n) to be the degree of this virtual fundamental class. 

Definition 5.24. In the situation above, if a G K'^'^™{coh{X)) and n ^ is 
sufficiently large, define stable pair invariants PI'^'^{t') in Z by 

= (5.15) 

Theorem 14.141 implies that when K has characteristic zero, the stable pair in- 
variants may also be written 

P/"'"(r') = x{M:^{r').i^M-ir-)). (5.16) 



Our invariants PI'^'^{t') were inspired by Pandharipande and Thomas |86j . 
who use invariants counting pairs to study curve counting in Calabi-Yau 3- 
folds. Observe an important difference between Donaldson-Thomas and stable 
pair invariants: I?T"(r) is defined only for classes a G iiT™™ (coh(X)) with 
M'^^{t) = 7Vl"t(r), but P/«'"(r') is defined for all a e i^"""(coh(X)) and aU 
n ^ 0. We wish to show the PI°'''^{t') for a £ K^^™{coh{X)) are unchanged 
under deformations of the underlying Calabi-Yau 3-fold X. For this to make 
sense, K'^^^™ {coh{X)) should also be unchanged under deformations of X, so we 
put this in as an assumption. Our next theorem will be proved in i J12.8l 

Theorem 5.25. Let K be an algebraically closed field, U a connected algebraic 
K-variety, and X U be a family of Calabi-Yau 3-folds, so that for each 
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u € U(K) the fibre — X 'Xip_u.u SpecK of (p over u is a Calabi-Yau 5-fold 
over K, which may have H^{OxJ ^ 0. Let be a relative very ample 



numerical Grothendieck groups A'""'"(coh(Xu)) for u e [/(IK) are canonically 
isomorphic locally in C/(K), and write K{c6h{X)) for this group /'ir""™(coh(X„)) 
up to canonical isomorphism. Then the stable pair invariants PI°''"'{t')u of 
Xu,Ox^{^) for a £ K{coh{X)) and n ^ are independent of u E U{K). 

Here is what we mean by saying that the numerical Grothendieck groups 
i4r""™(coh(Xti)) for u 6 U{K) are canonicahy isomorphic locally in [/(K): we 
do not require canonical isomorphisms K'^^™{coh{Xu)) ^ K{coh{X)) for all 
u G t/(K) (this would be canonically isomorphic globally in C/(K)). Instead, 
we mean that the groups ii'™™(coh(X„)) for u e U{K) form a local system of 
abelian groups over C/(K), with fibre K{coh{X)). 

When K = C, this means that in simply-connected regions of C/(C) in the 
complex analytic topology the iir""™(coh(X„)) are all canonically isomorphic, 
and isomorphic to K {coh{X)) . But around loops in U (C), this isomorphism with 
K {co]i{X)) can change by monodromy, by an automorphism p^ : K{coh{X)) — 
K{co\y{X)) of K{co\\(X)), as in Remark |4^d). In Theorem gjl] we showed 
that the group of such monodromies /i is finite, and we can make it trivial by 
passing to a finite cover U of U . If we worked instead with invariants PI^'"{t') 
counting pairs s : Ox{—n) — ?> E in which E has fixed Hilbert polynomial P, 
rather than fixed class a G K'^'^™{coh{X)), as in Thomas' original definition 
of Donaldson-Thomas invariants |10Qj , then we could drop the assumption on 
i^"™(coh(X„)) in TheoremlOi 

In Theorem 14.191 we showed that when K ^ C and H^{Ox) ^ the numer- 
ical Grothendieck group i^"™(coh(X)) is unchanged under small deformations 
of X up to canonical isomorphism. So Theorem 15.251 vields: 

Corollary 5.26. Let X be a Calabi-Yau 3-fold over K = C, with H^{Ox) = 0. 
Then the pair invariants PI°''"{t') are unchanged by continuous deformations 
of the complex structure of X . 

The following result, proved in ijl31 expresses the pair invariants PI°''"{t') 
above in terms of the generalized Donaldson-Thomas invariants DP/^ (r) of §5.31 
Although the theorem makes sense for general algebraically closed fields K, our 
proof works only for K = C, since it involves a version of the Behrend function 
identities (|5.2I) - (|5.3I) . which are proved using complex analytic methods. 

Theorem 5.27. Let K = C. Then for a G C(coh(X)) and n > we have 




Suppose that the 




ai,...,aieC{coh(X)), 

1^1: CKiH \-ai—a, 

T{ai) — T{a) , all i 



(-1) 



II 




(5.17) 



x{[Ox{-n)]-ai- 



■■■-a^-l,a^)DT"^{T)], 



where there are only finitely many nonzero terms in the sum. 
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As we will see in equation (|5.17p is useful for computing invariants 
DT"(t) in examples. We also use it to deduce the DT°'{t) are deformation- 
invariant. 

Corollary 5.28. The generalized Donaldson-Thomas invariants DT°'{t) of 
ij5.3l are unchanged under continuous deformations of the underlying Calabi- 
Yau 3- fold X. 

Proof. Let a G C{coh{X)) have dimension dim a = d = 0, 1, 2 or 3. Then the 
Hilbert polynomial Pa is of the form Pa{t) — -^f^ + ad-if^^^ + ■ • • + ao for 
k a positive integer and ad~i, . ■ ■ ,a() g Q. Fix d, and suppose by induction 
on if ^ that I)T°'{t) is deformation-invariant for all a £ C(coh(X)) with 
dim a ~ d and Pa{t) — -f- ■ ■ • + oq for fc ^ if. This is vacuous for K — Q. 

Let a e C(coh(X)) with dim a = d and Pa{t) = + h oq. We 

rewrite (|5.17p by splitting into terms / — 1 and / ^ 2 as 

(-l)^([<^^(-")]'")x([Cx(-n)],a)i?r"(T) = -pr^'^ir') 

+ J-J[(_^)X([Ox(-«)]-ai-...-a._i,a.) (g^^g) 

ai,...,Qi6C(coh(X)),' 1=1 

rtaO=^a)tanT' X ( [Cx (-»^)] - "1 fti-l , tti) iXT"' (t)] . 

Here x([C-Y (-^)], «) > for n » 0, so the coefficient of DT°'{t) on the left 
hand side of (|5.18p is nonzero. On the right hand side, PI°'''"-{t') is unchanged 
under deformations of X by Corollarv l5.26l 

For terms I ^ 2, ai, . . . ,ai 6 C(coh(X)) with ai + ■ ■ ■ + ai — a and T{ai) = 

r(a) in (|5.18p . we have dima^ = d and Pa^ (t) = ^f^-l hao, where fci, . . . , fc/ 

are positive integers with ki + ■ ■ ■ + ki = if -I- 1. Thus ki ^ K for each i, 
and DT"^ (r) is deformation-invariant by the inductive hypothesis. Therefore 
everything on the right hand side of (|5.18p is deformation- invariant, so DT°'[t) 
is deformation- invariant. This proves the inductive step. □ 

In many interesting cases the terms x(ai,aj) in (|5.17p are automatically 
zero. Then (|5.17p simplifies, and we can encode it in a generating function 
equation. The proof of the next proposition is immediate. Note that there is 
a problem with choosing n in (|5.20l) . as (|5.19l) only holds for n 3> depending 
on a, but (j5.20p involves one fixed n but infinitely many a. We can regard the 
initial term 1 in (|5.20p as PI°''^^{t') for a — 0. In Conjecture 16.121 we will 
call (r, T, ^) generic if 7) = for all f3, 7 with t(/3) = t(7). 

Proposition 5.29. In the situation above, with {t,T, ^) a weak stability condi- 
tion on coh(X), suppose t £ T is such that x(/3, 7) = for all /?, 7 G C(coh(X)) 
with t(/3) — t{j) — t. Then for all a G C(coh(X)) with r(a) = t and n ^ 
depending on a, equation (j5.17l) becomes 

Pi-"(r')=E izl)!pj[(_l)x([Ox(-n)],..)-([0^(_^)]^^^) 

ai....,a,GC(coli(X)), ' i=l _ , (5.19j 

T{ai)—t, all i 
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Ignore for the moment the fact that (j5.19p only holds for n ^ depending on 
a. Then (|5.19p can be encoded as the term in the formal power series 



1+ PI°'''^{T')q' 



a 



aeC{coh{X)): T(a)=t 



(5.20) 



exp 



a 



aeC(coh(X)): T(Q)=t 



where q" for a £ C{coh{X)) are formal symbols satisfying ■ = q°'~^^ . 

Now Theorem 15 . 2 71 relates the invariants PI°''''^{t') and DT^{t), which can 
both be written in terms of Euler characteristics weighted by Behrend functions. 
There is an analogue in which we simply omit the Behrend functions. Omitting 
the Behrend function z/7\4°."(t-') in the expression (|5.16l) for P/"'"(t') shows 
that the unweighted analogue of P/"'"(t') is x(-^"t'p ('''')) ■ Comparing p. 221) 
and (15. 7p shows that (up to sign) the unweighted analogue of DT^{t) is the 
invariant J^{t) of [J3?5] The proof of Theorem l5.27l in involves a Lie algebra 
morphism X&^p in i il3.41 for the unweighted case we must replace this by a Lie 
algebra morphism which is related to 'if'^p in the same way that ^I^ in ij3.4l is 
related to ^ in iJ5.3[ and maps to a Lie algebra L{Bp) with the sign omitted in 
(|13.29p . In this way we obtain the following unweighted version of Theorem l5.27l 

Theorem 5.30. For a e C(coh(X)) and n we have 



for J"' (r) as in §3.5) with only finitely many nonzero terms in the sum. 



6 Examples, applications, and generalizations 

We now give many worked examples of the theory of |j5l and some consequences 
and further developments. This section considers Donaldson-Thomas theory in 
coh(X), for X a Calabi-Yau 3-fold over C. As in ^Hl our definition of Calabi-Yau 
3-fold includes the assumption that H^{Ox) = 0, as discussed in Remark [Q] 

Section [7] will discuss Donaldson-Thomas theory in categories of quiver rep- 
resentations mod-CQ/J coming from a superpotential on Q, which is a fertile 
source of easily computable examples. 



6.1 Computing P/"'"(r'), DT°'{t) and J°(r) in examples 

Here are a series of simple situations in which we can calculate contributions to 
the invariants P/"'"(r') and DT°'{t) of ^Sl and J"(t) of i J331 




Qi,...,aiGC(coh(X)) 

1^1: aiH \-ai—a, 

T{ai) — T{a) , all i 




(5.21) 
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Example 6.1. Let X be a Calabi-Yau 3- fold over C equipped with a very 
ample line bundle C'x(l)- Suppose a £ C(coh(X)), and that E G coh{X) with 

^ m copies ^ 

[E] = a is r-stable and rigid, so that Ext^ {E, E) = 0. Then mE = E ® ■ ■ ■ ® E 
for m ^ 2 is a strictly r-semistable sheaf of class ma, which is also rigid. Hence 
{[mi?]} is a connected component of A4™"(r), and '7T~^{[mE]) is a connected 
component of 7W™p^"(r') for m > 1, where t: : X™^'"(r') ^ M™"(r) is the 
projection from a stable pair s : 0{—n) — > E' to the S-equivalence class [E'] of 
the underlying r-semistable sheaf E' . Suppose for simplicity that mE is the only 
r-semistable sheaf of class ma; alternatively, we can consider the following as 
computing the contribution to P/'"">"(t') from stable pairs s : 0{—n) — ^ mE. 

A pair s : 0{—n) — ?> mE may be regarded as m elements s^,...,s'" of 
H°{E{n)) ^ C^°(") for n > 0, where is the Hilbert polynomial of E. Such 
a pair turns out to be stable if and only if s'^, . . . , s™ are linearly independent in 
H^{E{n)). Two such pairs are equivalent if they are identified under the action 
of Aut(m£') = GL(?7i, C), acting in the obvious way on (s^, . . . , s™). Thus, 
equivalence classes of stable pairs correspond to linear subspaces of dimension 
TO in H^{E{n)), so the moduli space A^^p '"(t') is isomorphic as a C-scheme to 
the Grassmannian Gr(C'", C'^"^"-'). This is smooth of dimension m{Pa{n) — m), 
so that = by Theorem [O^i). Also Gr(C", C^°(")) 

has Euler characteristic the binomial coefficient ('^°^"'') • Therefore (15.161) gives 



We can use equations (|5.17p and (|5.2ip to compute the generalized Donald- 
son-Thomas invariants DT™°'{t) and invariants J"^°'{t) in Example 16.11 

Example 6.2. Work in the situation of Example 16.11 and assume that mE 
is the only r-semistable sheaf of class ma for all to ^ 1, up to isomorphism. 
Consider (|5.17p with ma in place of a. If ai, . . . , a; give a nonzero term on the 
right hand side of (I5.17P then ma = ai -f ■ • • -I- a;, and ZXT"* (r) ^ 0, so there 
exists a r-semistable Ei in class ai. Thus Ei ® ■ ■ ■ ® Ei lies in class ma, and is 
r-semistable as T{ai) — r(a) for all i. Hence i?i © • ■ • © i?/ = mE, which implies 
that Ei = kiE for some ki, . . . ,ki ^ 1 with ki + ■ ■ ■ + ki — m, and ai = kia. 

Setting ai = kia, we see that x{<^jjC(i) = and xi[^xi~n)], ai) — kiPa{n), 
where Pa is the Hilbert polynomial of E. Thus in (j5.17p we have x{[^x{—n)\ — 
ai ~ ■ ■ ■ — Qfi-i, ai) = kiPa(n). Combining (|6.ip . and ()5.17p with these substi- 
tutions, and cancelling a factor of (— 1)™^°(") on both sides, yields 

^_^^^(P'^^)\ J2 ^-^l[hPain)D-T'^^'^{r). (6.2) 

^"1 H h^; —ni 

Regarding each side as a polynomial in Pain) and taking the linear term in 
Pa{n) we see that 

DT"'°'{t) = ^ for all TO ^ 1. (6.3) 

TO^ 
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Setting DT^^'^{t) = 1/kf, we see that (|6.2p is the x"^ term in the power series 
expansion of the identity 

(l_^)P.(n) =exp[-P„(n)Er=i^Vfc]- 

This provides a consistency check for ()5.17p in this example: there exist unique 
values for DT''°'{t) for fc = 1, 2, . . . such that (|62|) holds for aU n, m. 
In the same way, by (I5.2ip the analogue of (|6.2p is 

^ ' Lki,...,ki>i- ' i=l 

fclH \-ki=m 

Taking the linear term in Pa{n) on both sides gives 

J™"(t) = — for all m ^ 1. (6.4) 

From ((0)) - (IO)) we see that 

Corollary 6.3. The invariants DT°'{t), J" (t) G Q need not be integers. 

Example 6.4. Work in the situation of Example 16.11 but suppose now that 
El,..., El are rigid, pairwise non- isomorphic r-stable coherent sheaves with 
[Ei] = ai € C(coh(X)), where ai,...,ai are distinct with T{ai) — ■■■ = 
r(a/) — T{a) for a — ai + • • ■ + a/, and suppose E = Ei (B ■■■ (B Ei is the 
only r-semistable sheaf in class a € C(coh(X)), up to isomorphism. Then by 
properties of (semi)stable sheaves we have llom{Ei, Ej) ~ for all i ^ j, so 
Rom{E,E) = ^\^^llom{Ei,Ei), and Aut(£;) = IlLi Aut(£:i) ^ (G[„. A pair 
s : 0{-n) Eisan Z-tuple (si,...,sO with s, € H^{Ei{n)) = C^°.("). 

The condition for s : 0{—n) E to he stable is 7^ for i = 1, . . . , L 
Thus M"^p{T') is the quotient of l\\=i{H°{E^{n)) \ {0}) by Aut(£;) 9i G^, 
so that M^tpir') ^ HLi C^^"'^"''"^ as a smooth C-scheme, where E, has 
Hilbert polynomial P^^. This has Euler characteristic n'=i Patin) and dimen- 
sion ELiiPM ~ 1), so that iyM:^^"ir') = (-l)^'=i(^°.(")-i). So (lEIlD gives 

P/"'"(r') = (-l)^-i(^°-(")~i)nLi^«.H. (6.5) 

Example 6.5. We work in the situation of Example 16.41 Let i,j — 
with i ^ j. Since Ei,Ej are nonisomorphic r-stable sheaves with T{[Ei]) = 
T{[Ej]) we have llom{Ei, Ej) — llom{Ej,Ei) ~ 0. As by assumption E = 
Ei(B- ■ -(BEi is the only r-semistable sheaf in class a, we also have Ext^ {Ei, Ej) = 
Ext^ {Ej,Ei) = 0, since if Ext^(£;i,£;j) ^ we would have a nontrivial extension 
^ Ej ^ F ^ Ei ^ 0, and then Pffi0j.-£j j Ek would be a r-semistable sheaf 
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in class a not isomorphic to E. So by (I3.14p we have \Ej\) — x(ai, OLj) - 

0. 

If ^ / C {1, . . . using (1311) and Yiow,(E,,Ej)^^ = ^yA}(E,,Ej) gives 



e-S:... - (r) = V 4?'^^^ (r) * . . . * Is?-^" (r) 



/=/lU...U/„: 



E 

lU- 



7=/iU-U7„: 



(6.6) 



E 



(-1) 



Tl-l 



/=7iU-U/„ 



0, |/|;^2, 



where the combinatorial sum [• • • ] in the last line is evaluated as in the proof 
of [53l_Th. 7.8]. It follows from that DT°'^{t) = 1 for alH = 1, . . . , 

and DT^^ei "-(r) = for ah subsets J C {1, . . . , with |/| > 2. Substituting 
these values into (|5.17p . the only nonzero terms come from splitting a = acr(i) + 
Q^cr(2) + ■ ■ ■+Q!cr(;) i where cr : {1, ...,/} ^> {1, ...,/} is a permutation of {1, . . . ,1}. 
This term contributes 



H (-"-)] -"(7(1) aCT(i-i),a<T(i)) • l] 



n[(-i) "<''^"'^-<.w] = H ■ (-i)^'-^^-'"^-^^n^-(' 



to the r.h.s. of (|5.17l) . As there are 11 permutations tr, summing these contri- 
butions in (|5.17l) gives (|6.5p . A similar computation with (|5.2ip shows that 
J"»(t) = 1 and J^.e^ "'(r) = when |/| ^ 2. Thus we see that if Ei,...,Ei 
are pairwise nonisomorphic r-stable sheaves for I ^ 2 with [Ei] — ai, and 
T(ai) = r(aj) and Ext^(i?i, Sj) = 0, then the r-semistable sheaf Ei (B ■ ■ ■ (B Ei 
contributes zero to ijr"i+ - +"' (r) and J°i+ - +"' (r). 

Example 6.6. We combine Examples 16.11 and 16.41 Suppose Ei,...,Ei are 
rigid, pairwise non-isomorphic stable coherent sheaves, where Ei has Hilbert 
polynomial Pq. , that mi, . . . ,mi ^ 1, and that E — miEi • • • © miEi is the 
only semistable sheaf in class a G C(coh(X)), up to isomorphism. 

Then a pair s : 0{-n) E is & collection of si G H°{E,{n)) = C^"'^"^ 
for i = 1, . . . ,1 and j — 1, . . . , m^, and is stable if and only if s^, . . . , s™* are 
linearly independent in {Ei{n)) for all i = 1, . . . , L The automorphism group 
Aut(£;) = nLi GL(TOi, C) acts upon the set of such stable pairs, and taking the 
quotient shows that the moduli space A^"tp (''"') isomorphic to the product of 
Grassmannians JlLi Gr(C"*,C^°-("'). Hence 

P/"'"(r') = n-^i(-l)"-(^°.(")-™')(^"„'/"^). (6.7) 
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Equation (|6.7p includes both (I6.ip as the case I = 1 with Pi = P, mi = to and 
a in place of ma, and (|6.5p as the case mi = • • • = m; = 1. 

Example 6.7. We combine Examples 16.21 and 16.51 Work in the situation of Ex- 
ample [HlSl Then xi'^ii '^j) — fo'' * J- Suppose for simplicity that ai, . . . , a; 
are linearly independent over Z in if ""™(coh(X)), and that mii?i©- ■ -^miEi is 
the only r-semistable sheaf in class miai-f- • ■ + miai for all mi, . . . ,mi ^0. We 
claim that DT"'^'^-{t) = \lm\ and J'"'"'(r) (-!)'"■- Vm^ for aUi = 
and wii = 1,2,..., and (r) = jmiai+-+m,a, ^ q whenever 

at least two m^ are positive. The latter holds as e"'l"l^ — q when- 

ever at least two to^ are positive, as in (16. 6p . It is not difRcult to show, as in 
Examples 16.21 and 16.51 that substituting these values into the r.h.s. of (|5.17p 
gives (16.71) . 

Example 6.8. Suppose now that Ex^E^ are rigid r-stablc sheaves in classes 
a\,ai in C(coh(X)) with a.\ ^ a2 and r(ai) = t(q!2) = t(q;), where a = 
ai + a2- Suppose too that Ext^(£:i, S2) = and Ext^(£;2, -Bi) = C*. We have 
Hom(i?i, i?2) = Hom(_B2, Ei) = 0, as E2 are nonisomorphic r-stable sheaves 
with t{[Ei\) = t{[E2]). So by (PH)) we have x(ai,a2) = d. 

As £^1,^2 are rigid we have Ext^(Si,Si) = Ext^(£:2,B2) 0. Hence 
Exti(£;i © £:2,£;i © E2) = 'Ext^{E2,Ei) = . Now Exti(£;i © E2,Ei © 
E2) parametrizes infinitesimal deformations of Ei © i?2. AH deformations in 
Ext^ (i?2, i?i) are realized by sheaves F in exact sequences Q ^ Ei ^ F ^ 
E2 -> 0. Therefore as Ext^(£;i © £^2, £^1 © E2) = Ext^(£;2, -Ei), aU deformations 
of El ©i?2 are unobstructed, and the moduli stack of deformations of Ei ©i?2 is 
the quotient stack [Ext^(£;i © £^2, £^1 ® S2)/ Aut(£;i © S2)] = [C/G^], where 
acts on C'' by (A, /it) : v 1— >■ Xii~^v. 

Suppose now that the only r-semistable sheaf up to isomorphism in class ai 
is £^1, and the only in class a2 is £^2, and the only in class Q;i-|-a2 are extensions F 
in El F ^ E2 ^ 0. Then we have TIZ'{t) = [SpecC/G™] ^ MZ^{t), 
and mZ'+"^T) = [C/G^^]. These are smooth of dimensions - 2 

respectively, and 93t"g^^"^(r) is the non-separated disjoint union of a projective 
space CP''^^ with stabilizer groups G„i, and a point with stabilizer group G^. 

The moduU space A^"tV^"''"(r') has points s : Oxi-n) ->■ F^, for 
£^1 — > Pg — > £^2 exact. Here P^ corresponds to some e e Ext^(P2,Pi), 
and s G H^{F^{n)), where the exact sequence — > Pi — > P,, — > P2 — > and 
Ei,F^, E2 n-regular give an exact sequence 

H\Ei{n)) H\F,{n)) P°(P2(7i)) ^ 0. 

Globally over e G Ext^(P2,Pi) we can (noncanonically) split this short exact 
sequence and identify H°{F,{n)) ^ £f°(Pi(n)) © £f°(P2(n)), so s S H°{F,{n)) 
is identified with (si, §2) G P°(Pi(n)) © H°{E2{n)) ^ C^°i(") © C^"^^"^ 

The condition that s : Ox{—n) — P,; is a stable pair turns out to be that 
either e 7^ and S2 7^ 0, or e = and si, S2 7^ 0. The equivalence relation on 
triples (si,S2,e) is that (si,S2,e) ~ (Asi, /xs2, A^^^e), for A G Aut(Pi) = Gm 
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and /i G Aut(£'2) — Grm- This proves that 

■^rtp^"'"(^') = {(si,S2,e) e C^-i(") ® C^=2(") © C'^ : e ^ and ^ 0, 

or e = and si,S2 ^ 0}/G^„. 

Therefore A^"tp^"^'"(T') is a smooth projective variety of dimension Pa^ (?^)+ 
P„,(n) + d-2, so J^^.,^+.2,"(,,)-(-l)^-(")+^-(")+'^-^ We cut Xrtp+"^'"(r') 
into the disjoint union of two pieces (a) points with e = 0, and (b) points with 
e^O. Piece (a) is isomorphic to CP^^i^"^"^ x CP^°2(")-i^ and has Euler char- 
acteristic P„i(n)Pa2(n). Piece (b) is a vector bundle over CP^°2(")-i x CW^-^ 
with fibre C'^"i("\ and has Euler characteristic Pa^in)^ Hence A^"t^p+""'"(r') 
has Euler characteristic + d^Pa^in), and (|5.16p yields 

P/"i+"^^"(t') = (-1)^=1 (P„, (n) +d)P„,(n). (6.8) 

The expression (ISTT)) for p/"i+"2,«(^/) y^gi^jg 

+i(-l)^°i(")p„,(n)(-l)^°2(«)-'i(p^^(„) _d)iJT"i(r)i7r"=^(T) (6.9) 
+ i(-l)^-<"^/'a2(")(-l)'^"^'"^+'(^'ai(n)+d)l?T"^(r)I?T"HT), 

where the three terms on the right correspond to splitting a into a = a with 
I = 1, into a = ai + a2 with Z = 2, and into a = a2 + ai with I = 2 respectively. 
We have DT"^ (r) = 1 by Example 16.21 So comparing (j6.8p and (|6.9p shows 
that D"T"i+"2(t) = (-l)'^-id/2, and similarly J"i+"2(t) = d/2. 

Here is a more complicated example illustrating non-smooth moduli spaces, 
nontrivial Behrend functions, and failure of deformation- invariance of the J"(t). 

Example 6.9. Let Xt for t G C be a smooth family of Calabi-Yau 3-folds 
over C, equipped with a smooth family of very ample line bundles Oxt (1); note 
that our definition of Calabi-Yau 3-fold requires that H^{Oxt) — 0- Then by 
Theorem 14 . 1 91 the numerical Grothendieck groups ii'""™(coh(X()) for t G C are 
all canonically isomorphic, so we identify them with iir™™(coh(Xo)). Suppose 
a G /s:"™(coh(Xo)), and that 

9Jt^t(T)t = mi{T)t - Spec(C[z]/(z2 -t'))x [SpccC/G„,] 

for all i G C, where the subscript t means the moduli space for Xt. That is, 
9Jl"g(r)t for f 7^ is the disjoint union of two points [SpecC/Gm] at z = t and 
z = —t, which correspond to rigid, stable sheaves E^,E_ with [E±\ = a. But 
9}t"s(r)o is Spec(C[2:]/(z^)) x [SpecC/Gm]. This contains only one stable sheaf 
Eq, whose moduli space is a double point. That is, Eq has one infinitesimal 
deformation, so that Ext^(i?o, -Eo) = C, but this deformation is obstructed to 
second order. So the picture is that as t — ;> 0, the two distinct rigid stable 
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sheaves E+,E^ come together, and at t = they are replaced by one stable, 
non-rigid sheaf Eq with an infinitesimal deformation. 

First consider the invariants DT°'{T)t and J"(T)t. Since »T"t(r)f = Wl",(T)t 
we have e"(r)t = When t ^ 0, an",(r)f = [SpecC/G™] E [SpecC/G„] 

is smooth of dimension —1, so v^o, (T)t = ~1- It follows that ^{e°'{T)t) — — 2A" 
in the notation of [}531 so DT°'{T)t = 2 by dEZ]). Similarly, *(e"(r)t) = 2A" in 
the notation of gS^l so J"(T)f = 2 by 

When t = 0, 2)t"s(T)o is not smooth. As Spec(C[z]/(z2)) = Crit(iz3)^ the 
Milnor fibre of is 3 points, and dimC = 1, we have i'spoc(C[z]/(z^)) = 2 by 
Theorem 14.71 so v^i" {T)a = ^2 by Theorem I4.3f i') and Corollarv 14.51 Thus, as 
9}t"g(r)o is a single point with Behrend function —2 we have ^'(e"(r)o) = — 2A", 
so DT°'{t)o = 2, but ^'(e"(r)o) = A", so J"(r)o = 1. To summarize, 

DT°'{T)t^2, ah i, and J"(r)t = P' ^ ^ ^' (6.10) 

1, t 0. 

Now let us assume that the only r-semistable sheaves in class 2a are those 
with stable factors in class a. Thus, when t ^ the r-semistable sheaves in 
class a are E+ © E^ , and E^ © E- , and E+ © E^ . Example 16.21 when m = 2 
implies that E+ E+, and © E^ each contribute i to DT^°'{T)t and — ^ to 
j'^"-{T)t, and Example 16 . 5 1 shows that E+ ©i?_ contributes to both. Therefore 
Z)r2"(r)t = i and J2"(r)t = -i. 

When i = 0, as Ext^(£^0: -E-o) — C, there is one nontrivial extension F in 
Eo F -)■ Eo 0. Hence OT^,"(t)o(C) consists of two points [£^0 © -Eq] 
and [F]. Since Aut(£^o © Eq) = GL(2, C) is the complexification of its maximal 
subgroup U(2), Theorem 15.51 implies that we may write 97lg"(T)o locally near 
[EqQEq] in the complex analytic topology as Crit(/)/ Aut(£'o ©i?o), where U C 
Ext^(£;offi£^o,-Bo©£;o) is an Aut(i?o © i?o)-invariant open set, and f : U ^ C 
is an Aut(i?o © i?o)-invariant holomorphic function. As Ext^(i?o, i?o) — C, we 
may identify Ext^(i?o ® Eo,Eo © i?o) with 2x2 complex matrices A = (° 
with Aut(i?o © Eq) = GL(2, C) acting by conjugation. 

Since / is a conjugation-invariant holomorphic function, it must be a function 
of Tr(A) and det(A). But when we restrict to diagonal matrices (g °), / must 
reduce to the potential defining x at (Eq^Eo). As Spec(C[z]/(z2)) = 
Crit(iz3), we want /(g |]) = ga^ -I- gd^. But / is a function of Tr(A) and 
det(A), so we see that 

■^(c d) " ^{TrAf-TiAdetA^ ^{a^ + d^) + {a + d)bc. 

We can then take U = Ext"'^(i?o (B Eq,Eo (B Eq), and we see that ml^{T)o ^ 
[Crit(/)/GL(2,C)] as an Artin stack. 

Now Crit(/) consists of two GL(2, C)-orbits, the point which corresponds 
to Eq (B Eq, and the orbit of (go) which corresponds to F. As / is a ho- 
mogeneous polynomial, the Milnor fibre MFf{0) is diffeomorphic to /^^(l). 
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One can show that — —3, so z/crit(/)(0) = 4 by (|4.2p . and as the 

projection Crit(/) — ?• [Crit // GL(2, C)] is smooth of relative dimension 4, we 
deduce that j/gjj2c(^-)^(i?o ® i?o) = 4 by Corollary 14.51 This also follows from 
^an°(T)o(^o) = ^2 and equation (|5.2p . The orbit of (q q) in Crit(/) is smooth 
of dimension 2, so Theorem I4.3f i) gives i^crit(/)(o o) ~ ^^'^ '^ot2°(t)o(-^) ~ 1- 
Using the definition (I3H) of e2"(T) and the relations in SF!5'^(S[n, x, Q) in 
i32.4i reasoning as in the proof of Theorem 15.141 in [JTT] we can show that 

n^'i{e'"{T)„) ^ -^[{[SpecC/G„,],pEo(BE„)] + h[{[SpecC/G„,],pF)], (6.11) 

where PEo®Ea, Rf map [SpecC/G,n] to Eq^BEq and F respectively. So Definition 
15.151 gives 

DT'"{t)o= -(-ii.2)e(.)„(£;oei?o) + ^i^OT-Mo(^))=3 -4-1 • l = i. (6.12) 
Similarly J^"(t)o = — ^ + 5^1- summarize, 

i7r2"(r), = aUi, and j2"(r), = j~f' * ^ [J' (6.13) 



Equations (|6.10l) , (j6.13p illustrate the fact that the DT" (r) are deformation- 
invariant, as in Corollarv 15.281 but the J"(t) of i i3.5l are not. 

6.2 Integrality properties of the DT°'{t) 

This subsection is based on ideas in Kontsevich and Soibelman [63., §2.5 & §7.1]. 
Example 16.21 shows that given a rigid r-stable sheaf E in class a, the sheaves 
mE contribute 1/rn? to DT™^"{t) for all m ^ 1. We can regard this as a kind 
of 'multiple cover formula', analogous to the well known Aspinwall-Morrison 
computation for a Calabi-Yau 3-fold X that a rigid embedded CP^ in class 
a G H2{X;Z) contributes to the genus zero Gromov-Witten invariant of 

X in class ma for all m ^ 1. So we can define new invariants DT°'{t) which 
subtract out these contributions from mE for m > 1. 

Definition 6.10. Let X be a projective Calabi-Yau 3-fold over C, let Ox(l) be 
a very ample line bundle on X, and let (r, T, ^) be a weak stability condition on 
coh(X) of Gieseker or yit-stability type. Then Definition 15.151 defines generalized 
Donaldson-Thomas invariants DT"(r) e Q for a G C(coh(X)). 

Let us define new invariants Z)T"(t) for a e C(coh(X)) to satisfy 

DT"(t)^ V -1-DT°'/"'(t). (6.14) 
■^-^ m^ 

We can invert ([614]) explicitly to write DT°'{t) in terms of the DT°'/'^{t). 
The Mobius function Mo : N — > { — 1,0,1} in elementary number theory and 
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combinatorics is given by M6(7i) = (—1)'^ ii n = 1,2,... is square- free and has d 
prime factors, and Mo(n) = if n is not square-free. Then the Mobius inversion 
formula says that if /, g : N ^ Q are functions with g{n) = J2m\n fi''^/''^) 

for n = 1,2,... then /(n) — X]m|n f*^^ ~ 1'^' Suppose 

/3 G C(coh(X)) is primitive. Applying the Mobius inversion formula with f{n) = 
n'^DT"'^{T) and g{n) = n'^DT"'f{T), we find the inverse of is 

DT"(t)= ^^^/^^"/'"(r). (6.15) 

m^l, m|Q 

We take (|6.15p to be the definition of _DT"(r), and then reversing the argu- 
ment shows that (|6.14l) holds. The DT°'{t) are our analogues of invariants n,{a) 
discussed in [63l §2.5 & §7.1]. We call Dr"(T) the BPS invariants of X, since 
Kontsevich and Soibelman suggest that their f2(a) count BPS states. The coeffi- 
cients 1 / in (|6.14p are related to the appearance of dilogarithms in Kontsevich 
and Soibelman [51 §2.5]. The dilogarithm is Li2{t) = Em^i*™/"^^ N < 1' 
and the inverse function for Li2 near i = is Li2^{t) = '^^^^M6{m)t"^ /m^ 
for \t\ < 1, with power series coefficients M6{m)/m? as in (|6.15p . 

If MZ{t) = M"t{T) then = for all m > 2 dividing a, since if 

[E] e yW"/"(r) then [mE] £ M'^,{t) \ M'^^ir) . So DT°'/'^{t) = 0, and hence 
(|6.15p and Proposition 15 . 1 71 give: 

Proposition 6.11. // M"^{t) = 7W"t(r) then DT"{t) = DT"(r). 

Thus the (t) are also generalizations of Donaldson-Thomas invariants 
DT"{t). Using (|6.14p we evaluate the DT"{t) in each of the examples of ij6.1l 

• In Examples EHHO we have DT"{t) = 1 and DT"'°'{t) = for aU 
TO > 1. Thus, a rigid stable sheaf E and its 'multiple covers' mE for 
TO ^ 2 contribute 1 to DT°'{t) and to DT""^{t) for m ^ 2. The point 
of (|6.14p was to achieve this, as it suggests that the DT°'{t) are a more 
meaningful way to 'count' stable sheaves. 

• In Examples EZMDiir"" (t) = 1 for sd\ i ^ 1, . . . ,1, and DT^'<^' (r) = 
for aU subsets / C {1, . . . , /} with |/| ^ 2. 

• In Examples EJHSU] -Dr'"i°i+ - +™'°'(T) = 1 if to^ = 1 for some i = 
1, . . . , ? and TOj = for i =^ j, and ••+m,a! ^ q otherwise. 

• In Example EH iir°i (r) = (-l)'^-i<i/2, where x(ai,a2) = d. Note 
that DT'^^+°'^{t) ^ Z when d is odd. 

• In Example Ell] i:?r"(r)f = 2 and DT'^"{T)t = 0. 

Here is our version of a conjecture by Kontsevich and Soibelman [63! Conj. 6]. 

Conjecture 6.12. Let X be a Calabi-Yau 3-fold over C, and (r, T, ^) a weak 
stability condition on coh(X) of Gieseker or ^-stability type. Call {t,T,^) 
generic if for all a,(3 £ C(coh(X)) with T{a) = t{13) we have x(«,/3) — 0. 
// (T,r, «;) is generic, then DT"{t) G Z for all a G C(coh(X)). 
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Kontsevich and Soibelman deal with Bridgeland stability conditions on de- 
rived categories, and their notion of generic stability condition is stronger than 
ours: they require that T(a) = implies a,/? are linearly dependent in Z. 
But we believe x(a,/3) = is sufficient. Note that Coni ecture 16 . 1 21 holds in the 
examples above: the only case in which Z3T"(r) ^ Z is Example 16.81 when d is 
odd, and then (r, T, ^) is not generic, as T{ai) — r(a2) but xi^^ii 0^2) — d ^ 0. 

Suppose now that (t, T, ^) is a stability condition, such as Gieseker stability, 
rather than a weak stability condition. This is necessary for decomposition of r- 
semistables into r-stables to be well-behaved, as in [S31 Th. 4.5]. Then as in (15. 9p 
we can write I?T"(r) as the Euler characteristic of the coarse moduli scheme 
Mss{t) weighted by a constructible function. (The existence of coarse moduh 
schemes Mss{t) is known in the two cases we consider in this book, Gieseker 
stability for coherent sheaves and slope stability for quiver representations. For 
the argument below to work, we do not need A4"g(r) to be a scheme, but only 
a constructible set, the quotient of 9Jl"g(T)(C) by a constructible equivalence 
relation, and this should always be true.) 

We will write L)T"(r) as a weighted Euler characteristic of A4"g(r) in the 
same way. For to ^ 1, define a 1-morphism Pm : SCt — >■ 9Jt by Pm '■ [E] [mE] 

^ m copies ^ 

for E e coh(X), where mE = E ® ■■■ (B E. Then from equations (pTTj) . 
and (|6.15p . for a G C(coh(X)) wc deduce that 

DT'^ir) = x{MZ{t),F'^{t)), where 

^"W = -E ^^^CF-W[CF-(^™)°ncFon^ne-"/'"W)-^a,t], ^^'^^^ 

m ^ 1 , m\a 

and TT : 9Jt"g(T) — > A^"s(t) is the projection to the coarse moduli scheme. The 
following conjecture implies Conjecture 16.121 at least for stability conditions 
rather than weak stability conditions. 

Conjecture 6.13. Let X be a Calabi~Yau 3-fold over C, and (r, G, ^) a 

generic Gieseker stability condition. Then the functions F'^(t) G CF(A^"g(T)) 
of (|6.16|) are Ij-valued for all a G C(coh(X)). 

That is, the contributions to DT°'{t) from each S-equivalence class of r- 
semistables (or each r-polystable) are integral. In Sj7j6]we will prove versions of 
Conjectures 16.12 1 and 16.131 for Donaldson-Thomas type invariants DTq{pl) for 
quivers without relations. By analogy with Question 15. 7f a), we can ask: 

Question 6.14. Suppose Conjecture 16.131 is true. For generic (r, G, does 
there exist a natural perverse sheaf Q on A^"g(r) with XA4°(r)(2) = F'^{t)1 

Such a perverse sheaf Q would be interesting as it would provide a 'categori- 
fication' of the BPS invariants DT°'{t), and help explain their integrality. 

We can also ask whether the unweighted invariants J" (r) of i j3.5l also have 
similar integrality properties to those suggested in Conjectures 16.121 and 16.131 
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The answer is no. Following the argument above but using (|6.4p rather than 
(|6.3p . one would expect that the correct analogue of (|6.14[) is 



r (r) = y ^ '- J"/™ (r) . 



But then in Example I6.9[ from (j6.10p and (16.13^ we see that j^"(T)o = |, so 
the j"(T) need not be integers even for a generic stability condition. In fact, 
using (|6.4I) in Example 16.21 and (|6.10p and (I6.13P when t = in Example 16.91 
one can show that there is no universal formula with ci, C2, . . . G Q and ci = 1 
defining 

such that j"(T) e Z for all generic (r, T, and a e C(coh(X)). One conclusion 
(at least if you believe Conjecture 16.121) is that counting sheaves weighted by 
the Behrend function is essential to ensure good integrality properties. 



6.3 Counting dimension zero sheaves 

Let X be a Calabi-Yau 3-fold over C with H^{Ox) = 0, let Ox{l) be a very 
ample line bundle on X, and (r, G, ^) the associated Gieseker stability condition 
on coh{X), as in Example 13.81 For x £ -^(C), write Ox for the skyscraper sheaf 
at X, and define p = [Ox] in i4r""™(coh(X)), the 'point class' on X. Then p is 
independent of the choice of x in X{C), as X is connected. 

For d ^ 0, the Hilhert scheme Hilb'' X of d points on X parametrizes 0- 
dimensional subschemes 5 of X of length d. It is a projective C-scheme, which 
is singular for d ^ 4, and for d ^ has many irreducible components. The 
virtual count of Hilb'' X may be written as a weighted Euler characteristic 
x(Hilb'' X, Pmiy^d x) as in Values for these virtual counts were conjectured 
by Maulik et al. [80l Conj. 1], and different proofs are given by Behrend and 
Fantechi [6, Th. 4.12], Li ffTl Th. 0.2], and Levine and Pandharipande [70l §14.1]. 

Theorem 6.15. El^o x(Hilb'' X, z^Hiib'' x) s'^ = M(-s)x(^), where x(X) is the 
Euler characteristic of X, and M (q) = Y[k>ii^~l'')~'' MacMahon function. 



We will compute the generalized Donaldson-Thomas invariants DT'^p{t) 
counting dimension sheaves in class dp for d ^ 1. Our calculation is paral- 
lel to Kontsevich and Soibelman [63, §6.5]. First consider the pair invariants 
PI'^P'"{t'). These count stable pairs s : Oxi^n) E for E e coh(X) with 
[E] = dp. The condition for s : Oxi—n) — ?• to be a stable pair is simply 
that s is surjective. Tensoring by Ox{n) gives a morphism s{n) : Ox E{n). 
But E{n) = E as E has dimension 0. Thus, tensoring by Ox{n) gives an 
isomorphism 7W,tp"(^') = ■^stp°(-r'), so that Xstp"(^') and Pldp,n(^^>^ ^re in- 
dependent of n. Furthermore, M.tt-p {'^') parametrizes surjective s : Ox — ^ E 
for E £ coh(X) with [E\ = dp, which are just points of Hilb'^X. Therefore 
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-^stp"(^') ^Hilb'^X, and 

P/''J''"(r') = x(Hilb'^X,i^Hiib''x). for all n G Z and ^ 0. (6.17) 

We have T{dp) = 1 in G, and any /3,7 G C(coli(X)) with t(/3) = t{^) — 1 
are of the form /3 — dp, 7 = ep, so that x(/3, 7) = 0. Therefore Proposition 15. 291 
applies with i = 1 in G. So from Theorem 16.151 and (j6.17p we see that 



-J2^-l)^''^°^^~"^^''^''h{[Ox{-n)],dp)DT'^P{T)s'' 



exp 



d>l 



(6.18) 



Here we have replaced the sums over a G G(coh(X)) with T(a) = 1 by a sum 
over dp for d ^ 1 , and used the formal variable s in place of in (I5.20p , so that 
q'^P is replaced by s"^. 

Now x([Ox(-n)],p) = E.(-l)'dimi?*(0.(n)) = l, so x([Ox(-n)], dp) = d. 
Substituting this into (|6.18p . taking logs, and using M{q) = Ylk>ii^ ~ l'^) 
yields 

-J2(.-irdDT''Pir)s' = xiX)J2i~k)\og{l-i-sf)^xiX)J2 ji-')''- 



d>l 



k,l>l 



Equating coefficients of s'^ yields after a short calculation 



1>1, l\d 



(6.19) 



So from (I6.14P we deduce that 

DT'^p{t) = -x{X), all d^l. (6.20) 
This is a satisfying result, and confirms Coniecturc l6.12l for dimension sheaves. 



6.4 Counting dimension one sheaves 

Let X be a Calabi-Yau 3-fold over C, and Ox(l) a very ample line bundle on 
X. From H4.5\ the Chern character ch identifies if™™(coh(X)) with a par- 
ticular lattice Ax in ff°™"(X; Q), so we may write a G X""™(coh(A:)) as 
(aoj a4, ae) with a2j(zH'^^{X;Q). If i?— is a vector bundle with [E]=a 
then ao=ranki5GZ. 

Let us consider invariants DT" (r) , _DT" (r) counting pure sheaves E of di- 
mension 1 on X, that is, sheaves E supported on curves G in X. If [E] = a 
then ao = a2 = for dimensional reasons, so we may write a = (0, 0,/3, fc). 
By gni §A.4] we have /3 = -C2(£;) and fc = ^csiE), where C2(i;) G ^''(A:; Z) = 
H2iX;Z) and C3(i;) G H^{X;Z) = Z are Chern classes of Write 5 = 
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Ci(C'x(l))- If [E]^ a then [E{n)] = exp{nS)a = (0,0, k + U 5). Hence by 
the Hirzebruch-Riemann-Roch Theorem [40l Th. A. 4.1] we have 

x{E{n)) = deg(ch(£;(n) • td{TX))^ 

) ^ (6-21) 

= deg((0, 0, ^, fc + n/3 U (5) • (1, 0, *, *))3 = /c + n/3 U (5, 

using ci{X) = to snTiplify td{TX). So the Hilbert polynomial of E is 

^(o,o,,3,fc)W = (/5U,5)i + fc. (6.22) 

Note that /3 U (5, fc G Z as P(o,o,;3,fc) maps Z — > Z. Note too that for dimension 
1 sheaves, Gieseker stability in Example 13.81 and /i-stability in Example 13.91 
coincide, since truncating a degree 1 polynomial at its second term has no effect. 

Here are some properties of the DT°'{t), DT'^{t) in dimension 1. Part (a) 
may be new, and answers a question of Sheldon Katz in [58l §3.2]. The proof of 
(c) uses H^{Ox) = 0, which we assume for Calabi-Yau 3-folds in this section. 

Theorem 6.16. Let X he a Calabi-Yau 3-fold over C, and (r, T, ^) a weak 
stability condition on coh(X) of Gieseker or fi-stability type. Consider invari- 
ants DT^o,Q,p,k)(^^-^^jjj.(Qfij3,k)(^^^^ for0y^l3e H^{X;Z) and k e Z counting 
T-semistable dimension 1 sheaves in X. Then 

(a) lxr("'0.'3^fe)(T),DT(0''',/3.fc)(^) are independent of the choice of {t,T,^). 

(b) Assume Conjecture^T^ holds. Then DT'~^fl-J3,i^) (j) g Z. 

(c) For any I e I3UH^{X;Z) C Z we have DT^o,o,fi,k) (^^-^ ^ jyj.{o,o,i3,k+i) (^^^ 
and dt("^0''3''=)(t) = dt(-°^°'^^''+^\t). 

Proof. For (a), let (r, T, ^), (f, T, ^) be two weak stability conditions on coh(X) 
of Gieseker or /x-stability type. Then Corollarv 15.191 shows that we may write 
DT^o,o,i3,k)^~-^ in terms of the DT^o,o,i3' ,k') i^^-^ finitely many apphcations of 

the transformation law (|5.14p . Now each of these changes of stability condition 
involves only sheaves in the abelian subcategory coh^i(X) of sheaves in coh(X) 
with dimension ^ 1. However, the Euler form x vanishes on ifo(coh^i(X)) for 
dimensional reasons. Each term J, k, F in (|5.14[) has ]/] — 1 factors x{n{i)i ^(j)) 
so all terms with |/| > 1 are zero as x = on this part of coh(X). So (|5.14p 
reduces to DT°'{f ) = DT°'{t). Therefore each of the finitely many applications 
of (|5.14l) leaves the DT^^^'^'i^' ^'^'^t) unchanged, proving (a). 

For (b), note that any stability condition (r, T, ^) on coh{X) is generic on 
coh^i(X), since x = on Ko{coh^i{X)). Alternatively, one can show that 
if Ox{i) is a sufficiently general very ample line bundle on X the resulting 
Gieseker stability condition (f, G, ^) is generic on all of coh(Ar), and then apply 
(a). Either way. Conjecture EH] implies that DT'^o,o,fi,k) (^^^^ ^ ^ 

For (c), let L — i> X be a line bundle, let (r, T, ^) be a weak stability condi- 
tion on coh(Ar) of Gieseker or /i-stability type, and define another weak stability 
condition (f,T, ^) on coh(X) by t([E]) — t{[E ® i^^]). There is an automor- 
phism : coh(A') coh(A") acting as F'" : E E L on objects. It induces 
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a l-isomorphism Fj^ : 971 — ;> 971. Also E is r-semistable if and only ii E ^ L is 
f-semistable, so maps 9K",(r) ^ Mf^'^^Xf), where i^i^(a) = exp(ci(L)) • a 
in 

Clearly we have DT°'{t) = DT'''^'^\f) for all a G C(coh(X)). When 
a = (0,0,/3,fc) we have F^(a) = (0, 0, /3, fc + /? U ci(i)). Thus 

by (a). Since H^{Ox) — 0, ci{L) can take any value in H'^{X;Z), and so 
/3Uci(L) can take any value I G /3UiJ^(X; Z), proving the first part of (c). The 
second part follows by (|6.15p . □ 

We will compute contributions to DT^°'°'/^''^^ (t), DT^^''^'^'^\t) from sheaves 
supported on nice curves C in X. We begin with a rigid rational curve. The 
proof of the next proposition is based on Hosono et al. [4TJ Prop. 4.3]. 

Proposition 6.17. Let X be a Calabi-Yau 3-fold over C, and {t,T, ^) a weak 
stability condition on coh(X) of Gieseker or ji-stability type. Suppose i : C¥^ — >■ 
X is an embedding, and i{<C¥^) has normal bundle 0£pi(— l)©0£pi(— 1). Then 
the only r-semistable dimension 1 sheaves supported set-theoretically on i{C¥^) 
in X are i,(mOcpi(fc)) for m ^ 1 and fc e Z, and these sheaves are rigid 
in coh(X). 

Proof Let P € H'^{X;Z) be Poincare dual to [j(CP^)] £ H2{X;Z). Suppose E 
is a pure dimension 1 sheaf supported on i(CP^) in X. Then [E] — (0, 0, m/3, fc) 
in iv:"™(coh(X)) C i?''™'^(X;Q), where m ^ 1 is the muhiplicity of at a 
generic point of i(CP^). Any subsheaf / i;' C has [£"] = (0, 0, m'^, k') for 
1 ^ to' ^ m and k' G Z. Let (t, T, ^) be defined using an ample line bundle 
Ox(l) with ci(L) = b. Then by the Hilbert polynomials of and 

are to(/3 U <5) t + A; and to'(/3 U (5) t + fc', where ^ U (5 > 0. 

By Example 13.81 or 13.91 E is r-semistable if and only if, for all ^ ^ E' C 
E, when [£"] = (0, 0, m'/3, fc'), we have k'/m'{l3 U (5) fc/TO(;3 U (5), that is, 
k'/m ^ /c/to. Note that this condition is independent of the choice of stability 
condition {t,T, ^). This is a stronger analogue of Theorem 16. IGf a): if S C X 
is an irreducible curve in X, then the moduli stacks 971"s(t)s of r-scmistable 
sheaves supported on S are independent of (r, T, ^). 

Suppose E is r-semistable and dimension 1 with [E] = (0, 0, to/3, k). Locally 
in the etale or complex analytic topology near i(CP^) in X we can find a line 
bundle L such that i*{L) = Oj-pill) (this holds as the obstructions to finding 
such an L lie in Ext^(C'£pi (1), (1)) : which is zero as 2 > dimCP^). Then 
[E (g) L"] = (0, 0, to/3, k -\- mn) for n G Z, and E <S> L"- is r-semistable by the 
proof of Theorem l6.16f c) and 9Jl"s(r)j(£pi) independent of r above. Let n G Z be 
unique such that d = k + mn lies in {1,2,..., to}. Then = (0, 0, to/3, d), 

so xiE ® L") = PiE(g,L"]{0) = by ({6:221) . But 7f*(£; «) L") = for i > 1 as 
E ® is supported in dimension 1, so dimH°(£' <S> L") ^ dim H°{E ® L"^) — 
diTtvH^iE (g) L") = d > 0, and we can choose ^ s G H^{E L"). 
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Thus we have a nonzero morphism s : Ox E ® in coh(X). Write J 
for the image and K for the kernel of s. Then 7^ J C E' ® and K C Ox- 
As E ® is pure of dimension 1, J is pure of dimension 1. Let / be the ideal 
sheaf of i(CP^). Since supp(J) = i(CP^) which is reducible and reduced we see 
that K C I C Ox- Consider the two cases {a) K = I and (b) K ^ I. In case 
(a) we have J = C'i(cpi) = i*{Ocv^{0)), which has class [J] = (0,0, /?, 1). Since 
L" is T-semistable with [E L"] = (0, 0, m/3, d) and J c E ® L", this 
implies that 1 ^ d/m. But d = 1, 2, . . . , m by choice of n, so this forces d = m. 

In case (b), there is a unique I ^ 1 such that /'+^ C K and /' ^ K. 
Then K + P / K is a. nontrivial subsheaf of Ox/L = J, and so K + P / K C 
E (g> L'^. But P/P+'^ is the l*^ symmetric power of the conormal bundle of 
i(CP^) in X, so that P/P+^ = + l)Ocpi(O)- As P+^ C K there is 

a surjection P/P+^ ->■ K + P/K. Let [if + /Vis:] = (0, 0, to'/3, fc')- Since 
[?* ((« + l)e'cpi (0)] = (0, 0, {I + 1)^, (/ + 1)2) and K + P/K is & quotient sheaf 
of + l)C'cpi(O) which is r-semistable, we deduce that Z + 1 ^ k' jm! . But 
X + P jK d E ® L", so i? ® L" r-semistable implies fc'/m' ^ d/m. Hence 
^ + 1 ^ k' /m! ^ d/m, a contradiction as / ^ 1 and d ^ m. 

Thus, case (b) does not happen, and in case (a) we must have d = m, and 
E(E)L" has a subsheaf J = u{Ocr^{0)). As t{J) = riE^L^) = < + U (5), 
the quotient {E ® L")/J is also r-semistable with \{E ® L")/J] — (0, 0, (m — 
l)f3,m — 1). By induction on m we now see that E ® has a filtration = 
Fo C Fi C • • • C F„ = (g) L" with F,/Fi_i = i*(Ocpi (0)) for i = 1, . . . , m. 
As the normal bundle is C'cpi(— 1) ® C'c]pi(— 1) the curve i(CP"^) is rigid in X, 
which implies that Ext^ (^♦(C'cpi (0))j ^*(^cpi (0))) = 0- It follows by induction 
on m that E ® L"^ ^ i^,{mOcpi{0)), and also that E ® is rigid. Tensoring 
by L"" shows that _E = (mOcpi (— n)) and F is rigid. This completes the 
proof. □ 

Combining Proposition 16.171 with Examples 16.11 and 16. 2| and taking E in 
Example 16. II to be i*(Ocpi(fc)) for k Eli^^e deduce: 

Proposition 6.18. Let X be a Calabi-Yau 3-fold over C, and (t,T, ^) a weak 
stability condition on coh(X) of Gieseker or ^-stability type. Suppose i : CP^ — > 
X is an embedding, and i{C¥^) has normal bundle C'cpi(— 1) © 0cpi(— 1). Let 
f3 e H^iX-Z) be Poincare dual to [i(CP^)] G H2{X-'L). 

If m ^ 1 and m \ k then T-semistable sheaves supported on i(CP^) con- 
tribute Xjrr? to DT'-°-^'"^^'''^t), and contribute 1 if m — 1 and if m > 1 to 
£)Y(o,o,™^,fc)(T-). If m^l and m]k there are no T-semistable sheaves in class 
(0,0,m/3,fc) supported on i(CP^), so no contribution to DT, DT^°^°-"'f^-'''>{T). 

For higher genus curves the contributions are zero. Note that we do not need 
i(S) to be rigid, the contributions are local via weighted Euler characteristics. 

Proposition 6.19. Let X be a Calabi-Yau 3-fold over C, and {t,T, ^) a weak 
stability condition on coh(X) of Gieseker or fj,-stability type. Suppose E is 
a connected, nonsingular Riemann surface of genus g ^ 1 and i : Y. X 
is an embedding. Let /3 G H'^{X;'E) be Poincare dual to [i(E)] G H2{X;'L). 
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Then r-semistable dimension 1 sheaves supported on contribute to both 
Dr(0'0'™'5''=)(r) and DT^o,o,mfi,k) (^^-^ all m ^ 1 and fc £ Z. 

Proof. The family of line bundles L( ^ E with ci{L) = form a group T^^ 
under eg). As i is an embedding, locally near z(S) in X we can find a family 
of line bundles Lt for t G which form a group under eg), with i*{Lt) — Lt- 
Write 97l^°'°'"'^'''n^)z(E) for the substack of m^^'°-'^^'''\T) supported on 
Then t:E^E®Lt defines an action of T^f on 9JI^°'°''"'''''^(t),(s). For m ^ 1, 
the stabilizer groups of this action are finite. So 9Jt^°'°''"'^''')(T),(s)(C) is fibred 
by orbits of T^s isomorphic to T^f/iC ^ T^f for K finite. 

As the T^S-action extends to an open neig hbourhood of SDt(°'"'""^''=)(T)i(s) 
in mt'^^'^^'^\T), the restriction of the Behrend function of 971(°'"'"'^^'=Ht) to 
2jj(o,o,m/3.fc)^.^.|^^^^ is T^f-invariant. Now the contribution to DT^f^:0,mf!,k) 

from sheaves supported on is the Euler characteristic of SJlgg''^''"^''^' (T)j(5]) 
weighted by a constructible function built from g(0'0.'"/3.'=)('j-) and the Behrend 
function 1^5^^(0,0,^/3,*)^.^^, as in i i5.3l This constructible function is T^^-invariant, 

as e(*^'°'™^''=)(T),i/9jt(o.o,™/3.fc)(^) are. But x{T'^^) = as g ^ 1, so each T^S- 
orbit / K = T^^ contributes zero to the weighted Euler characteristic. Thus 
sheaves supported on i(Y,) contribute to _DT^'''°''"'^''^)(t) for all m, fc, and so 
contribute to £)t(°'°'"^'5''=)(t) by (jOS]) . □ 

Let X be a Calabi-Yau 3-fold over C, and for 7 e H2{X; Z) write CWqCt) S 
Q for the genus zero Gromov-Witten invariants of X. Then the genus zero 
Gopakumar-Vafa invariants GVo{"f) may be defined by the formula 

z — / jjjo 

m|7 

A priori we have GVb(7) G Q, but Gopakumar and Vafa [32] conjecture that 
the 0^0(7) are integers, and count something meaningful in String Theory. 
Katz [58] considers the moduli spaces 

_/V4(o.o./3.i)(^) when fc = 1, where ^ G 
H^{X;Z) is Poincare dual to 7. Then Mif°''^-'^\T) = m''°,'°''^'^\t) as {(3,1) 
is primitive, so DT^°^°'/^^'^\t) = DT(°'°^P'^){t) = £)T(0'0''^'i)(r) by Propositions 
EllZj and Em Katz [M] Conj. 2.3] conjectures that GVo{j) = DT^^^°'I^^'^\t)] 
this had also earlier been conjectured by Hosono, Saito and Takahashi [3TJ 
Conj. 3.2]. We can now extend their conjecture to all A; G Z. 

Conjecture 6.20. Let X be a Calabi-Yau 3-fold over C, and (t, T, ^) a 

weak stability condition on coh(X) of Gieseker or ^-stability type. Then for 
7 G H2{X;Z) with f3 G -ff^(X;Z) Poincare dual to 7 and all k ^ 1^ we have 
£)y(o.o./3.fc)(r) = GVb(7). In particular, Dr(o,o,/3,fc)(^) j<, independent of k,T. 

For evidence for this, see [5S] for the case k — 1, and note also that Theo- 
rem l6.16T a) shows DT^^'^'^'''^ {t) is independent of r, Theorem 16 . 1 6f b) suggests 
£)Y(o.o.'3,fc)(^) G Z, and Propositions l6TT8l and [6J9l show that the contributions 
to DT(o,o..(i,k)^^-^ j.ig-(j rational curves and embedded higher genus curves 
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are as expected, and independent of k. Also Theorem I6.16f c) implies that 
j)y(o,o,/3,fc)^^-| is periodic in k, which supports the idea that it is independent 
of k. The first author would like to thank Sheldon Katz and Davesh Maulik for 
conversations about Conjecture 16.201 

Remark 6.21. There are other ways to count curves using Donaldson-Thomas 
theory than counting dimension 1 sheaves. The (ordinary) Donaldson-Thomas 
invariants dt'-'^'°''^'''\t) for /S G H'^{X;Z) and k e Z 'count' ideal sheaves of 
subschemes S of X with dim 5 ^ 1, and the celebrated MNOP Conjecture [80l 
[81] expresses _DT*^^'°'^''^^(t) in terms of the Gromov-Witten invariants GWg^j) 
of X for all genera g ^ 0, or equivalent ly in terms of the Gopakumar-Vafa 
invariants GVg{-y) of X for all g ^ 0. Pandharipande- Thomas invariants PTn^p 
in |86| count pairs s : Ox — > E for E a pure dimension 1 sheaf, like our 
pja,n^^^ but with a different stability condition, and these also have conjectural 
equivalences [H §3] with DT(^'°'^^'''>{t), GWg{-f) and GVg{-f). 

We will not discuss these further in this book. However, we note that the 
results of this book should lead to advances in the theory of these curve count- 
ing invariants, and the relations between them. In particular, our wall-crossing 
formula Theorem 15.181 should be used to prove the correspondence between 
Donaldson-Thomas invariants DT^^'^'^'''\t) and Pandharipande-Thomas in- 
variants PTn^p. Recent papers by Toda |101| and Stoppa and Thomas [OS] 
prove a version of this for invariants without Behrend functions as weights, 
and using our methods to include Bchrcnd functions should yield the proof. 
Bridgeland [T2] also proves the correspondence assuming conjectures in [55] . 

6.5 Why it all has to be so complicated: an example 

Our definitions of DT°'{t) and DT°'{t) are very complicated. They count 
sheaves using two kinds of weights: firstly, we define e"(T) from the (5fg(r) 
by p.4p . with rational weights (— l)"~^/n, and then we apply the Lie alge- 
bra morphism ^ of ij5.31 which takes Euler characteristics weighted by the 
Z- valued Behrend function z^aj;- Some readers may have wondered whether 
all this complexity is really necessary. For instance, following (|4.16l) when 
M'^^{t) = X"t(T), we could simply have defined DT'^iT) for ah a e G{coh{X)) 

by 

OT"(r)=x(A^."tW,;^A4a(r))- (6.23) 

We will now show, by carefully studying an example of dimension 1 sheaves 
supported on two rigid CP^'s in X which cross under deformation, that to get 
invariants unchanged under deformations of X, the extra layer of complexity 
with the e"(T) and rational weights really is necessary. Our example will show 
that (|6.23l) is not deformation- invariant when 7W"g(T) 7^ 7W"^(r), and the same 
holds if we replace A^"t(T) by A^"s(t) or 9Jt"g(T); also, we will see that to get a 
deformation-invariant answer, it can be necessary to count strictly r-semistable 
sheaves with rational, non-integral weights, so we do need the e"(T). 

For e > write = {t G C : |i| < e}. Let Xt for t £ be a smooth family 
of Calabi-Yau 3- folds over C, equipped with a family of very ample line bundles 
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Identify i?*(Xt;Q) ^ H*{Xo;Q), H^XuZ) ^ F,(Xo;Z) for all t. 
Suppose it : CP^ Xt and jt : CP^ — > are two smooth families of embed- 
dings for t G A,, and it(CP^), jt(CP^) have normal bundle Ocpi (-l)®C'cpi (-1) 
for ah t. Suppose that iit(CP^)njt(CP^) = for t ^ 0, and that io(CP^), jo(CP^) 
intersect in a single point x G Xq, with T^(io(CP^)) nr^(jo(CP^)) = in T^Xq. 

Now io(CP^)Ujo(CP^) is a nodal CP^ in Xq, so we can regard it as the image 
of a genus stable map ko : Y^q Xq from a prestable curve Eq = CP^U^CP^, in 
the sense of Gromov-Witten theory. As we have prescribed the normal bundles 
and intersection of io(CP^), jo(CP^), we can show that fco : Eg — ?> Xq is a rigid 
stable map, and so it persists as a stable map under small deformations of Xq. 
Thus, making e > smaller if necessary, for t G there is a continuous family 
of genus stable maps kt : Et — >■ Xj. Now fct(E() cannot be reducible for small 
t ^ 0, since the irreducible components would have to be it(CP^), jt(CP^), 
but these do not intersect. So, making e > smaller if necessary, we can 
suppose Et ^ CP\ and kt is an embedding, and fct(CP^) has normal bundle 
OcpiC-l) ® C'cpi(-l): for aU ^ t G A^. 

Let ^,7 G H^{Xo;Z) be Poincare dual to [io(CP^)], [jo(CP^)] in H2{Xq]Z). 
Suppose /3, 7 are linearly independent over Z. Let 5 = ci{Oxo (1)) in H'^{Xo\ Z). 
Set Cf3 — P {J 5 and c-y = 7 U 5 and = + c-y, so that c^, c-y, 0^+7 G N. 

Write classes a G iir""'°(coh(Xo)) as (ag, 02, a4, ae) as in t j6.4l We will consider 
r-semistable sheaves E on Xt in classes (0, 0, /3, fc), (0, 0, 7, /) and (0, 0, /3 + 7, m) 
for k,l,m G Z and t G A^. Suppose for simplicity that all such sheaves are 
supported on it{C¥^) U jt(CP^) U fct(Et); alternatively, we can consider the fol- 
lowing as computing the contributions to D"T(0'°'''''=) (r)*, . . . ,DT^°'°'l^+'<'"''>{T)t 
from sheaves supported on it(CP^) U jt(CP^) U fct(Et). 

Here is a way to model all this explicitly in a family of compact Calabi-Yau 
3-folds. Let CP^ x CP^ have homogeneous coordinates ([ccq, xi, ^2], [2/0,2/1:2/2]), 
write X = (a;o, a^i, 2^2), y = (2/0,2/1,2/2), and let Xt be the bicubic Ft{x,y) = 
in CP^ X CP^, with very ample line bundle Oxt{^) — C'cpixcpi(l, l)l-ft, where 

Ft{x, y) = xlxiylyi + xlyly2 + xlx2yl - txlyl 

+ XiX2Pl^3{x.,y) + X2y2P2,2ix,y) + 2/12/2^^3^1 

with -Pi,3, ^2,2, ^a'l homogeneous polynomials of the given bidegrees. 

Define it,jt,kt : CP^ Xt by it : [u,v\ ^ ([u,?;,0], [1,0, t]) and jt : [m, u] M> 
([l,0,i], [u,i;,0]) for aU t, and h : [u,v\ ^ ([u, w, 0], [u, tu, 0]) for t ^ 0. Then 
the conditions above hold for ^'1,3, -P2.2, -^aa generic and e > small. Con- 
sider first the moduh spaces S[n^°'"'^''')(r)f , ajl^°'°^^'')(T)t over Xt. These are 
T-semistable sheaves supported on if (CP^), jf (CP^), so by Proposition 16 . 1 71 we 
see that the only r-semistable sheaves in classes (0, 0,/3, fc) and (0,0,7, are 
Et{k) = (it),(C'cpi(fc — 1)) andFt(Z) = (ji),(C'cpi (' — 1)) respectively, and both 
are r-stable and rigid. 

The Hilbert polynomials of Et{k) and Ft{l) are P(o,o.i3,k){'t) — cpt + k and 
-P(o,o,7,;)(^) — c^t + I by (I6.22p . so we have 

T{[Et{k)]) ^t + k/cp, T{[Ft{l)]) =t + l/c^. (6.24) 
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Therefore the sheaf Et{k) © Ft{l) in class (0, 0, /3 + 7, fc + is r-semistable if 
and only if k = I cp. 

We can now describe mi°'°''^^'^'"^\T)t for t ^ 0. For all m G Z, we have a 
rigid T-stable sheaf Gf (m) — {kt)^.{Ocpi {m—1)) in class (0,0,/3+7,m) supported 
on fct(St), which contributes [SpecC/G™] to 971^°'°'''+'^''"^ (r)*. In addition, if 
there exist k,l G Z with k -\- 1 = m and k c-^ = I cp, then Et{k) © is a rigid, 
strictly r-semistable sheaf in class (0, 0, /3-I-7, m) supported on it(CP"')njt(CP"'^), 
which contributes [SpecC/G^] to 931^°'°'''+'''"^ (r)t. We have A; = mc;3/c;3+^, 
/ = mc-),/c^+-),, which lie in Z if and only if cp+^ \ mcp. These are all the 
T-semistable sheaves in class (0, 0, /3 + 7, m). Thus we see that 

t ^ 0, c^+^ \ m imply ^(o^o.^+t^™) (r), - [Spec C/G„] ^ 
and X (0,0.^+7,™) (^)^ ^ _^ (o,o.0+7,r«) ^^^^ ^ gp^^ (6.25) 



ty^O, c^+^ I TOC0 imply aJl(°'"'^+^'™)(r)t = [Spec C/G,„]n [Spec C/G^ J, 
^(o,o,/J+7,m)(^)^ ^ Spec Cn Spec C, and 7Wlt'°'^+^''"^(r)t ^ SpecC. 

(6.26) 

Now consider 971^3'°'^+'^''" V)o when t = 0. Writing for the structure 
sheaf of intersection point of io(CP^) and jo(CP^), we have exact sequences 



(6.27) 



^ So(fc) ^ Eo{k + 1) ^ 0, 

^ Foil) ^ Foil + 1) ^ ^ 0. 

Define Go(fc, /) to be the kernel of the morphism in coh(Xo) 

TT^(Bn^: Eoik + 1) Fo(/ + 1) — > O^. 

Since [Eoik + 1)] = (0,0,/3,fc + 1), [Foil + 1)] = (0,0,/?,/ + 1) and [O^] = 
(0, 0, 0, 1) and each tt^ is surjective we have [Go(fc, I)] = (0, 0, /3 + 7, fc + / + 1). 
From (|6.27p we see that we have non-split exact sequences 

Eoik) ^ Go(fc, ^ Foil + 1) ^ 0, 

(6.28) 

^ Foil) ^ Go(fc, I) ^ Eoik + 1) ^ 0. 

By (11211), the first sequence of (1051) destabilizes Go(fc, Z) if k/cfs > il + l)/c^, 
and the second sequence destabilizes Go(fc, I) if l/c^ > (A;+l)/c^. The sequences 
(|6.28p are sufficient to test the r-(semi)stability of Goik,l). It follows that 
Go(fc, I) is r-semistable if fc/c^ ^ il + l)/c^ and l/c^ ^ ik + l)/c^, and Go(fc, I) 
is r-stable if k/cp < H + l)/cj and l/cj < (fc + l)/cp. 

Now fix m G Z. It is easy to show from these inequalities that if C/3+^ \ mc/s 
there is exactly one choice of fc, Z G Z with fc-|-^-|-l = m and Go(fc, r-semistable 
in class (0, 0, /3 -I- 7, m), and in fact this Go(fc, Z) is r-stable. And if c^+-y | mcp 
then setting fc = mcp/cp-j-^, I — mcj/cp+j in Z we find that Go(fc — 1,0 ^-iid. 
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Go{k, I — 1) are both strictly r-semistable in class (0, 0, /3+7, m), and in addition 
Eo{k) © Fo{l) is strictly r-semistable in class (0, 0, /? + 7, m). These are all the 
T-semistables in class (0, 0, /3 + 7, m). So 

C0+^\mc^ implies m^^f-^+'''"'\T)o ^ [SpecC/G,„] 
and A^(^-0^^+7,™) ^r)o = (r)o - Spec C, ^^'^^^ 

Cfl+T I mc« implies j\4[^''^'^^'''^'^\t)q = and 
9jj(o,o,/J+7,m)(^)^(C) ^ {Go{k - 1, 0, Go(fc, Z - l),Eo(k) © i^o(0}- 

Next we describe the stack structure on when cp+~^ \mcp. 

As Eo{k), Fo{l) are rigid, we have 

Ex.t'{Eo{k) © Fo(0, So(fc) © Foil)) 

1 / N 1 / N (6.31) 

= Exti(£;o(fc),-Fo(0) ©Exti(Fo(0,-Bo(fc)) = C © C, 

where a nonzero element of Ext^ (^Eo^k), Fo{l)) corresponds to Go{k — 1,1), and 
a nonzero element of Ext^ (^Fo{l) , Eo{k)) corresponds to Go{k, / — 1), by (|6.28p . 
Let {y, z) be coordinates on C © C in ((OT|) . Then Aut(£;o(A:) © Fq{1)) = 
acts on C © C by (A, : (y, z) tH- {Xfi~^y, X~^fiz). 

By Theorem 15.51 locally isomorphic as an Artin stack 

near Eoik) © Foil) to [Crit(/)/G^], where ?7 C C © C is a G^j-invariant ana- 
lytic open neighbourhood of 0, and f : U ^ C is a, G^-invariant holomorphic 
function. Since / is G^-invariant, it must be a function of yz. Now (y, 0) for 
2/ ^ in C © C represents G'o(/c — 1,^), which is rigid; also (0,2;) for z 7^ 
represents Go{k,l — 1), which is rig id. Therefore {(y, 0) : ^ y G C} and 
{(0, z) : 7^ z G C} must be smooth open sets in Crit(/), so that / is nonde- 
generate quadratic normal to them, to leading order. 

It follows that we may take C/ = C © C and f{y, z) = y^z^, giving 

Wo = [CMy^z^)/Gi:\. (6.32) 

There are three G^„ orbits in Crit(y^z^): {(y, 0) : 7^ y G C} corresponding to 
Go[k — 1,1), and { (0, z) : 7^ z G C} corresponding to Go{k,l — 1), and (0,0) 
corresponding to Eo{k) ©Fo(Z). The Milnor fibres of y^z^ at (1,0) and (0,1) 
are both two discs, with Euler characteristic 2. Since y^z^ is homogeneous, the 
Milnor fibre of y^z^ at (0,0) is diffeomorphic to {(y,z) € : y^z^ = l}, which 
is the disjoint union of two copies of C \ {0}, with Euler characteristic zero. By 
results in gjwe deduce that 

1^^(0,0, fl + -,,m) ,,{Go{k ~ 1,0) = '^,-^;(0,0,/J + -,,™), ^ (G'o(fc,Z - l)) = -1 

(6.33) 

and ^OT(o."-''+T''")(^)(,{^o(fc) ffi^o(O) = 1- 

From ([02|) wc find that the coarse moduh space X(°'''''^+^'™)(t)o is 

_yy^(o,o,/3+7,m)(^)^ ^ SpecC. (6.34) 
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As in equation (|6.1ip of Example 16.91 we find that 

nx.Q(,-(o,o,/3+.,™)(^)^) = i[([SpecC/G„],pGo(fe-u))] 

+ i[([SpecC/G„],pGo(fc,i-i))], 

where pGo(fc-i,0"°Go(fc,i-i) ™ap [SpecC/Gm] to Go{k ~ l,l),Go{k,l - 1). Note 
that e(o.o,/3+7,m)(T-)g ig ^ero over £;o(A;) © Fo{l). As for (151^ we have 

^-j.(0,0./3+7,™)(^)^ = ij.3„(o,o,^ + .,™,, . fGo(fc - 1,0) 

(6 35) 

+ ^^^(o.o,.+.,..,(,)^(Go(fc,/ - 1)) = 1 . 1 + 1 . 1 = 1. 

Thus Go{k - 1,1) and Go(fc,/ - 1) each contribute i to i7r(°'°'''+'''™)(T)o. 

From equations . (jg:^ . (jg:^ . . (jOg)) . and (jOSj) we de- 

duce: 

/ . ,(0,0,;3+7,m). N \ 
X(Xst (T)t>l';V(<«'«'^+-''™)(T)J 

Equations (I0S)) - (|05)) imply: 

Corollary 6.22. Let X be a Calahi-Yau 3-fold over C and aeX"""^(coh(A:)) 
wii/i MZir) + M"tW- ^^^^en none o/ x(A^s"tM> '^A^a(r)) , x(Xs"sM> i'A^S(r)) 
or x"^(9^"s(''')i ^3J!° (r)) need he unchanged under deformations of X. 

We can also use these calculations to justify the necessity of rational weights 
in the e"(T) in our definition of DT°'{t). Let c^+-y | mcp. Then when t ^ 0, we 
have one stable, rigid sheaf Gt{m) in class (0, 0, /3 + 7, m), which is counted with 
weight 1 in DT(°'°'''+T''")(T)f . But when t = 0, Gf (to) is replaced by two strictly 
T-semistable sheaves Go(fc — 1, 1) and Go{k, I — I), which are counted with weight 
i in IXr(0'0'''+T'™)(T)o. By symmetry between Go(fc - 1, 0, Go(fc, I - 1), to get 
deformation- invariance it is necessary that they are each counted with weight i, 
which means that we must allow non-integral weights for strictly r-semistables 
in our counting scheme to get a deformation-invariant answer. 

Also, we cannot tell that Go(fc — l,/),Go(fc,Z — 1) should have weight i just 
from the stack m^°/''^+^'"'\T)o, as they are rigid with stabilizer group <Gm , and 
look just like r-stables. The strict r-semistability of Go(fc — 1, 1), Go(fc, / — 1) is 
measured by the fact that sis''^'''''^\T) * ^ss'°''^''^\r), (5is'°'^''^^(T) * ^ss '^''''''^(t) are 
nonzero over Go{k — 1, 1), Go{k, I — 1) respectively. But 5ss '°'''^''^(t) * ^ss (t) 
and ^ss'°''^''^''(t)*5ss'°''''''^(t) occur with coefficient — | in the expression p.4p for 
^(OM,fi-\-j,m)^^y This suggests that using e"(T) or something like it is necessary 
to make DT°'{t) deformation-invariant. 



1, alH G and to G Z, 
I 1, t 7^ or \ mcp, 



0, t = and 



+7 



1, t ^ or I TOc^, 

2, i = and | mc^, 

— 1, t = or Cj3+^ \ mcjs, 
0, t^O a.nd Cj3+j\m Cj3. 



(6.36) 
(6.37) 
(6.38) 
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6.6 yU-stability and invariants DT"{n) 

So far we have mostly discussed invariants DT^^t), where (r, G, ^) is Gieseker 
stabihty w.r.t. a very ample line bundle Ojc(l), as in Example l3.8l We can also 
consider DT°'{fj,), where (fi,M,^) is fj,- stability w.r.t. Oxi^), as in Example 
13.91 We now prove some simple but nontrivial facts about the DT°'{^). 

First note that as {n, M,^) is a truncation of (r, G, we have r(/3) < t{j) 
imphes /x(/3) ^ for /3, 7 € C{coh{X j), and so (/z, M, ^) dominates (t, G, 
in the sense of Definition 13 . 1 2l In Theorem l3.13l we can use (f , T, ^) = (p, M, ^) 
as the dominating weak stability condition to write e" (/x) in terms of the e*^ (r) 
and vice versa, and then Theorem writes DT°'{fj.) in terms of the DTI^(t) 
and vice versa. Since the Gieseker stability invariants DT^{t) are deformation- 
invariant by Corollarv l5.28[ we deduce: 

Corollary 6.23. The fi-stability invariants DT°'{p,) are unchanged under con- 
tinuous deformations of the underlying Calabi-Yau 3- fold X . 

The next well-known lemma says that for torsion-free sheaves, /x-stability is 
unchanged by tensoring by a line bundle. It holds on any smooth projective 
scheme X , not just Calabi-Yau 3-folds, and works because ^i{[E ® L]) — n{[E]) 
is independent of E when dimi? — divciX. The corresponding results are not 
true for Gieseker stability, nor for /i-stability for non-torsion-frcc sheaves. 

Lemma 6.24. Let E be a nonzero torsion-free sheaf on X, and L a line bundle. 
Then E ® L is fi-semistable if and only if E is /.i-semistable. 

Now E E (g) L induces an automorphism of the abclian category coh(X), 
which acts on i4:""'"(coh(X)) C if''™"{X;Q) by a 1-^ aexp(7). For torsion-free 
sheaves, this automorphism takes ^-semistables to /i-semistables, and so maps 
6g{ii) to and e"(/u) to e" '='^p(t) (a^) for rank(a) > 0. Applying ^ as 

in gSll we see that DT" <='^P('y) (^) = DT"{fj.). Since we assume H'^{Ox) 0, 
every 7 G H^{X; Z) is ci{L) for some line bundle L. Thus we deduce: 

Theorem 6.25. Let X be a Calabi-Yau 3-fold over C and (/i, M, ^) be /x- 
stability with respect to a very ample line bundle Ox{i) on X, as in Example 
inn Write elements a of if"™(coh(X)) C iJ<'™"(X;Q) as (ao, aa, 04, ag), as 
in H6.41 Then for all a £ G(coh(X)) with ao > and all 7 G H'^{X;Z) we 
have Z?r"'='^P(T)(^) = L)T'^{y). 

Theorem 16.251 encodes a big symmetry group of generalized Donaldson- 
Thomas invariants DT"(fj,) in positive rank, which would be much more com- 
plicated to write down for Gieseker stability. 

6.7 Extension to noncompact Calabi-Yau 3-folds 

So far we have considered only compact Calabi-Yau 3-folds, and indeed our 
convention is that Calabi-Yau 3-folds are by definition compact, unless we ex- 
plicitly say that they are noncompact. Suppose X is a noncompact Calabi-Yau 
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3-fold over C, by which we mean a smooth quasiprojective 3-fold over C, with 
trivial canonical bundle Kx- (We will impose further conditions on X shortly.) 
Then the abelian category coh{X) of coherent sheaves on X is badly behaved, 
from our point of view - for instance, groups Hom(£', F) for £', F e coh(X) may 
be infinite-dimensional, so the Euler form x on coh(X) may not be defined. 

However, the abelian category cohcs(^) of compactly-supported coherent 
sheaves on X is well-behaved: Ext*(£',F) is finite-dimensional for E,F G 
cohcs(X) and satisfies Serre duality Ext'{F,E) ^ Ext^'' {E , F)* , so cohcs(X) 
has a well-defined Euler form. If X has no compact connected components then 
cohcs(-'^) consists of torsion sheaves, supported in dimension 0,1 or 2. 

We propose that a good generalization of Donaldson-Thomas theory to non- 
compact Calabi-Yau 3-folds is to define invariants counting sheaves in cohcs(-^)- 
Note that this is not the route that has been taken by other authors such as 
Szendroi |99[ §2.8], who instead consider invariants counting ideal sheaves I 
of compact subschemes of X. Such / are not compactly-supported, but are 
isomorphic to Ox outside a compact subset of X. 

Going through the theory of |jll-[}Sl we find that the assumption that X is 
compact (proper, or projective) is used in three important ways: 

(a) The Euler form x on Kq (coh(X) ) is undefined for noncompact X as Ext* {E,F) 
may be infinite-dimensional, so ii'""'"(coh(X)) is undefined. For cohcs(^), 
iC™™(cohcs(^)) is well defined, but may not be isomorphic to the image 
of ch : Xo(cohcs(X)) i7^7™(X;Q). Hilbert polynomials Pe of E € 
cohcs(^) need not factor through the class [E] in iir""™(cohcs(^)) for X 
noncompact. 

(b) For noncompact X, Theorem 15. 31 in §5. II fails because nonzero vector bun- 
dles on X are not compactly-supported. But Theorems l5.4l and l5.5l depend 
on Theorem 15.31 and Theorem 15. lll in ii5. 21 depends on Theorem 15. 5[ and 
most of the rest of [}5}-ij6] depends on Theorem 15.111 

(c) For noncompact X, the moduh schemes A^"s(t) and A^"t'p ('''') of M.'dl 
and i i5.4l need not be proper. This means that the virtual cycle defi- 
nitions of DT^'iT) in (|4T^ when M"^{t) = M^tir), and of PI°''"{t') 
in ()5.15|) . are not valid. The weighted Euler characteristic expressions 
(|4J6l) . (|5H1) fo_r DT"{t) and PI"'"{t') stiU make sense. But the proofs 
that DT°'{t),DT°'{t),PI°''"{t') are unchanged by deformations of X no 
longer work, as they are based on the virtual cycle definitions (|4.15p . (|5.15p . 

Here is how we deal with these issues. For (a), with X noncompact, note 
that although coh(X) may not have a well-defined Euler form, there is an Euler 
pairing x '■ ^o(coh(X)) x iiro(cohcs(^)) Under the Chern character maps 

ch : KoicoHX)) i7^-"(X;Q) and ch^, : Ko{coK,{X)) ^ H^J°^{X;Q), 
this X is mapped to the pairing H^'^^-^X^Q) x iJ°™"(X;(Q)) ^ Q given by 
{a, (3) I— 7- deg(a^ • /? • td(TX))3, which is nondegenerate by the invertibility 
of td(TX) = 1 + ^C2{X) and Poincare duality H^''{X; Q) ^ H^-^''{X; Q)*. 

In Assumption 13. 2[ with A = cohcs(X), we should take if(cohcs(X)) to be 
the quotient of ifo(cohcs(X)) by the kernel in ifo(cohcs(-'f )) of the Euler pairing 
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X ■ Ko{coh{X)) X ii'o(cohcs(^)) This is not the same as the numerical 

Grothendieck group K'^™'^{cohcsiX)), which is the quotient of ii'o(cohcs(-^)) by 
the kernel of x : -ft:o(cohcs(X)) x Ko{coKs{X)) Z; in general iv:"^'"(cohcs(X)) 
is a quotient of isr(cohcs(-'i^)), but they may not be equal. In Example l6.30l below 
we will have if (cohcs(^)) = but iv:"^™(cohcs(X)) = 0. As the pairing above 
is nondegenerate, this i4r(cohcs(-'f )) is naturally identified with the image of the 
compactly- supported Chern character chcs : K(){co]ics{X)) — > _ff°™"(X;Q). This 
can be defined by combining the 'localized Chern character' ch^ of Fulton [351 
§18.1 &: p. 368] with the compactly supported Chow groups and homology in [551 
Ex.s 10.2.8 & 19.1.12], using the limiting process over all compact subschemes 
Z C X in [2i Ex. 10.2.8]. 

Then if G coh(X) and F e cohcs(X), the Euler form x{E,F) depends 
only on E and [F] in K{c6hcs{X)). In particular, given a very ample line bundle 
C'jf(l) on X, the Hilbert polynomial (n) =x{Ox{—n),F^ ofFdepends only 
on the class [F] in K (coh.cs{X)) . Since Ox{~n) is not compactly-supported, in 
general Pp does not depend only on [F\ in if"^™(cohcs(X)), as in Example l6.30l 

This is important for two reasons. Firstly, equation (|5.17p in i i5.4l involves 
x{[Ox{-n)],a) for a G K{cok{X)), and if K{coh^^{X)) = ^"^"(cohcsCX)) 
then x([Cx(— ")], a) would not be well-defined for a G K{c6hcs{X)), and The- 
orem [52Zl would fail. Secondly, the proof that moduli spaces A4"j(t), A^"g(T), 
1IH"j(t), *Dl"s(r) of r-(semi)stable sheaves E in class a in K{cdh{X)) are of finite 
type depends on the fact that a determines the Hilbert polynomial of E. If we 
took K{c6hcs{X)) = if"™(cohcs(X)), this would not be true, the moduli spaces 
might not be of finite type, and then weighted Euler characteristic expressions 
such as (|4.16p . (|5.16p would not make sense. 

For (b) , we will show in Theorem 16.281 that under extra assumptions on 
X we can deduce Theorems 15.41 and 15.51 for noncompact X from the com- 
pact case. This is enough to generalize ij5.2| -t J5.3] and parts of > j5.4l to the 
noncompact case. For (c), we should accept that for noncompact X, the in- 
variants DT°'{t), DT°'{t), PI'^'^It') may not be deformation-invariant, as they 
can change when the (compact) support of a sheaf 'goes to infinity' in X as we 
deform the complex structure of X . Here is an example. 

Example 6.26. For t G C, define 

Yt = { (zi, 02, Z3, Zi) G : (1 - t^z^f + zl + z| + z| = O}. (6.39) 

Then Yq is nonsingular, and Yt for i 7^ has one singular point at (i~^, 0, 0, 0), an 
ordinary double point, which has two small resolutions. Because (|6.39p involves 
t^ rather than t we may choose one of these small resolutions continuously in t 
for all i ^ to get a smooth family of noncompact Calabi-Yau 3-folds Xt for 
t G C, which is also smooth over t = 0. 

As a complex 3- fold, Xt fori 7^ is the total space ofC'(-l)©C'(-l)^ CP\ 
and Xq is CxQ, where Q is a smooth quadric in C^. All the Xt are diffeomorphic 
to R^xr*^^, and we can regard them as a smooth family of complex structures 
Jt for t G C on the fixed 6-manifold x T*5^ Then Xt for < 7^ contains 
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a curve ^ CP\ the fibre over 0,0,0) in Yt. As t -> 0, this Et goes to 
infinity in Xt, and Xq contains no compact curves, as it is affine. 

From Example 16.301 below it follows that for t there are nonzero invari- 
ants DT"{T)t with dim a = 1 counting dimension 1 sheaves supported on Et in 
Xt- But when t = there are no compactly-supported dimension 1 sheaves on 
Xq, as there are no curves on which they could be supported, so DT"{t)o = 0, 
and DT°'{t) is not deformation invariant. 

Here is the extra condition we need to extend Theorems l5.4ff53] to cohcs(^). 

Definition 6.27. Let X be a noncompact Calabi-Yau 3-fold over C. We call 
X compactly embeddable if whenever C X is a compact subset, in the ana- 
lytic topology, there exists an open neighbourhood ?7 of if in X in the analytic 
topology, a compact Calabi-Yau 3-fold Y over C with H^{Oy) = 0, an open 
subset of y in the analytic topology, and an isomorphism of complex mani- 
folds (l):U -^V. 

Theorem 6.28. Let X be a noncompact Calabi-Yau 3-fold over C, and suppose 
X is compactly embeddable. Then Theorems lSiAl and 15.51 hold in cohcs(X). 

Proof. Write DJl'^ for the moduli stack of compactly-supported coherent sheaves 
on X and J for the complex algebraic space of simple compactly-supported 
coherent sheaves on X. For each compactly-supported (algebraic) coherent sheaf 
E on X there is an underlying compactly-supported complex analytic coherent 
sheaf £'an, and by Serre [97] this map E t-¥ E^n is an equivalence of categories. 

Let E e cohcs(X), so that [E] G 9Jt^(C), or [E] e TWj (C) if E is simple. 
Then K = supp £^ is a compact subset of X. Let U, Y, V be as in Definition [6221 
for this K, and write COT^ for the moduli stack of coherent sheaves on Y, and 
for the complex algebraic space of simple coherent sheaves on X. Then 
E'anic/ is a complex analytic coherent sheaf on C/ C X, so (/'*(i5an) is a complex 
analytic coherent sheaf on V C Y, which we extend by zero to get a complex 
analytic coherent sheaf Fan on Y, and this is associated to a unique (algebraic) 
coherent sheaf F on F by ;9r , with [F] e m^{C), and [F] e MI{C) if F (or 
equivalently E) is simple. 

For Theorem 15.41 let E be simple, and write W-^ for the subset of [E'] G 
X^(C) with E' supported on [/, and for the subset of [F'] G X^(C) 
with F' supported on V. Then are open neighbourhoods of [E], [F] 

in A1^(C), A^^(C) in the complex analytic topology, and there is a unique 
map (j)* : ^ with </>,([F']) = [F'] if MKn) = Kn- Since 4> is an 
isomorphism of complex manifolds, it is easy to see that is an isomorphism 
of complex analytic spaces. 

By Theorem l5.4[ near [F] is locally isomorphic to Crit(/) as a complex 
analytic space, for / : [/ C holomorphic and U C Ext^(F, F) open. Since 
W-^ = as complex analytic spaces and Ext^(F, F) = Ext^(Fan, Fan) — 
Ext^(Fan,Fan) = Ext^F, F) by [HI], Theorem[5l|for cohcs(X) follows. 

For Theorem l5.51 let S*^, $^ be as in the second paragraph of Theorem 15. 51 
for m^,E in cohcs(X), and , for , F on coh(y). Then as in Propo- 
sition [n^Hlb) in the sheaf case there are formally versal families (S-^jV-^) of 
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compactly-supported coherent sheaves on X with Vq = E, and (S'^,'D^) of 
coherent sheaves on Y with = F. The corresponding families {S^ (C),!)^^), 
(S'^(C), P^j) of complex analytic coherent sheaves are versal. Let 
be the subsets of S^{C),S^{C) representing sheaves supported on U, V. Then 
W-^ , are open neighbourhoods of in (C), S'^(C), in the analytic topol- 
ogy- 

Since : C/ — > is an isomorphism of complex manifolds, 0* takes versal 
families of complex analytic sheaves on U to versal families of complex ana- 
lytic sheaves on V. Therefore {W^ ,<p.,{V^Jw^)) and (W^ ,V^^J \YY ) are both 
versal families of complex analytic coherent sheaves on V with 0:,,(P^|^yx)o = 
Fan — [T^Xn\w^)o- We Can now argue as in Proposition 19. 1 II using the fact that 
T^W^ ^ Ext ^ (Fan, Fan) = Ext^ (Fan , Fan) = TqW^ that Wx near is isomor- 
phic as a complex analytic space to near 0. Theorem 15. 51 for X then follows 
from Theorem 15.51 for Y. □ 

Question 6.29. Let X be a noncompact Calabi-Yau 3-fold over C. Can you 
prove Theorems \5A\ and \5.5\ hold in cohcs(^) without assuming X is compactly 
embeddable ? 

All of tj5.2f - H5.t?l now extends immediately to cohcs(^) for X a compactly 
embeddable noncompact Calabi-Yau 3-fold: the Behrend function identities 
(|5.2I) - (|5.3I) . the Lie algebra morphisms \I',^'<^''^, the definition of generalized 
Donaldson-Thomas invariants _DT"(r) for a G F(cohcs(^)), and the transfor- 
mation law ()5.14p under change of stability condition. 

In i i5.4l the definition of stable pairs still works, and the moduli scheme 
j\4"^p{t') is well-defined, but may not be proper. So (|5.15p does not make sense, 
and we take the weighted Euler characteristic (|5.16p to be the definition of the 
pair invariants Pl^'^ir'). The deformation-invariance of DT"{t), PI'^'"{t') in 
Corollaries 15.261 and 15.281 will not hold for cohcs(^) in general, as Example 16. 261 
shows. But Theorem l5.27[ expressing the PI°''^^{t') in terms of the DT^{t), is 
still valid, with proof essentially unchanged; it does not matter that Ox{—n) 
lies in coh(X) rather than cohcs(^). 

As in [ll^we define BPS invariants DT°'{t) for cohcs(X) from the DT°'(t), 
and conjecture they are integers for generic (t, T, ^). The results of §6.31 com- 
puting invariants counting dimension zero sheaves also hold in the noncompact 
case, as the proof of Theorem 16. 151 in [6] does not need X compact. 

Example 6.30. Let X be the noncompact Calabi-Yau 3-fold C'(-1)®C'(-1) ->■ 
CP^ , that is, the total space of the rank 2 vector bundle 0{—l) © 0{—l) over 
CP^ . This is a very familiar example from the Mathematics and String Theory 
literature; it is a crepant resolution of the conifold z\ + + + z\ = {i in C*, 
so it is often known as the resolved conifold. 

Let Y be any compact Calabi-Yau 3-fold containing a rational curve C = 
CP^ with normal bundle 0{—1)(B0{—1); explicit examples such as quintics are 
easy to find. Then Y near C is isomorphic as a complex manifold to X near 
the zero section. Since any compact subset K in X can be mapped into any 
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open neighbourhood of the zero section in X by a sufficiently small dilation, it 
follows that X is compactly embeddable, and our theory applies for cohcs(^)- 

We have H^i{X;Q) = Q for j = 2,3 and H^i{X;Q) = otherwise. For 
E G cohcs(X) we have ch^s{E) = (0,0,ch2(i;),ch3(£;)), where chj{E) e Z C 
Q = H^i{X;Q) for j = 2,3. Thus we can identify JC(cohcs(X)) with with 
coordinates (02,03), where [E] = (02,03) if chj{E) = Uj for j = 2,3. The class 
of a point sheaf Ox for x d X is (0, 1), and if i : CP^ — > X is the zero section, 
the class of z,(C'cpi(fc)) is (1, 1 + k). The positive cone C(cohcs(X)) is 



C(cohcs(X)) = {(02,03) e : 02 = and 03 > 0, or 02 > O}. 



(6.40) 



The Euler form x on cohcs(-'i') is zero, so iir""™(cohcs(^)) = 0. 

Let (r, G, ^) be Gieseker stability on X with respect to the ample line bun- 
dle 7r*(C'cpi (1)). We can write down the full Donaldson-Thomas and BPS 
invariants DT" (t) , DT" (t) using the work of ^OI-^Ol We have 



02 



0, 03 ^ 1, 



02 > 0, 02 I 03, 
otherwise, 



-2, 02 = 0, 03 ^ 1, 
1, 02 = 1, 
0, otherwise. 



(6.41) 



(6.42) 



Here the first lines of (|6.4ip - ()6.42p count dimension sheaves and are taken 
from ()6.19p - ()6.20p . noting that x(X) ~ 2, and the rest which count dimension 1 
sheaves follow from Proposition 16. 181 We will return to this example in i i7.5.2l 

It is easy to show that other important examples of noncompact Calabi~Yau 
3-folds such as K£p2 and Kcpi-xCP^ ^-Iso compactly embeddable. 



6.8 Configuration operations and extended Donaldson- 
Thomas invariants 

Let X be a Calabi-Yau 3-fold over C, and (r, T, ^) a weak stability condition on 
coh(X) of Gieseker or /i-stability type. In i i3.2l we explained how to construct 
elements dg^r) in the algebra SFai(aK) and e"(r) in the Lie algebra SFi,';''(an) 
for a S C(coh(X)). Then in we defined a Lie algebra morphism ^I^ : 
SF!^';'^(Srn) L{X), and applied >P to e"(T) to define DT'^ir). 

Now the theory of j5TH54] is even more complicated than was explained 
in ^ As well as the Ringel-Hall product * on SFai(97l) and the Lie bracket 
[, ] on SFa"'^(9Jl), in [52l Def. 5.3] using the idea of 'configurations' we define 
an infinite family of multilinear operations P(i,<) on SFai(2n) depending on 
a finite partially ordered set (poset) (/, ^), with * = ^'({1,2}.^)- It follows 
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from [521 Th. 5.17] that certain linear combinations of the P(i^-<) are multilinear 
operations on SF"J'^(9Jl), with [, ] being the simplest of these. 

Also, in [53j §8], given (r, T, ^) on coh(X) we construct much larger families 
of interesting elements of SFai(OT) and SFi5'*(an) than just the dg(T) and e"(T). 
In [H Def. 8.9] we define a Lie subalgebra of SFi,';'^(9K) which is spanned 
by certain elements (t4I)6'^^{I, ^, k,t) of SFi5'^(9Jl), where (7,^) is a finite, 
connected poset and k : I ^ C(coh(X)) is a map. The e"(T) lie in C^'^, and 
may be written as finite Q-linear combinations of (T»(/)5gj(/, ^, k, r), but the 
e"(T) do not generate C^'^ as a Lie algebra, they only generate a smaller Lie 
algebra The e"(T) do generate C^'^ over the infinite family of multilinear 
operations on SF"J'^(9Jt) defined from the P{i.-<)- In [M', §6.5] we apply the Lie 
algebra morphism * : SFl^f (931) ^ of ^to the (T,(/)4''i(/, ^, k, t) to 

define invariants Jgiil, ^, k, t) £ Q, and prove they satisfy a transformation law 
under change of stability condition. So replacing ^I* by ^' we define: 

Definition 6.31. In the situation above, define extended Donaldson-Thomas 
invariants Jg;(/, ^,k,t) G Q, where is a finite, connected poset and 

K : I C(coh(X)) is a map, by 

*(,T,(/)4'>i(/,^,«,T)) = j1(/,^,^,t)A'=W, (6.43) 

where (T^{I)d^i{I, ^, k,t) e SF!,';^(9JI) is as in [53l Def. 8.1]. 
Here are some good properties of the J^iil, d:,K,T): 

• e"(T) may be written as a Q-linear combination of the cr,(/)Jgj(/, ^, k, t). 
Thus comparing (|5.7p and (16.43^ shows that DT°'{t) is a Q-linear combi- 
nation of the Jsi(/, ^, t). 

• -CP'' is a Lie algebra spanned by the cr^(/)l^j(/, ^, k, r), and the Lie bracket 
of two generators cr*(/)(5^j(/, ^, k, r) may be written as an explicit Q-linear 
combination of other generators. So since \& is a Lie algebra morphism, 
we can deduce many multiplicative relations between the J\{I^ d:,K,T). 

• As for the J]](/, ^, r) in [54], there is a known wall- crossing formula for 
the Jsi(/, di,K,T) under change of stability condition. 

Since the DT°'{t) are deformation-invariant by Corollarv 15.281 we can ask 
whether the J^jil, ^, k,t) are deformation- invariant. Also, we can ask whether 
the multilinear operations on SF!^"'^(97l) above are taken by 4' to multilinear 
operations on L{X) by ^1'. The answer to both is no, as we show by an example. 

Example 6.32. Define a 1-morphism : SH x 971 ^ 931 by (j}{E, F) = E®F on 
objects. In a similar way to the Ringel-Hall product * in H3.ll define a bilinear 
operation • on SFai(93l) by / • 5 = 4>*{f ® g)- Then • is commutative and 
associative; in the notation of [b2, Def. 5.3] we have • = ^'({i,2}.<i)i where i< j 
if z = j. Define a bilinear operation o on SFai(9n) by fog = f * g — f ' g- 
Then [52 Th. 5.17] implies that if /,g G SFi2'^(9Jl) then foge SFi2'^(91t), so 
o restricts to a bilinear operation on SFa'i'*(93t). We have [f,g] = f o g ~ g o f, 
since • is commutative. The Lie algebra jC^'^ above is closed under o. 



96 



Now let us work in the situation of ti6.5l Consider the elements e^^''^'^'''^{T)t, 
g(o,o,7,i)(r)i and e(o,o,/3,fc)(.^)^ ^^(0,0,7,0 (r) J in SF^f (9Jl)t, for t G A,, and their 
images under ^. We find that e(o,o,/3,fc) = g^^^^^ ^nd e(o,o,7,i)(r)t = 5p^(^i), 

30 ,-(0,0.;3./c)(^)^ .,-(0.0,7.0 5"^^ (fe)^^^ (;^. But £-(0,0,0,^) (^)^ , ,-(0.0,7,0 (^), is 

^Bt(fc)©Ft(0 when t ^ 0, and & E,,{k-)®Ft{i) + ^Go(fc,i-i) when t = 0. Hence 



,-(O.O,0.fe)(^)^^ -(0,0.7,0 (^)^ 



0, t^^O, 
^Go(fc.i-l)j i = 0. 



Since each of Et{k), Ft{l) and Go{k, I — 1) are simple and rigid, we see that 
^(,-(o.o,/3.fc)(^)^^ ^ _X(o,o,/3.fc)^ ^(e-(o>o^^-')(T)t) = -A(".o^7.0^ 

'O, t^O, (6.44) 



and *(e-(o^O'^^'=)(T)tOe-(0'0^^'')(T)t) = 



_ 3^(0.0, ^J+7.fc+0^ t^O. 



Equation (|6.44p tells us three important things. Firstly, there cannot exist a 
deformation-invariant bilinear operation ♦ on L{X) with ^{fog) — vE'(/)*5'(g) 
for aU /, 5 e SF!2'^(9Jt)t. Thus, although ^ is compatible with the Lie bracket [ , ] 
on SF"J'^(9n), it will not be nicely compatible with the more general multilinear 
operations on SF1JJ'^(S[)T) defined using the P{i,-<)- 

Secondly, e(0'0'/5''=)(T)t o e(°'°'^''^(T)t is an element of £P'', a Q-linear combi- 
nation of elements a^,{I)S^^{I, ^, k, r), and its image under ^ is a Q-linear com- 
bination of J^i(J, ^,k,t), muhiplied by A(o,o./3+7,fe+0. Equation (|04l) shows 
that this Q-linear combination of Jgiil, ^, k,t) is not deformation-invariant, so 
some at least of the extended Donaldson-Thomas invariants in Definition 16.311 
are not deformation- invariant. Thirdly, the J^iil, i^jt) do in general include 
extra information not encoded in the DT°'{t), as if they did not they would 
have to be deformation-invariant. 

Here and in ij6.5l we have considered several ways of defining invariants by 
counting sheaves weighted by the Behrend function z/gj; , but which turn out not 
to be deformation-invariant. It seems to the authors that deformation-invariance 
arises in situations where you have proper moduli schemes with obstruction 
theories, such as A^"t'p (''"') §5.41 and that you should not expect deformation- 
invariance if you cannot find such proper moduli schemes in the problem. 

Question 6.33. Let X he a Calabi-Yau 3-fold over C. Are there any Q-linear 
combinations of extended Donaldson-Thomas invariants J^-^{I,^,k,t) of X, 
which are unchanged by deformations of X for all X, but which cannot be 
written in terms of the DT"{t)1 



7 Donaldson— Thomas theory for quivers with 
superpotentials 

The theory of Sj5]-ij6] relied on three properties of the abelian category coh(X) 
of coherent sheaves on a compact Calabi-Yau 3- fold X: 
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(a) The moduli stack 9Jl of objects in coh(X) can locally be written in terms 
of Crit(/) ior f : U C holomorphic and U smooth, as in Theorem 15.51 

(b) For all D,E e coh{X) we have 

x{[D],[E]) ^{dimRom{D,E) - diuiExt^ {D , E)) - 
(dim llom{E, D) - dim Ext^ {E, D)) , 

where x : i4'(coh(X)) x K{coh{X)) — > Z is biadditive and antisymmetric. 
This is a consequence of Serre duality in dimension 3, that is, Ext' {D, E) = 
EfXt^^^ {E , D)* , but we do not actually need Serre duality to hold; and 

(c) We can form proper moduli schemes A^"t(''') when A^"s(t) = 7W"t(r), and 
M.g^p{T') in general, which have symmetric obstruction theories. 

As in for a noncompact Calabi-Yau 3-fold X, properties (a),(b) hold for 
compactly-supported sheaves cohcs(^), but the properness in (c) fails. Proper- 
ness is essential in proving DT"{t), PI°'''"'{t') are deformation-invariant in H5.41 
We will show that properties (a) and (b) also hold for C-linear abelian cate- 
gories of representations mod-CQ // of a quiver Q with relations / coming from 
a superpotential W. So we can extend much of iJS]-Sjn]to these categories. As 
property (c) does not hold, the Donaldson-Thomas type invariants we define 
may not be unchanged under deformations of the underlying geometry or alge- 
bra. Much work has already been done in this area, and we will explain as we 
go along how our results relate to those in the literature. 

7.1 Introduction to quivers 

Let K be an algebraically closed field of characteristic zero. Here are the basic 
definitions in quiver theory. Benson [7, §4.1] is a good reference. 

Definition 7.1. A quiver Q is a finite directed graph. That is, Q is a quadruple 
(Qoj Qij h, t), where Qo is a finite set of vertices, Qi is a finite set of edges, and 
/i, t : Qi — > Qq are maps giving the head and tail of each edge. 

The path algebra WLQ is an associative algebra over K with basis all paths of 
length k ^ 0, that is, sequences of the form 

Vq ~^Vl ^ Vk-l -^Vk, (7.1) 

where vq, . . . , Vk G Qo, ei, . . . , £ Qi, t{ai) — Vi^i and h{ai) = Vi. Multiplica- 
tion is given by composition of paths in reverse order. 

For n ^ 0, write K(5(„) for the vector subspace of KQ with basis all paths of 
length k ^ n. It is an ideal in K.Q. A quiver with relations {Q, I) is defined to 
be a quiver Q together with a two-sided ideal / in KQ with / C K(5(2). Then 
KQ/I is an associative K-algebra. 

We define representations of quivers, and of quivers with relations. 
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Definition 7.2. Let Q = {Qo,Qi,h,t) be a quiver. A representation of Q 
consists of finite-dimensional K- vector spaces for each v G Qq, and linear 
maps pe : -'^t(e) ~^ ^?i(e) for each e G Qi- Representations of Q are in 1-1 
correspondence with finite- dimensional left K.Q-modules (X, p), as follows. 

Given Xy, pe, define X = 0i,gQ„ -'S^d, and a Unear p : KQ — )• End(J'r) taking 
(|7.ip to the linear map X ^ X acting as pe^ ° Pe^-i ° ■ ■ ■ ° Pei on Xy^ , and on 
Xy for V vq. Then {X,p) is a left KQ-module. Conversely, any such {X,p) 
comes from a unique representation of Q. If {Q,I) is a quiver with relations, 
a representation of {Q,I) is a representation of Q such that the corresponding 
left KQ-module {X, p) has p[I) = 0. 

A morphism of representations <j) : [X, p) {Y, a) is a linear map (j) : X ^ Y 
with (j) o p(7) = 17(7) o (/) for all 7 G KQ. Equivalently, (j) defines linear maps 
4>y : Xy Yy ioT sll V € Qo with cj)h{e) ° Pe — c^e ° 4>t(e) for all e € Qi. Write 
mod-KQ, mod-KQ// for the categories of representations of Q and (Q, /). They 
are K-linear abelian categories, of finite length. 

If {X,p) is a representation of Q or {Q,T), the dimension vector dim(X, p) 
of {X^p) in C Z*^" is d\va.{X,p) : v ^ diva^Xy. This induces surjective 
morphisms dim : ii'o(mod-KQ) or Ko{-mod-KQ / 1) -> Z*^". 

In (51] §10] we show that mod-KQ and mod-KQ// satisfy Assumption 13. 2i 
where we choose the quotient group K{moA-K.Q) or if (mod-KQ//) to be Z*^", 
using this morphism dim. For quivers we will always take ^^(mod-IKQ//) to 
be rather than the numerical Grothendieck group _R'""™(mod-KQ//); one 
reason is that in some interesting cases the Euler form x on ifoCmod-KQ//) is 
zero, so that /^"^"(mod-KQ//) = 0, but is nonzero. 

Remark 7.3. There is an analogy between quiver representations and sheaves 
on noncompact schemes, as in i)6.7l For K, Q or (Q, /) as above, we define 
proj-KQ and proj-KQ// to be the exact categories of finitely generated, projec- 
tive, but not necessarily finite-dimensional modules over KQ and KQ//. Here 
a representation is projective if it is a direct summand of a free module. 

If G proj-KQ// and F G mod-KQ// then Ext*(£', F) is finite-dimensional, 
so we have a biadditive pairing x ■ ^o(proj-KQ//) x if (mod-KQ//) — )• Z given 
by xm, [F]) - Eoo(-l)'diniExf (£;,F). The quotient of ifo(proj-KQ/i) by 
the left kernel of x, and the quotient of /sTq (mod-KQ//) by the right kernel of 
X, are both naturally isomorphic to the dimension vectors Z*^". 

We can think of mod-KQ, mod-KQ// as like the category of compactly 
supported sheaves cohcs(X) for some smooth noncompact K-scheme X, and 
proj-KQ, proj-KQ// as like the category coh(X) of all coherent sheaves. The 
pairing x '■ -^o(pi'oj-KQ//) x /fo (mod-KQ//) — i> Z is like the pairing x '■ 
Koicoh{X)) X iCo(cohcs(A:)) -> Z in g6Jl Thus, our choice of K{mod-KQ) = 
is directly analogous to our definition of /f (cohcs(-'f )) in §6.71 

As we will discuss briefly in H7.51 there are examples known in which there 
are equivalences of derived categories /^^(mod-KQ//) ~ /?*(cohcs(A^)) for X 
a noncompact Calabi-Yau 3-fold over K. Then we also expect equivalences of 
derived categories (proj-KQ//) - L»*'(coh(A:)). 

If Q is a quiver, the moduli stack OTq of objects (AT, p) in mod-KQ is an Artin 
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K-stack. For d e Z^°, the open substack dJlg of {X,p) with dim(X, p) ~ d 
has a very exphcit description: as a quotient K-stack we have 

9^Q- [neeQ.Hom(]K'^«^»,K''('^('=)))/n.eQ„GL(dH)]. (7.2) 

If {Q,I) is a quiver with relations, the moduh stack SUtg,/ of objects {X,p) in 
mod-KQ// is a substack of 9Kq, and for d G Z>q we may write 

Kj=[VQj/U.eQoGHdiv))], (7.3) 

where Vq j is a closed IliieQo GL('i(i^))-invariant K-subscheme of HeeQi Horn 
(]K<i(t(e)) ]gd(/»(e))-) je^jjgj yging the relations /. 

Let Q = (Qo,Qi,/i, t) be a quiver, without relations. It is well known that 
Ext*(L», E) ^0 for allD,E G mod-KQ and i > 1, and 

dimKHom(i:»,£;) - diuiKExt^D , E) x{dimD,dimE), (7.4) 

where x • ^ — > 2^ is the Euler form of mod-KQ, given by 

Xid, e) - E.eQo - EeeQ, d(i(e))e(/i(e)). (7.5) 

Note that x need not be antisymmetric. Define x ■ ^ ^ Z by 

X(d, e) = x{d, e) - x(e, d) = Ee^Q, (d(/i(e))e(i(e)) - d{t{e))e{h{e))) . (7.6) 

Then x is antisymmetric, and as in (b) above, for all D,E £ mod-KQ we have 

x(dimi:),dim£;) = {dimllom{D , E) - dimExt\D , E)) - 

(dim Hom(i;, D) - dim Ext^ (S, D)) . ^'^'^'^ 

This is the analogue of (|3.14p for Calabi-Yau 3-folds, property (b) at the begin- 
ning of fJTl Theorem 17.61 generalizes (17.71) to quivers with a superpotential. 
We define a class of stability conditions on mod-KQ//, [551 Ex. 4.14]. 

Example 7.4. Let {Q,I) be a quiver with relations, and take /^(mod-KQ//) 
to be Z'?", as above. Then C(mod-KQ//) = Zf,; \ {0}. Let c : Qo ^ K and 
r : Qo — >■ (0, oo) be maps. Define fi : C(mod-KQ//) R by 

E.eQo riv)d{v) 

Note that X^^jeQo ^i^)d{v) > as r{v) > for all v G Qo, and d{v) ^ for 
all V with d(t;) > for some v. Then [551 Ex. 4.14] shows that (/x,IR, ^) is a 
permissible stability condition on mod-KQ / / which we call slope stability. Write 
miin) for the open K-substack of y^-semistable objects in class d in HJln /. 

A simple case is to take c = and r = 1, so that /i = 0. Then (0,M, ^) is a 
trivial stability condition on mod-KQ or mod-KQ//, and every nonzero object 
in mod-KQ or mod- KQ/I is 0-semistable, so that Mf^{0) = ^qj- 
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7.2 Quivers with superpotentials, and 3-Calabi— Yau cat- 
egories 

We shall be interested in quivers with relations coming from a superpotential. 
This is an idea which originated in Physics. Two foundational mathematical 
papers on them are Ginzburg |30j and Derksen, Weyman and Zelevinsky |17] . 
Again, IK is an algebraically closed field of characteristic zero throughout. 

Definition 7.5. Let Q be a quiver. A superpotential W for Q over IK is an 
element of KQ/[KQ, KQ]. The cycles in Q up to cyclic permutation form a basis 
for KQ/[K.Q, KQ] over K, so we can think of as a finite K-linear combination 
of cycles up to cyclic permutation. Following :63, , we call W minimal if all cycles 
in W have length at least 3. We will consider only minimal superpotentials W. 

Define / to be the two-sided ideal in KQ generated by deW for all edges 
e € Qi, where if C is a cycle in Q, we define deC to be the sum over all 
occurrences of the edge e in C of the path obtained by cyclically permuting C 
until e is in first position, and then deleting it. Since W is minimal, / lies in 
K(5(2)i so that {Q,I) is a quiver with relations. 

We allow EE 0, so that / = 0, and mod-KQ// = mod-KQ. 

When / comes from a superpotential W, we can improve the description (|7.3p 
of the moduli stacks 9JIq j. Define a nuego GL(d(u))-invariant polynomial 

: UcEQi Hom(K'*('("»,K'^('*("))) K 
as follows. Write as a finite sum 7*C*, where 7* e IK and is a cycle 
v'q^v\^ > ^ = Vq in Q. Set 

WiA, : e e Qi) ^J:^l'H^el^ ° ^e^^ _^ ° ■ ■ ■ ° M) ■ 
Then V^j = Crit(M^'') in so that 

m'^Qj - [Crit(W^'^)/ n.eQo GHd{v))] . (7.8) 

Equation (j7.8p is an analogue of Theorem [53] for categories mod-KQ / 1 coming 
from a superpotential W on Q, and gives property (a) at the beginning of 33 

We now show that property (b) at the beginning of ^ holds for quivers 
with relations (Q,/) coming from a minimal superpotential W. Note that we 
do not impose any other condition on W, and in particular, we do not require 
mod-KQ// to be 3-Calabi-Yau. Also, x is in general not the Euler form of the 
abelian category mod-KQ//. When = 0, so that mod-KQ// = mod-KQ, 
Theorem 17.61 reduces to equations (I7.6I) - (|7.7I) . We have not been able to find a 
reference for Theorem 17.61 and it may be new, though it is probably obvious to 
experts in the context of Remark 17.101 below. 

Theorem 7.6. Let Q = (Qo,Qi,^,i) be a quiver with relations I coming from 
a minimal superpotential W on Q over K. Define x ■ x 'Z,'^" Z by 

Xid, e) - Eeeg, (d(/i(e))e(t(e)) - d{t{e))e{h{e))) . (7.9) 
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Then for any D,E ^ mod-KQ/J we have 

x(dimi:i,dim£;) = (dim Hom(i:>, i;) - dimY^yii^ {D , E)) - 

(dimHom(S,L>) - dimExt^(S, £>)). '''''"^^^ 



Proof. Write -D = (X„ : v G Qo, Pe : e G Qi) and iJ = (F^, : t; e Qq, 0-^ : e G 
Qi). Define a sequence of K- vector spaces and linear maps 



(7.11) 



e.eQo X* ® n ^ e.eg, ^^(e) ® >^Me) ^ 

®eeQ, ^He) ® ^*(e) ^^eQa ® ^ 0, 

where di , d2 , are given by 

di : {(f)v)veQa ' > {<f>h(e) O pe - (Te O (j)t(v))eeQi , (7.12) 

d2 : {■ipe)eeQi ' — > (EeeQi ^^^"^(V'e))/eQi, where 

■^e,/ ' ("06)= 2^ CCT/i, O-.-OCT^^ O-^eOpg^ 0---opg^, (7,13) 

terms c [ • > • )■ • ■ ■ ■ • > • ^ • > • ■ ■ ■ • )■ • j 

in IV up to cyclic permutation, c (E DC 

Observe that the dual sequence of ()7.1ip . namely 
^®.eQoY:^X, ^e^^Q^i;* 

(7-15) 

is (|7.1ip with Z? and E exchanged. That dg, d* correspond to di, ds with D, E 
exchanged is immediate from (|7.12l) and (|7.14p ; for da , we find from (|7.13l) that 

J ) — L J , by cyclically permuting the term • — > • • • • • — > • 

m (|7.13l) to obtain • — > • • • • • — > • . 

We claim that (|7.1ip . and hence (|7.15p . are complexes, that is, da o di = 
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and d3 o d2 = 0. To show d2 o di = 0, for {(l)v)veQo in ®v£Qo ^* ^ ^^^^ 
d2 odi(((?!)„)„gQo) 



E 



cahi o ■ ■ ■ o o (p^ o Pg^ o ■ ■ ■ o 



MJ) f h(J) 91 „ hi hi t(f) . , n / f^r 

C CTh, O • • • O CT,lj O O O ■ • • O Pg^ 

MS) f hU) gi „ hi h, t(/) . , ^ n , ^ 1 / f = ^ 

Ad) fhij) g, gfc t(/), . , 
c ( • > • > • ■ ■ ■ • > • j in VV / / 



MS) f h(f) hi h, t{f) . . 
c ( • > m > m ■ ■ ■ m > •jinW 'JSC 



(7.16) 



Here the second line of (|7.16p comes from the first term (j>h(e) ° Pe on the r.h.s. of 
(|7.12p . and we have inchided pe as pg,. in pg^ o • • • o pg^ by replacing k by A: + 1, 
which is why we have the condition k ^ 1. The third fine of (|7.16p comes from 
the second term — Ce o 4>t{v) on the r.h.s. of (|7.12p . and we have included Ce as 

in o • • • o cr/j^ replacing ^ by Z + 1, which is why we have 1^1. The fourth 
and fifth lines of (I7.16P cancel the terms k ^ I, I ^ 1 m the second and third 
lines. Finally, we note that the sums on the fourth and fifth lines vanish as they 
are the compositions of with the relations satisfied by (/5e)eGQi and 

((7e)eeQi coming from the cyclic derivative djW. Thus d2odi = 0. Since (|7.15p 
is (|7.1ip with D and E exchanged, the same proof shows that d2 o d3 = 0, and 
hence da o d2 =0. Therefore (|7.1ip . (|7.15p are complexes. 

Thus we can form the cohomology of (|7.1ip . We will show that it satisfies 

Kerdi Homp,^;), Kerdz/ Imdi ^Ext^(I?, £;), (7.17) 

Kerd3/Imd2 =Exti(i;,i?)*, (0^^^^ X*(»n)/Imd3 ^Hom(i;, i^)*. (7.18) 

For the first equation of (|7.17l) . observe that di[{(f>v)veQo) = is equivalent to 
0?!,(e) ope = <ye°4>t{v) for all 6 G Qi, which is the condition for {4>v)vgQo to define 
a morphism of representations </> : {X, p) (F, a) in Definition 17.21 

For the second equation of (|7.17l) . note that elements of Ext^ (!?,£') corre- 
ct f) 

spond to isomorphism classes of exact sequences — >■ i? — > F — > D — !> in 
mod-KQ//. Write F = (Z„ : v G Qo, Tg : e e Qi). Then for all w £ Qo we have 
exact sequences of K- vector spaces 

^Y^^^Z^^^X, ^0. (7.19) 

Choose isomorphisms Z„ = y„ © X^ for all u G Qo compatible with (17.191) . Then 
for each e G Qi, we have linear maps : Yt^e) © -'^t(e) ~^ ^He) ® ^h(e)- As a, /3 
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are morphisms of representations, we see that in matrix notation 



Thus (?/'e)e6Qi lies in 0ggQ^ X*^^^ ® Y^^-^, the second space in (|7.1ip . 

Given that (^pe)eGQi and (cre)eGQi satisfy the relations in mod-KQ/J, which 
come from the cychc derivatives dfW for / G Qi, it is not difficuh to show 
that {Te)eeQi of the form (|7.20p satisfy the relations in mod-KQ// if and only 
if d2(V'e)eeQi — 0. Therefore exact sequences 0— s-E'— >F— >Z?— ^Oin 
mod-KQ// together with choices of isomorphisms Z„ = © for t; e Qo 
splitting (|7.19l) correspond to elements (^/'e)eGQi in Kerd2. The freedom to 
choose splittings of (|7.19p is X* (g) . Summing this over all u G Qo gives the 
first space in (j7.1ip , and quotienting by this freedom corresponds to quotienting 
Kerd2 by Imdi. This proves the second equation of (|7.17p . 

Equation (|7.18p follows from (j7.17p and the fact that the dual complex (|7.15p 
of l|7.1ip is (|7.1ip with D,E exchanged, so that the dual of the cohomology of 
(|7.1ip is the cohomology of (|7.1ip with D, E exchanged. Taking the Euler 
characteristic of (fTTT]) and using and ([7T7l) - ((71B then yields (fTTU)) . □ 

Equation (I7.8P and Theorem 17.61 are analogues for categories mod-KQ / / 
coming from quivers with superpotentials of (a),(b) at the beginning of 33 
Now (a),(b) for coh{X) depend crucially on X being a Calabi~Yau 3- fold. We 
now discuss two senses in which mod-KQ/J can be like a Calabi-Yau 3- fold. 

Definition 7.7. A K- linear abelian category A is called 3-Calabi-Yau if for 
all D,E e ^ we have Ext* (-D,i?) = for i > 3, and there are choices of 
isomorphisms Ext\D, E) ^ Ext^-'{E, D)* for i = 0, . . . , 3, which are functorial 
in an appropriate way. That is, A has Serre duality in dimension 3. When X 
is a Calabi-Yau 3-fold over K, the coherent sheaves coh(X) are 3-Calabi-Yau. 
For more details, see Ginzburg [30 , Bocklandt [8 , and Segal 95,. 

An interesting problem in this field is to find examples of 3-Calabi-Yau 
abelian categories. A lot of work has been done on this. It has become clear 
that categories mod-KQ / / coming from a superpotential on Q are often, but 
not always, 3-Calabi-Yau. Here are two classes of examples. 

Example 7.8. Let G be a finite subgroup of SL(3, C). The McKay quiver Qg 
of G is defined as follows. Let the vertex set of Qg be the set of isomorphism 
classes of irreducible representations of G. If vertices i,i correspond to G- 
representations Vi, Vj, let the number of edges • — • be dimIIomG(Vi, Vj^C^), 
where has the natural representation of G C SL(3,C). Identify these edges 
with a basis for Home (T/^, V, C^). 

Following Ginzburg [W, §4.4], define a cubic superpotential Wg for Qg by 

, i e j f k g i . 

triangles • • ^ • ^ • in Qg 
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where fl : (C"^)®^ — > C is induced by the holomorphic volume form dzi Adz2Adz3 
on C"^. Let Iq be the relations on Qg defined using Wq- Then Ginzburg 
[501 Th. 4.4.6] shows that mod-CQc/^G is a 3-Calabi-Yau category, which is 
equivalent to the abelian category of C?-equivariant compactly-supported co- 
herent sheaves on C'^. Using Bridgeland, King and Reid [T^, he deduces [301 
Cor. 4.4.8] that if X is any crepant resolution of C^/G, then the derived cat- 
egories -D''(cohcs(-'i^)) and {mod-CQc / Ig) are equivalent, where cohcs(-^) is 
the abelian category of compactly-supported coherent sheaves on X. 

Example 7.9. A brane tiling is a bipartite graph drawn on the 2-torus T^, 
dividing into simply-connected polygons. From such a graph one can write 
down a quiver Q and superpotential W, yielding a quiver with relations (Q, /). If 
the brane tiling satisfies certain consistency conditions^ mod-CQ// is a 3-Calabi- 
Yau category. For some noncompact toric Calabi~Yau 3-fold X constructed from 
the brane tiling, the derived categories D''{mod-CQG/lG) and D''(cohcs(-'f )) are 
equivalent. This class of examples arose in String Theory, where they are known 
as 'quiver gauge theories' or 'dimer models', and appear in the work of Hanany 
and others, see for instance [251I5BH55] . Some mathematical references are Ishii 
and Ueda [H §2] and Mozgovoy and Reineke [HI §3]. 

The abelian categories mod-KQ/I are only 3-Calabi-Yau for some special 
quivers Q and superpotentials W. For instance, ii Q ^ $ and W = 0, so that 
mod-K.Q/1 ~ mod-KQ, then mod-KQ is never 3-Calabi-Yau, since Hom(*,*), 
Ext^(*,*) in mod-KQ are nonzero but Ext^(=i!, *), Ext^(*, *) are zero. We now 
describe a way to embed any mod-KQ / / coming from a minimal superpotential 
W in a 3-Calabi-Yau triangulated category. The first author is grateful to 
Alastair King and Bernhard Keller for explaining this to him. 

Remark 7.10. By analogy with Definition !?.?! there is also a notion of when a 
K-linear triangulated category T is 3-Calabi-Yau, discussed in Keller [59]. Let 
Q be a quiver with relations / coming from a minimal superpotential W for 
Q over K. Then there is a natural way to construct a K-linear, 3-Calabi-Yau 
triangulated category T, and a t-structure T onT whose heart A = J-f] J--^ [1] 
is equivalent to mod-KQ//. This is briefiy discussed in Keller [SH §5]. 

Given Q, W, Ginzburg [30] constructs a DG-algebra X'(K(5, W) (we want 
the non-complete version). Then T is the full triangulated subcategory of the 
derived category of DG-modules of ©(KQ, W) whose objects are DG-modules 
with homology of finite total dimension. The standard t-structure on T has 
heart A the DG-modules M' with H"{M*) finite-dimensional and W{M') = 
for i ^ 0. Here H°{M') is a representation of H°{V{KQ, W)) = KQ/I. Thus 
M* M- H^{M') induces a functor A mod-KQ//, which is an equivalence. 
Inverting this induces a functor {vaod-KQ / 1) T. If this is an equivalence 
then mod-KQ// is 3-Calabi-Yau. 

Kontsevich and Soibelman [63, Th. 9, §8.1] prove a related result, giving 
a 1-1 correspondence between K-linear 3-Calabi-Yau triangulated categories T 
satisfying certain conditions, and quivers Q with minimal superpotential W over 
K. But their set-up is slightly different: in effect they use Ginzburg's completed 
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DG-algebra X>(]KQ, W) instead of T>{KQ, W), they allow W to be a formal power 
series rather than just a finite sum, and the heart A of the t-structure on T is 
nil-KQ//, the abelian category of nilpotent representations of {Q,I). 

Identify mod-KQ// with the heart A in T. Then for E,F e mod-KQ//, we 
can compute the Ext groups 'Ext^{E,F) in either mod-KQ// or T- We have 
ExtJjjo(j_KQ//(-E, -F) = F,xt)-{E,F) for i = 0, 1, as mod-KQ// is the heart of 
a t-structure, but if mod-KQ// is not 3-Calabi-Yau then in general we have 
Extl^^^_jf^Q/j{E,F) ^ Ext^(i?,i^) for i > 1. The cohomology of the complex 
((7?TTt is Ext^i-iE^F), and x in is the Euler form of T, which may not be 
the same as the Euler form of mod-KQ//, if this exists. 

In the style of Kontsevich and Soibelman p51 , we can regard the Donaldson- 
Thomas type invariants DT^ j{fi),DT^{n), DT^j{p), DT^{n) of fTSlbelow as 
counting Z-semistable objects in the 3-Calabi-Yau category T, where {Z, V) is 
the Bridgeland stability condition [TT] on T constructed from the t-structure F 
on T and the slope stability condition (/x, K, ^) on the heart of F. 

From this point of view, the question of whether or not mod-KQ// is 3- 
Calabi-Yau seems less important, as we always have a natural 3-Calabi-Yau 
triangulated category 7" containing mod-KQ //to work in. 

7.3 Behrend function identities, Lie algebra morphisms, 
and Donaldson— Thomas type invariants 

We now develop analogues of §5.2) i i5.3l and §6.21 for quivers. Let Q be a quiver 
with relations / coming from a minimal superpotential W on Q over C. Write 
OJIq,/ for the moduH stack of objects in mod-CQ//, an Artin C-stack locally of 
finite type, and Stg j for the open substack of objects with dimension vector d, 
which is of finite type. 

The proof of Theorem 15.111 in ijlOl depends on two things: the description 
of 9Jl in terms of Crit(/) in Theorem 15.51 and equation p.l4p . For mod-CQ// 
equation (j7.8p provides an analogue of Theorem 15. 5[ and Theorem 17.61 an ana- 
logue of (I3.14p . Thus, the proof of Theorem 15. Ill also yields: 

Theorem 7.11. In the situation above, with SEJIqj the moduli stack of objects 
in a category mod-CQ // coming from a quiver Q with minimal superpotential 
W, and X defined in ()7.9|) . the Behrend function vwIq^ of OJlgj satisfies the 
identities (|5?2 |) - ([Q]) for all Ei,E2 £ mod-CQ//. 

Since the description of ^qj in terms of Crit(W^'') in (|7.8p is algebraic 
rather than complex analytic, and holds over any field K, we ask: 

Question 7.12. Can you prove Theorem 17.111 over an arbitrary algebraically 
closed field K of characteristic zero, using the ideas of ^\A.2V 

Here is the analogue of Definition 15.131 

Definition 7.13. Define a Lie algebra L{Q) to be the Q- vector space with basis 
of symbols A'' for d e 1^^° , with Lie bracket 
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as for (|5.4I) . This makes L{Q) into an infinite-dimensional Lie algebra over Q. 
Define Q-linear maps ^"^^j : SY'^^^'^^^qj^x, Q) ^ UQ) and §qj : SF!5'^(OTq,/) 
L{Q) exactly as for ^^-Q, ^ in Definition EUSl 

The proof of Theorem 15. 141 in |JTl]has two ingredients: equation p.l4p and 
Theorem lS.llI Theorems l7.6l and l7.11l are analogues of these in the quiver case. 
So the proof of Theorem 15.141 also yields: 

Theorem 7.14. ^qj : SF^f (ang./) ^ L{Q) and : SF^';<i(9JlQ,/, x, Q) 

— > L{Q) are Lie algebra morphisms. 

Here is the analogue of Definitions 15.151 and 16.101 

Definition 7.15. Let (/i, R, ^) be a slope stability condition on mod-CQ// as in 
Example l7.4l It is permissible, as in [SF, Ex. 4.14]. So as in i j3.2l we have elements 
G SFai(97lQj) and e'^ip) G SF!;;'^(971q,z) for ah d e C(mod-CQ//) = 
\ {0} C Z'^°. As in (lEZl), define quiver generalized Donaldson-Thomas 
invariants DT^ j{fi) £ Q for all d £ C(mod-C(3//) by 

As in (j6.15p , define quiver BPS invariants DTg j (/i) e Q by 

DTUl^)- E ^^"<r(M), (7.21) 

m ^ 1 , m I d 

where Mo : N ^ Q is the Mobius function. As for (|6.14l) . the inverse of (|7.2ip 
is 

DT^iil^)^ E (7.22) 

If_W^ = 0, so that mod-CQ// = mod-CQ, we write DT^{n), DT'^{fi) 
for DT^ j{^i),DT^ j{n). Note that ^ = is allowed as a sfope stability 
condition, with every object in mod-CQ// 0-semistable, and this is in many 
ways the most natural choice. So we have invariants DT^ j(0),DT^ j{0) and 
DTq{0), DTq{0). We cannot do this in the coherent sheaf case; the difference 
is that for quivers DJIq j is of finite type for ah d 6 C(mod-CQ//), so (0,R, ^) 
is permissible on mod-CQ//, but for coherent sheaves 971" is generally not of 
finite type for a £ C(coh(Ar)) with dim a > 0, so (0,R, ^) is not permissible. 

Here is the analogue of the integrality conjecture. Conjecture 16.121 We will 
prove the conjecture in i i7.6l for the invariants DTq{^), that is, the case W = 0. 

Conjecture 7.16. Call (/i,R, ^) generic if for all d,eG C {mod-CQ / 1) with 
fj,{d) ~ /i(e) we have x{d,e) = 0. // (/x,M, ^) is generic, then DTq e Z 
/or an d e C(mod-CQ//). 
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If the maps c : Qq ^ M. and r : Qo ^ (0, oo) defining n in Example 17.41 are 
generic, it is easy to see that ^(d) ~ fi{e) only if d, e are linearly dependent over 
Q in Z*^", so that x(<i, e) = by antisymmetry of x, and (/x,M, ^) is generic 
in the sense of Conjecture 17.161 Thus, there exist generic stability conditions 
^) on any mod-CQ//. 

Let (/x,R, ^), (/I, R, ^) be slope stability conditions on mod-CQ//. Then 
(0,R, «C) dominates both, so Theorem [US] with (m,R, (/i,R, <), (0,R, sC) 
in place of (r, T, ^), (f,T, ^), (f,T, writes e'^ip.) in terms of the e*^(^) in 
p. 101) . Applying ^qj, which is a Lie algebra morphism by Theorem 17.141 to 
this identity gives an analogue of Theorem l5.18l 

Theorem 7.17. Let (/i,R, ^) and (/i,R, ^) be any two slope stability conditions 
on mod-CQ//, and x be as in (|7.9p . Then for all d G C(mod-CQ//) we have 

DT^jifi) - (7.23) 

E E E (-i)i^i-^n/,r,.;^,A)-n,,,^"7^Q?(A^) 

iso. k:/— >C(mod-CQ//): connected. , i-^ ,sm -n- 

„f/-/, E,..^W=ci .(_i).E.,,..Ix(kW,kO))I . -Q x{n{j),K{j)), 

-'^ digraphs F, edges • — > • in T 

ueriices / 

with only finitely many nonzero terms. 



The form x in (|7.9p is zero if and only if for all vertices i,j in Q, there are 
the same number of edges i ^ j and j — > i in Q. Then (I7.23P gives: 

Corollary 7.18. Suppose that x (|7.9p is zero. T/ien /or any stope stability 
conditions (/i,M, ^) and (/i,R, ^) on mod-CQ// and aZ/ d in C(mod-CQ/I) 
we have D^jifi) = DT^j{p) and DT^jift) = DT<}^j{y). 

Here is a case in which we can evaluate the invariants very easily. 

Example 7.19. Let Q be a quiver without oriented cycles. Choose a slope 
stability condition (/x,R, ^) on mod-CQ such that ^i{5y) > fJ.{Sw) for all edges 
V ^ vu in Q. This is possible as Q has no oriented cycles. Then up to isomor- 
phism the only /i-stable objects in mod-CQ are the simple representations 
for V G Qo and the only /i-semistables are kS^ for v G Qq and fc ^ 1. Here 
5*" = {X\ p"), where C if w = w and = if w 7^ w G Qo, and pi = 

for e e Qi. Examples 16. 11 - 15^ and equations (|7.2ip - (|7.22p now imply that 

otherwise, 1 0' otherwise. 



7.4 Pair invariants for quivers 

We now discuss analogues for quivers of the moduli spaces of stable pairs 
TW^tp (r') and stable pair invariants P/"'"(t') in gOl and the identity (|5lTll 
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in Theorem [03 relating PI°'''^{t') and the DT^{t). Here are the basic def- 
initions. These quiver analogues of ^^"^'^(t'), P/"'"(t') are not new, similar 
things have been studied in quiver theory by Nakajima, Reineke, Szendroi and 
other authors for some years [M[|52H551[551I551[55] . We explain the relations 
between our definitions and the literature after Definition 17.211 

Definition 7.20. Let Q be a quiver with relations / coming from a superpoten- 
tial W on Q over an algebraically closed field K of characteristic zero. Suppose 
{fi,M., ^) is a slope stability condition on mod-KQ/I, as in Example 17.41 

Let d, e G be dimension vectors. A framed representation {X, p, a) 
of {Qil) of type (d, e) consists of a representation (X, p) = [X^, : v g Qo-, 
Pe : e e Qi) of {Q, I) over K with dimX^ ~ d{v) for all v e Qoi together with 
linear maps : K*^'-"-' — )> X^ for all v e Qq. An isomorphism between framed 
representations (X, p, cr), {X',p',a') consists of isomorphisms i^ : X^ — > X^ for 
all V G Qo such that i^^) o Pe = p'e ° *t(e) for all e G Qi and i^, o CTi, = (t(, for all 
V £ Qo- We call a framed representation {X, p, a) stable if 

(i) ii{[{X' , p')]) ^ p{[{X,p)]) for aU nonzero subobjccts {X' , p') C {X,p) in 
mod-KQ// or mod-IKQ; and 

(ii) If also a factors through {X',p'), that is, ai,(C^'"^) C C X„ for all 
«eQo, thenp([(X',p')])<M[(^,P)])- 

We will use p' to denote stability of framed representations, defined using p. 

Following Engel and Reineke [HI §3] or Szendroi [Ml §1-2], we can in a 
standard way define moduli problems for all framed representations, and for 
stable framed representations. When = 0, so that mod-KQ// = mod-KQ, 
the moduli space of all framed representations of type (d, e) is an Artin K-stack 
9Hfj.Q. By analogy with (17.21) we have 

n.eg^ Honi(K''(*('=»,K''(''('=») x W^^q^ Honi(K^(^), K''^"')' 
n.eQ„GL(d(z;)) " ' 

(7.24) 

The moduli space of stable framed representations of type (d, e) is a fine moduli 
K-scheme A^^jf'^g(p'), an open K-substack of SJl^.'g, with 

■^J^qCm') = f/.tQ(A^')/n.eQ„ GL(d(«)), (7.25) 

where t/,tf^(M') is open in neHom(K'*(*(^»,IK'*(''('^») x J], Hom(K"(^'\ K''*")), 

and Hi, ClL((i(w)) acts freely on uf^^Q{p'), and (|7.25p may be written as a 
GIT quotient for an appropriate linearization. From ()7.24p - ()7.25p we see that 
'^hQ^-^tiiQ^l^') ^"^"^ both smooth with dimension 

dim<;^ = Mt^Qip') = x(d, d) + E.eQo e{v)d{v). (7.26) 



109 



Similarly, for general W, the moduli space of all framed representations of 
type {d, e) is an Artin K-stack STl^/g j. By analogy with (I7.8|) we have 

<r'Qj= [Crit(T4^'') xn.eQ„Hom(K^("),]K''(''))/n.,Q„GL(d(«))^^ 

where Crit(W^'^) C Ueeq^ Hom(K'*(*('=»,IK'*(''('=))) is as in ([73, and the moduh 
space of stable framed representations of type {d, e) is a fine moduli K-scheme 
■^sUQ /(m'): open K-substack of St^.g j, with 

(Crit(W^'^) X n.^Q„ Hom(K^("),K'^(''))) n U^.f^Qi^') 



We can now define our analogues of invariants PI°'''^{t') for quivers, which 
following Szendroi |99j we call noncommutative Donaldson-Thomas invariants. 

Definition 7.21. In the situation above, define 



(7.28) 



where the second line in (|7.28p holds as Ai^^^gdi') is smooth of dimension (|7.26p . 
so '^M-'f^if.') = (-l)*('*^'*)+^"e«o by Theorem llSli). 

Here is how Definitions l7.20l and l7.21l relate to the literature. We first discuss 
the case of quivers without relations. 

• 'Framed' moduli spaces of quivers appear in the work of Nakajima, see 
for instance [85l §3] . His framed moduli schemes ^Re {d, e) are similar to 
our moduli schemes A4f^fQ{fj,'), with one difference: rather than framing 
{Xy : V ^ Qo, pe : e £ Qi) using linear maps : K"^'"^ for v & Qo, 
as we do, he uses linear maps : X„ — > K*^^"-* going the other way. 

Here is a natural way to relate framings of his type to framings of our type. 
Given a quiver Q — {Qo,Qi,h,t), let Q°p be Q with directions of edges 
reversed, that is, Q°p = {Qo,Qi,t,h). If {X^ : v e Qq, Pe : e G Qi) is a 
representation of Q then {X* : v € Qo, pi : e G Qi) is a representation of 
(5°P, and this identifies mod-K(5°P with the opposite category of mod-KQ. 
Then Nakajima-style framings in mod-KQ correspond to our framings in 
mod-KQ°P, and vice versa. 

• Let Qm be the quiver Q with one vertex v and m edges w — > w, and consider 
the trivial stability condition (0,M, ^) on mod-KQ^. Reineke [88 studied 
'noncommutative Hilbert schemes' Hj[^^ for d,e €N, and determines their 
Poincare polynomials. In our notation we have i?^™'' = -^stf g i^')^ ^^'^ 
Reineke's calculations and (1^28)) yield a formula for NDT^JQ'). In [88] 
Reineke uses framings as in Definition 17.201 not following Nakajima. 
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• Let Q be a quiver, and d, e be dimension vectors. Reineke [55] defined 
'framed quiver moduli' Aid.eiQ)- These are the same as Nakajima's 
moduH spaces y{o{d,e) with trivial stability condition 6 = 0, and cor- 
respond to our moduli spaces ■Mf^fQ{0'), except that the framing uses 
maps (Ty : ^ K'^^'"\ 

Reineke studies Md,e{Q) for Q without oriented cycles. This yields the 
Euler characteristic oi Mf^fgiO'), and so gives NDTq'''{0') in ^^LM . 

• Engel and Reineke |23] study 'smooth models of quiver moduli' M^^iQ), 
which agree with our J^f^^Q{fi') for a slope stability condition M, ^) on 
mod-KQ defined using a map Q : Qo — Q, with framing as in Definition 
17.201 They give combinatorial formulae for the Poincare polynomials of 
A/J^g(Q), allowing us to compute NDTq'''{^jl') in ^^HM . 

Next we consider quivers with relations coming from a superpotential: 

• Let mod-CQ // come from a minimal superpotential W over C on a quiver 
Q. Fix a vertex w G Qo of Q. Let {X, p) G mod-CQ//. We say that {X, p) 
is cyclic, and generated by a vector x G Xy ii X = CQ/I-x. That is, there 
is no subobject {X' , p') C {X,p) in mod-CQ// with {X',p') (X,p) 
and a; G C Xy. 

Szendroi [99j §1.2] calls the pair ((X, a framed cyclic module for 

{Q,I), and defines a moduli space My^d of framed cyclic modules with 
dim(X, p) = d. Szendroi defines the noncommutative Donaldson-Thomas 
invariant Zy^d to be x{-^v,d, i^M^.d.) ■ He computes the Zy d in an exam- 
ple, the 'noncommutative conifold', and shows the generating function of 
the Zy^d may be written explicitly as an infinite product. In our notation 
Aiy^d is -^^tf^Q /(0')j where the framing dimension vector e is (5„, that is, 
dy(w) = 1 for V = w and for v ^ w €z Qo, and the stability condition 
(/Lt, M, ^) on mod-CQ// is zero. Thus by (j7.27p . Szendroi's invariants are 
our iVDT^;^''(0'). 

For the conifold, Nagao and Nakajima [SI] prove relationships between 
Szendroi's invariants, Donaldson-Thomas invariants, and Pandharipande- 
Thomas invariants, via wall-crossing for stability conditions on the derived 
category. Nagao [53| generalizes this to other toric Calabi-Yau 3-folds. 

• Let G be a finite subgroup of SL(3, C). Young and Bryan [1051 §A] discuss 
Donaldson-Thomas invariants N'^{C^ /G) of the orbifold [<C^/G]. By this 
they mean invariants counting ideal sheaves of compactly-supported G- 
equivariant sheaves on C^. In two cases G = Z2 x Z2 and G = they 
show that the generating function of N'^{C^ /G) can be written explicitly 
as an infinite product, in a similar way to the conifold case [99] . 

As in Example 17.81 Ginzburg defines a quiver Qg with superpotential Wq 
such that mod-CQc/^G is 3-Calabi-Yau and equivalent to the category 
of G-equivariant compactly-supported coherent sheaves on C"^. The def- 
initions imply that Bryan and Young's N'^{C^/G) is Szendroi's Zy,d for 
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{Qgi Ig)i where the vertex v in Qc corresponds to the trivial representa- 
tion C of G. Thus in our notation, N'^{C^/G) = NDT^'^^^iO'). 

• Let Q,W,I come from a consistent brane tiling, as in Example 17.91 Then 
Mozgovoy and Reineke [82] write Szendroi's invariants Zy^d for Q, I as 
combinatorial sums, allowing evaluation of them on a computer. 

In ij7.5l - H7.6] we will use the results of |551IM1ITU5] to write down the values 
of NDTl^'^jifi') and NDT^-''{ij') in some of these examples. Then we will use 
Theorem OS below to compute DT^ and DT^{iJ,), and equation ((7?^ 
to find DT'^ ji^i) and DT'l^{^i). 

Remark 7.22. (a) Definitions 17.201 and 17.211 are fairly direct analogues of 
Definitions 15 . 201 and 15 .241 with coh{X) and (t, T, ^) replaced by mod-KQ// and 
(^,M, ^). Note that the modufi spaces M^^^q M^^fQ{^i') will in general 

not be proper. So we cannot define virtual classes for Adf^^Q Adf^^qdi'), 
and we have no analogue of (j5.15p : we are forced to define the invariants as 
weighted Euler characteristics, following (|5.16p . 

(b) Here is why the framing data a for {X, p) e mod-KQ / / or mod-KQ in 
Definition [7j20] is a good analogue of the framing s : 0{—n) E ioT E ^ coh(X) 
when n ^ in Definition 15.201 

In a well-behaved abelian category A, an object P G ,4 is called projective if 
Ext^(P, E) = for all P e ^ and i > 0. Therefore dimHom(P, E) = xi[P], [E]), 
where x is the Euler form of A. If X is a Calabi-Yau 3-fold, there will generally 
be no nonzero projectives in coh(X). However, for any bounded family T of 
sheaves in coh{X), for n >• we have Ext*(C'(— n), P) = for all E in T and 
i > 0. Thus 0{—n) for n ^ acts like a projective object in coh{X), and this is 
what is important in ij5.4l Thus, a good generalization of stable pairs in coh(X) 
to an abelian category A is to consider morphisms s : P — > P in where P is 
some fixed projective object in A, and E ^ A. 

Now when Q has oriented cycles, mod-KQ// or mod-KQ (which consist of 
finite- dimensional representations) generally do not contain enough projective 
objects for this to be a good definition. However, if we allow infinite- dimensional 
representations P oiKQ/I or KQ, then we can define projective representations. 
Let e be a dimension vector, and define 

^' = ®.GQo((IKQ/^)-*0®K^^"^ or P^^®,^Q„{KQ-i,)®K<^\ 

where the idempotent iy in the algebra KQ/I or KQ is the path of length zero 
at w, so that KQ ■ iy has basis the set of oriented paths in Q starting at v. 

Then is a left representation of KQ/I or KQ, which may be infinite- 
dimensional if Q has oriented cycles. In the abelian category of possibly infinite- 
dimensional representations of KQ/I or KQ, it is projective. If {X,p) lies in 
mod-KQ// or mod-KQ with dim{X, p) = d then 

Hom(P-, {X,p)) - e,„gQ^ Y{om{K<-\Xy), (7.29) 
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so that dimHoni(P^, (X, p)) = J2veQo ^{^)d{v). (Note that this is not x(e, d).) 
Equation (|7.29l) imphes that morphisms of representations — >■ {X, p) are the 
same as choices of a in Definition 17.201 Thus, framed representations {X,p,a) 
in Definition 17.201 are equivalent to morphisms a : ^ {X,p), where P^ is a 
fixed projective. The comparison with s : 0{—n) E in H5A\ is clear. 

(c) Here is another interpretation of framed representations, following Reineke 
[SH §3.1]. Given {Q,I) or Q, d,e as above, define another quiver Q to be Q 
together with an extra vertex oo, so that Qq — Qq 11 {oo}, and with e(v) extra 
edges oo — i> w for each v € Qq. Let the relations / for Q be the lift of / to KQ, 
with no extra relations. Define d : Qq — >■ Zjjo by d{v) — d{v) for v G Qo and 
d(oo) = 1. It is then easy to show that framed representations of (Q, /) or Q of 
type (rf, e) correspond naturally to representations of (Q, /) or Q of type d, and 
one can define a stability condition (/i,M, ^) on mod-KQ// or mod-KQ such 
that /x'-stable framed representations correspond to /i-stable representations. 

We now prove the analogue of Theorem 15 . 2 71 for quivers. 

Theorem 7.23. Suppose Q is a quiver with relations I coming from a minimal 
superpotential W on Q over C. Let (/i,R, ^) be a slope stability condition on 
mod-CQ//, as in Examvle 17.41 and x be as in (|7.9p . Then for all d,e in 
C(mod-CQ//) = Z^S \ {0} C Z^», we have 

NDT^''jip')= J2 (_il!]J[(_i)e-*-x(di+-+d.^i,dO (7 30) 

di,...,di£C(mod-CQ/I), ' i=l 

''i^dly^tidl'^aiTi' {e-di- x(diH ^di^i,d,i))DT'^j{p)\ , 

with e ■ di = '^y(zQg ^{v)di{v), and DT^ j{p), NDTq^{p') as in Definitions 
\7A^\7Y[\ When W°= 0, the same equation holds for N DTq"" (p'), DT'^{p) . 

Proof. The proof follows that of Theorem l5.27l in [JT3]closely. We need to explain 
the analogues of the abelian categories Ap,Bp in i )13.1l When p = 0, we have 
Ap = mod-CQ// and Bp = mod-CQ//, where (Q, /) is as in Remark [7. 22r c). 
For general p, with d fixed, we take Ap to be the abelian subcategory of objects 
{X,p) in mod-CQ// with p([{X,p)]) — p{d), together with 0, and Bp to be the 
abelian subcategory of objects {X, p) in mo d-Cg// with p{[{X,p)]) - p{d), 
together with 0, for d, (/i,M, ^) as in Remark l7.22f c'). 

Then we have K{Ap) C i^(mod-Cg//) = Z'^", and K{Bp) = K{Ap) ® Z, 
as in m'S.ll and x^p ~ x\k{Ap)- The analogue of (|13.5p giving the 'Euler form' 
X'^p on K{Bp) is 

X^" ((d, k), (d', k')) = x(d, d')-ke-d' + k'e-d. (7.31) 

The analogue of Proposition 113.41 then holds for all pairs of elements in Bp, 
without the restrictions that dim V + dim W ^ 1 and k,l ^ N. The point here 
is that Ox{—n) is not actually a projective object in coh{X) for fixed n ^ 0, so 
we have to restrict to a bounded part of the category Ap in which it acts as a 
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projective. But as in Remark r7.22r b). in the quiver case we are in effect dealing 
with genuine projectives, so no boundedness assumptions are necessary. 

The rest of the proof in H13l goes through without significant changes. Using 
(|7.3ip rather than (113. 5p eventuahy yields equation (|7.30p . □ 



The proof of Proposition 15.291 now yields: 

Corollary 7.24. In the situation above, suppose c 
for all d. d! in C(mod-C(5//) with = M(rf') = 

C(niod-C(3//), in formal power series we have 



with d!) = 
Then for any e in 



1 



deC(mod-CQ//): ^(d) 



NDT^^%^,')q'' 



exp 



dec (n-iod-CQ/ 1): fj.(d)=c 



d' 



(7.32) 



r,d+d' 



where q*^ for d € C{mod-CQ/I) are formal symbols satisfying q"^ ■ q 
When W = 0, the same equation holds for NDTg'^^fi'), DTq{^). 

Remark 7.25. In the coherent sheaf case of [JSJ-Sjll we regarded the gen- 
eralized Donaldson-Thomas invariants DT°'{t), or equivalently the BPS in- 
variants DT'^{t), as being the central objects of interest. The pair invari- 
ants PI°''^{t') appeared as auxiliary invariants, not of that much interest in 
themselves, but useful for computing the DT" (t) , DT"" (t) and proving their 
defor mat ion- invariance . 

In contrast, in the quiver literature to date, so far as the authors know, the 
invariants DTq j{fj,), DTq{^) and DTq j{p), DT'q{^) have not been seriously 
considered even in the stable = semistable case, and the analogues NDTq^{ii'), 
N DTq'^ {p,') of pair invariants PI°'''^{t') have been the central object of study. 

We wish to argue that the invariants DTq /(/x), . . . , DTq{^) should actually 
be regarded as more fundamental and more interesting than the NDTq^{ij,'), 
N DTq-'' in'). We offer two reasons for this. Firstly, as Theorem 17.231 shows, the 
NDT^-'f{fi.'),NDT^-''{fi') can be written in terms of the DT^ j{fi),DT^{iJ.), 
and hence by (|7.2ip in terms of the DTq , DTq{^) , so the pair invariants 
contain no more information. The DTq DTq{ij,) are simpler than the 
N DTQ'j{fi') , N DTq ^ {^') as they depend only on d rather than on d,e, and 
in examples in i i7.5l -i l7.61 we will see that the values of DTq DTq^j,) and 
especially of DT^ j{p),DT^{n) may be much simpler and more illuminating 

than the values of the NDTq'j{ii'), NDTQ-'^in'). 

Secondly, the case in f88l[99l[T05] for regarding NDTQ'j{n'),NDTQ'''{fi') as 
analogues of rank 1 Donaldson-Thomas invariants counting ideal sheaves, that 
is, of counting surjective morphisms s : Ox — > i?, is in some ways misleading. 
The NDTqj{h'),NDTq''{h') are closer to our invariants PI°''"{t') counting 
s : Ox{—n) ^ i? for n ;i> than they are to counting morphisms s : Ox E. 
The difference is that Ox is not a projective object in coh{X), but Ox{~n) for 
n ^ is effectively a projective object in coh(X), as in (b) above. 

To see the difference between counting morphisms s : Ox ~^ E and counting 
morphisms s : Ox{--ri) — > E for n ;3> 0, consider the case where i? is a dimension 
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1 sheaf on a Calabi-Yau 3-fold X. Then the MNOP Conjecture [501151] predicts 
that invariants £)t(1'0'^'™)(t) counting morphisms s : Ox — ^ E encode the 
Gopakumar-Vafa invariants GVg{/3) of X for aU genera g ^ 0- But Theorem 
[QTI and Conjecture [QDl in gOimply that invariants pj(o,o,/3,m),n(^^ counting 
morphisms s : Ox{—n) — i? for n ^ encode only the Gopakumar-Vafa 
invariants GVo{(3) of X for genus g — 0- 

The point is that since Ox is not a projective, counting morphisms s : 
Ox — >■ gives you information not just about counting sheaves E, but also 
extra information about how Ox and E interact. But as Ox{—n) ioi n 
is effectively a projective, counting morphisms s : Oxi—n) —> E gives you 
information only about counting sheaves E, so we might as well just count 
sheaves E directly using (generalized) Donaldson-Thomas invariants. 

7.5 Computing DTq DTq j{ij,) in examples 

We now use calculations of noncommutative Donaldson-Thomas invariants in 
examples by Szcndroi [99] and Young and Bryan |105| to write down generating 
functions for iVDTg and then apply (|7.32|) to deduce values of DTq 

and fr22]) to deduce values of DT^j{^i). These values of DT^ j{^i) turn out 
to be much simpler than those of the NDTg'jd^'), and explain the MacMahon 
function product form of the generating functions in [5^1105) . The translation 
between the notation of [9911105] and our notation was explained after Definition 
17.211 and we assume it below. 

7.5.1 Coherent sheaves on C'^ 

As in Szendroi [Ml §1-5], let Q — {QQ,Qi,h,t) have one vertex Qo = {«} and 
three edges Qi = {61,62,63}, so that h{ej) = t{ej) — v for j = 1,2,3. Define 
a superpotential W on Q hy W = 616263 — 616362. Then the ideal / in CQ is 
generated by 6263 — 6362, 6361 — 6163, 6162 — 6261, and is [C(3,C(5], so CQ/I 
is the commutative polynomial algebra 0(61,62,63], the coordinate ring of the 
noncompact Calabi-Yau 3-fold C"^ , and mod-CQ // is isomorphic to the abelian 
category cohcs(C'^). 

We have C(mod-CQ/J) = N, so taking d = d G N, e = 1, and 
to be the trivial stability condition (0,R, ^) on mod-CQ//, we form invariants 
NDT^j{Q') e Z. Then as in [99] §1.5], by torus localization one can show that 

1 + E,>i NDT'^l.mq'' = n.^i (1 - (7.33) 

which is Theorem 16 . 1 51 for the noncompact Calabi-Yau 3- fold X = . Taking 
logs of (|7.33|) and using (|7.32|) . which holds as % = 0, gives 

-Y,{-lYdDT%j{Q)q^ = Y,{-k)\0g{l^{-qf) ^ ji-q^. 
d^l k^l k,l^l 
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Equating coefficients of q yields 



1^1, l\d 

So from (|7.22p we deduce tliat 

DTqj{0) = -1, all d^l. (7.34) 
This is (j6.20p for the noncompact Calabi-Yau 3-fold X = C'^, as in §6.71 

7.5.2 The noncommutative conifold, following Szendroi 

As in Szendroi [99l §2.1], let Q = {Qo,Qi,h,t) have two vertices Qo = {vo,vi} 
and edges ei,e2 ■ vq vi and fi, f2 ■ vi ^ Vq, as below: 



ei 




(7.35) 



Define a superpotential on Q by = 61/162/2 — £1/262/1, and let / be the 
associated relations. Then mod-CQ// is a 3-Calabi-Yau category. Theorem l7.6l 
shows that the Euler form x on mod-CQ// is zero. 
We have equivalences of derived categories 

-D^(mod-CQ//) ~ D^coKsiX)) ~ D''{coK,{X+)), (7.36) 

where tt : X Y and 7r_|- : X+ — > Y are the two crepant resolutions of the 
conifold Y = {{zi, Z2, z^, z^) e C'' : zf + ■ ■ ■ + zl = O} , and X, X+ are related 
by a flop. Here X,X+ are regarded as 'commutative' crepant resolutions of 
Y, and mod-CQ// as a 'noncommutative' resolution of Y, in the sense that 
mod-CQ/I can be regarded as the coherent sheaves on the 'noncommutative 
scheme' Spec{CQ/I) constructed from the noncommutative C-algebra CQ/I. 

Szendroi [Ml Th. 2.7.1] computed the noncommutative Donaldson-Thomas 
invariants 7VDTq'j''o (0') for mod-CQ// with e = Syg, as combinatorial sums, 
and using work of Young |104| wrote the generating function of the NDTg'^fo (0') 
as a product [99", Th. 2.7.2], giving 

1+ E NDTQf«{0')qf''"kf'''^ 

deC(mod-CQ/7) 
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Taking logs of (|7.37p and using (|7.32l) gives 



deC(mod-CQ//) 



^ [-2fclog(l - (-9091)') + fclog(l - i-qofq^') 

+fclog(l-(-qo)'^9r')] 



(7.38) 



y-^ I 2fc 

^ L Z 



E 

k.l>l 



kljk-l)l 

1 



kljk+l)l 



_^kl {k~l)l 

2 % 1l 



„M {k+l)l 



Writing d— (do, di) with dj =d{vj) and equating coefficients of <Zo°'?i^ yields 



^-ygoy''i)(0) - 



1 
1 

10, 



/Id 



do = di = d ^ 1, 

do di = (fc - 1)^, k,l^l, 

do = kl, di = {k + 1)1, fc > 0, 1^1, 
otherwise. 



(7.39) 



Actually we have cheated a bit here: because of the factor d{vo) on the first line, 
equation (|7.38p only determines _DTg°y'^^^(0) when do > 0. But by symmetry 
between vq and Vi in (TT^ we have DT^^'^f^\id) ^ DT'~Q^f°\o), so we can 
deduce the answer for do = 0, di > from that for do > 0, di = 0. This is why 
we included the case fc = 0, / 1 on the third line of (|7.39p . 
Combining (|7.22p and (|7.39p we see that 



(do,di) = {k, fc), fc ^ 1, 
(do,di) = {k,k-l), k^l, 
(do,di) = (/c-l,A:), fc>l, 
otherwise. 



(7.40) 



Note that the values of the DT''Q 'f'\o) in !f7A0\i lie in Z, as in Conjecture 
\71M and are far simpler than those of the NDTqj° (C) in (17:77)) . Also, 
restores the symmetry between vq^vi in (I7.35p . which is broken in (j7.37p by 
choosing the vertex vq in e — 5^,^ . 

As X = on mod-CQ//, by Corollary [7TTH] equations (Tr^ - lfTin)) also give 
Dt'^q"^'^ (^), DT'^Q°f'\p) for any stability condition (^, M, <) on mod-CQ//. It 
should not be difficult to prove (|7.39p - (|7.40p directly, without going via pair in- 
variants. If (/i,K, ^) is a nontrivial slope stability condition on mod-CQ/J, then 
Nagao and Nakajima |84} §3.2] prove that every /x-stable object in mod-CQ// 
lies in class (fc, k) or (fc, fc — 1) or (fc — 1, k) in K {-moA-'CQ / 1) for fc ^ 1, and the 
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/i-stable objects in classes (fc, k — 1) and (fc — 1, fc) are unique up to isomorphism. 
The bottom three lines of (|7.40l) can be deduced from this. 

Szendroi |99[ §2.9] relates noncommutative Donaldson-Thomas invariants 
counting (framed) objects in mod-CQ// with Donaldson-Thomas invariants 
counting (ideal sheaves of) objects in cohcs(^), cohcs(^+), under the equiva- 
lences (j7.36p . He ends up with the generating functions 

^mod-CQ//(g, ^) - n (1 - + (-'Z)'^)'(l + (-9)'^"')', (7-41) 

^coh..(x)(g,^) = n(l-(-9)'))"''(l + (-9)'^)'' (7.42) 
^coh„(x,)(g,^) = n(l-(-'?)'))"''(l + (-'?M'' (7-43) 

where (|7.4ip is (|7.37p with the variable change q = qoqi, z = qi, and ()7.42p - 
(|7.43p encode counting invariants in cohcs(-'^) and cohcs(^+) in a similar way. 
Nagao and Nakajima [5? explain the relationship between (|7.4ip - (l7.43l) in terms 
of stability conditions and wall-crossing on the triangulated category (|7.36p . 

We can offer a much simpler explanation for the relationship between our in- 
variants DTq°j'^^\/j,) counting (unframed) objects in mod-CQ//, and the anal- 
ogous invariants counting objects (not ideal sheaves) in cohcs(-'i'), cohcs(-^+)- 
We base it on the following conjecture: 

Conjecture 7.26. Let T be a C-linear S-Calabi-Yau triangulated category, 
and abelian categories A, B cT be the hearts of t-structures on T ■ Suppose the 
Euler form x of T is zero. Let K(T) be a quotient of Kq{T), and -ftr(^), K{B) 
the corresponding quotients of Kq{A),K()(B) under Kq{A) = Kq{T) = Kq{B). 

Suppose we can define Donaldson-Thomas type invariants DT'j^{t), DT'j({t) 
counting objects in A, for a S K{A) and (r, T,sCj a stability condition on A, and 
DT^{f) , DTg{f) counting objects in B, for j3 e K{B) and {f,T, ^) a stability 
condition on B, as for A = coh(X) in [JS]-[jni o,Tid A = mod-CQ// in H7.'3[ 

Define DTa, DTa : K{A) Q and DTb, DTb : K{B) Q by 

(DT%{t), aeC{A), (DT%{t), aeCiA), 

DTAa)^ loT^'ir), -a G C(.A), DT ^ia) = I DT^'^ (t) , -a e CiA), 
I 0, otherwise, I 0, otherwise, 

and similarly for DTjs^DTg. Then (possibly under some extra conditions), 
under K(A) = K{B) we have DT^ = DTq, or equivalently DT^ = DTg. 

Here is why we believe this. We expect that there should be some extension 
of Donaldson-Thomas theory from abelian categories to 3-Calabi-Yau triangu- 
lated categories T, in the style of Kontsevich-Soibelman [S3] , using Bridgeland 
stability conditions on triangulated categories [TT|. Invariants IJT^(t) for an 
abelian category A embedded as the heart of a t-structure in T should be a 
special case of triangulated category invariants on 7", in which the Bridgeland 
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stability condition {Z,V) on D^{A) is constructed from (r, T, on A. If A is 
a 3-Calabi-Yau abelian category then we take T — D''{A). 

Now the Z-(semi)stable objects in T should be shifts E[k] for fc G Z and 
E € A r-(seniistable). The class [E[k]] of E[k] in K{T) = kIa) is_(- !)'=[£;]. 
Thus, invariants DT^{Z) for a G K{A) should have contributions DT'^{t) for 
a e C{A) counting E[2k] ioi E e A r-(semi)stable and fc G Z, and DT^°'{t) 
for a G C{A) counting E[2k + 1] for G ^ r-(semi)stable and k e Z. This 
explains the definitions of DT^, DT_a '■ K{A) — > Q above. 

As in Corollarv l7.181 if the form x on ^ (which is the Euler form of T) is zero 
then (lETi)) . (1723) imply that invariants DT'\{t) , DT'\{t) are independent of 
the choice of stability condition (r, T, ^) on A^ since the changes when we cross 
a wall always include factors x(/3,7). The point of Conjecture 17.261 is that we 
expect this to be true for triangulated categories too, so computing invariants 
in T either in ^ or 6 should give the same answers, i.e. DTj( = DTs- 

In the noncommutative conifold example above, from (|7.40|) we have 



The Donaldson-Thomas invariants for c6hcs{X) = cohcs(A^+) were com- 
puted in Example I6.30[ and from (j6.40p - (|6.42l) we have 



As in Szendroi [99l §2.8-§2.9], the identification K {mocl-CQ / 1) ^ K {co\i^^{X)) 
induced by D''(mod-Cg//) ~ D''(cohcs(X)) in (17351) is (do,di) ^ {-do + 
di,dQ) = (02,03), and under this identification we have DTqj = £'T'j.ohes(X) by 
(fr44l) - (frt5)) . Similarly, the identification i^(mod-CQ//) iv:(cohcs(^+)) in- 
duced by ^''(mod-CQ//) ~ D''(cohcs(X+)) in (TTMl) is (do,rfi) ^-^ (^0-^1,^0) = 
(02, 03), and again we have DTqj = DTcoh^^{x+)- 

Thus DT Qj^DT coh^^(x) = ^~rcoh,,(x+), verifying Conjecture [L26| for the 
equivalences (I7.36p . This seems a much simpler way of relating enumerative 
invariants in mod-CQ//, cohcs(^) and cohcs(A"+) than those in [84 , ,99 ) . 

7.5.3 Coherent sheaves on C'^/Z2, folloviring Young 

Let G be the subgroup Z2 in SL(3, C) generated by (zi, Z2, 23) 1— s- (— ^i, — ^2, 23) 
and (21,22,2:3) !-->■ (21,-22,-23). Then the Ginzburg construction in Example 
17.81 vields a quiver Qg and a cubic superpotential Wq giving relations Iq such 
that mod-CQcZ-^G is 3-Calabi-Yau and equivalent to the abelian category of 
G-equivariant compactly-supported coherent sheaves on C^. Write (Q,/) for 




2, (do,di) = 

1, (do,(ii) = 

1, ((io,rfi) = 

0, otherwise. 



(fc,fc), 7^ fc G Z, 
(fc,fc - 1), fc G Z, 
(fc - l,fc), fc G Z, 



(7.44) 



-DTcoh^^(X)(a2,a3) — -DI"cohes(x+)(a2,a3) 



2, 02=0, 07^a3GZ, 
1, 02 = ±1, 
0, otherwise. 



(7.45) 
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[Qg^Ig)- Then Q has 4 vertices vo,...,vz corresponding to the irreducible 
representations of Z2, with wo the trivial representation, and 12 edges, as below: 




Theorem 17.61 implies that the Euler form x of mod-CQ// is zero. 
As for ((737| . Young and Bryan [TUSl Th.s 1.5 & 1.6] prove that 

deC{mod-CQ/I) 
= n (1- (-90919293)''))"^'' 

(1 - {-qm2)\qzqif+T\^ - {-qm2f {qmif-T"" 

(1 - {-qoqzf{qiq2f+T\^ (-9093)^91^2)'=-^)"' ^^'^^^ 

(1 - (-909293)'9r')'(l - {-qm2q3)W-^f 

(1 - (-90939i)'=9^')'(l - (-<Z0939i)^r')' 

(1 - (-909i92)'=9r^)'(l - (-go9i92)'g3'"')' 

(1 - (-9o)'-(9i9293)'=+')'(l - (-90)^919293)'-')'. 

Arguing as for (|7.38l) - (|7.40l) and writing d = (do, ... ,^3) with dj — d{vj) 
yields 

-4, dj = fc for all j, fc ^ 1, 
^j.(do,...,d3)^Q.| ^ I -1, dj = k for two j, dj=k-l for two j, > 1, 
'^'^ 1, = fc for three j, dj — k — 1 for one j, k^l, 

0, otherwise. 

This is clearly much simpler than (|7.47p . and restores the symmetry between 
vo, . . . ,V3 in (|7.46l) which is lost in (|7.47p by selecting the vertex vq. 

If X is any crepant resolution of C'^/G then by Ginzburg [30l Cor. 4.4.8] 
we have {mod-CQ / 1) ^ £'^(cohcs(-'^')). As the Euler forms x s-re zero on 
mod-CQ//, cohcs(-'f), using Conjecture 17. 261 we can read off a prediction for the 
invariants ZJT^^j^^^^^j (r). The first hne of (TTiS)) corresponds to ((00)) for X, 
as one can show that xi^) = 4. 
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7.5.4 Coherent sheaves on /"Ln, following Young 

Let G be the subgroup Z„ in SL(3,C) generated by (zi, 22,2:3) H> (e^'^'/'' 



^2,6 



-2ni/r, 



Z3). Then the Ginzburg construction in Example 17.81 gives a quiver 
Q and a cubic superpotential W giving relations / such that mod-CQ// is 3- 
Calabi-Yau and equivalent to the abelian category of G-equivariant compactly- 
supported coherent sheaves on C'^. Then Q has vertices wq, . • • j'^n-i, with vq 
the trivial representation. We take vi to be indexed by i G Z„ , so that Vi = vj if 
i = j mod n. With this convention, Q has edges Vi Wi+i, Vi —5- Vi, Vi — > Vi^i 
for i = 0, . . . , n — 1. The case n = 3 is shown below: 



(7.49) 



Theorem 17.61 implies that the Euler form x of mod-CQ/I is zero. 

As for ((7371) and dUT]), Young and Bryan [TUil Th.s 1.4 & 1.6] prove that 




''''in-1 



1+ Y,NDT^'p{Q')qf''"\f'" 

dec {mod-CQ/ 1) 

n n (1- (-90- •••%-!))"' (7.50) 

(1 - (-go ■ • -gn-l) (ga^a+l ■ • -gb-l) j ■ 

Arguing as for (|7.38p - (|7.40p and writing d= {do, . . . , d„_i) with dj —d{vj) yields 



-n, di ~ k for all i, k ^ 1, 

{di = k for i ~ a, . . . ,b ~ 1 and 
fc — 1 for i — b, . . . ,a + n — 1, 
0^a<n, a<b<a + n, k^l, 
0, otherwise. 



(7.51) 



This is simpler than ()7.50p . and restores the dihedral symmetry group of ()7.49p . 
which is lost in ()7.50p by selecting the vertex vq. 



7.5.5 Conclusions 

In each of our four examples, the noncommutative Donaldson-Thomas invari- 
ants AfDr^;*"(0') can be written in a generating function as an explicit infinite 
product involving MacMahon type factors ((735)) . (TTTT)) . (frTf]) . ((730)) . In each 
case, this product form held because the Eulcr form x of mod-CQ// was zero, 
so that the generating function for NDTq / {0') has an exponential expression 
(|7.32p in terms of the DTq j{0), and because of simple explicit formulae ((7.34p . 
((730| . ((7381) . ((73T|) for the BPS invariants DT^ j{0). 
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In these examples, the BPS invariants DTq j{fj,) seem to be a simpler and 
more illuminating invariant than the noncommutative Donaldson-Thomas in- 
variants N DTq^j" {n') . That DTq has such a simple form probably says 
something interesting about the representation theory of CQ/I, which may be 
worth pursuing. Also, when we pass from the invariants DTq j{fi) for the 
abelian category mod-CQ// to DTqj : K{mod-CQ/I) — ?■ Z for the derived 
category D''(mod-CQ//) as in Conjecture 17. 26[ in ij7.5.2| -i ^7.5.4l things actually 
become simpler, in that pairs of entries parametrized by /c ^ 1 combine to give 
one entry parametrized by fc G Z. So maybe these phenomena will be best 
understood in the derived category. 

We can also ask whether there are other categories mod-CQ// which admit 
the same kind of explicit computation of invariants. For the programme above 
to work we need the Euler form x to be zero, which by Theorem 17.61 means 
that for all vertices i,j in Q there must be the same number of edges i ^ j as 
edges j — > i. Suppose mod-CQ/I comes from a finite subgroup G C SL(3,C) 
as in Example 17.81 and let tt : X — )■ C^/G be a crepant resolution. Then as 
D''(mod-CQ//) - D''{coKs{X)), the Euler form of mod-CQ// is zero if and 
only if that of cohcs(^) is zero. 

The Euler form of cohcs(^) is zero if and only if tt : X — > C^/G is semismall, 
that is, no divisors in X lie over points in C'^ /G. This is equivalent to the 'hard 
Lefschetz condition' for C^/G, and by Bryan and Gholampour [T3J Lem. 3.4.1] 
holds if and only if G is conjugate to a subgroup of cither S0(3) C SL(3, C) or 
SU(2) C SL(3,C); in ^7X31 we have Zl C S0(3) C SL(3,C), and in gLLlwe 
have Z„ C SU(2) C SL(3,C). Following discussion in Bryan and Gholampour 
[HI §1.2.1], Young and Bryan 105, Conj. A.6 & Rem. A.9], and Szendroi ^ 
§2.12], it seems likely that formulae similar to (17.471) and (|7.50p hold for all finite 
G in S0(3) C SL(3, C) or SU(2) C SL(3, C), so that the DT^ j{0) have a simple 
form. But note as in [1051 Rem. A. 10] that the Gromov-Witten invariants of 
X computed in |14) are not always the right ones for computing Donaldson- 
Thomas invariants, because of the way they count curves going to infinity. 

7.6 Integrality of DTq{^) for generic (/i,]R, ^) 

We now prove Conjecture 17.161 when W = Q, that for Q a quiver and (/i,M, ^) 
generic we have DTq{ii) e Z. We first compute the invariants when Q has only 
one vertex and verify their integrality, using Reineke [551110] • This example is 
also discussed by Kontsevich and Soibelman 'SH'j §7.5]. 

Example 7.27. Let Qm be the quiver with one vertex v and m edges v v, 
for m > 0. Then ii:(mod-CQ,„) = Z and G(mod-C(3^) = N. Consider the 
trivial stability condition (0, M, ^) on mod-C(5„j. Then our framed moduli space 
■^stf Q„ (0') is H^J^J in Reineke's notation [88]. Reineke [Hi Th. 1.4] proves that 
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so by (I7.28P we have 



NDTij^iQ') = (_i)'i(i-™)+e<i 



md + e — 1 
(m - + 1 I d 



Fixing e = 1, we see as in §7.5] that 

^ md W / 



exp 



(7.52) 



Taking logs of (fr52)) and using (j7.32p yields 

so by (|7.2ip we have 

^nJO) = ^ E Mo(d/e)(-l)(™+^)^+^M. 



(7.53) 



By Reineke j90[ Th. 5.9] applied with N ~ m, hi = 1 and 5^ = for i > 1 as 
in [901 Ex., §5], so that the r.h.s. of (|7.53p is —ad in Reineke's notation, we have 
DT^^ (0) e Z for d ^ 1. This wih be important in the proof of Theorem Ol 

Now let Q be an arbitrary quiver without relations, and (/i,M, ^) a slope 
stability condition on mod-CQ which is generic in the sense of Coniccturc l7.16l 
As in i )6.2[ define a 1-morphism _P„i : 9Kq — > OTg for to ^ 1 by P„j : [E] i~> [mE] 
for e mod-CQ. Then as for and ((OEl) . for all d G C(mod-CQ) we have 



iiT^(Ai) = x{Mi{p),F^{y)), where 

Mo(to) CF--(7r) [ CF"^(P„0 o Hcfo 



E 



(7.54) 



m>l. mid 



Here 9Jt^g(/x) is the moduli stack of /i-semistable objects of class d in mod-CQ, an 
open substack of Stg, and A^^g(/i) is the quasiprojective coarse moduli scheme 
of /i-semistable objects of class d in mod-CQ, and tt : 9nfs(/i) A^fs(/i) is the 
natural projection 1-morphism. 

An object E in mod-CQ is called fi-polystable if it is /i-semistable and a 
direct sum of /t-stablc objects. That is, E is /i-polystable if and only if £^ = 
aiEi © • • • © ttkEk, where Ei, . . . ,Ek are pairwise nonisomorphic /i-stables in 
mod-CQ with fj,{[Ei]) = ■■■ — fi[[Ek]) and ai,...,afe ^ 1, and E determines 
El, ... , Ek and ai, . . . , up to order and isomorphism. Since /t is a stability 
condition, each C-point of A4fg(fi) is represented uniquely up to isomorphism 
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by a /i-polystable. That is, if E' is /i-semistable then E' admits a Jordan- 
Holder fihration with /i-stable factors Ei, . . . , Ek of multiphcities ai,...,afc, 
and E = aiEi © • • • © UkEk is the /Lt-polystable representing [E'] G Mfg{ii){C). 
Here is a useful expression for Fq{^) in (I7.54[) at a /i-polystable i^: 

Proposition 7.28. Let Q he a quiver, (/i,R, ^) a slope stability condition on 
mod-CQ, and E = aiEi ffi • • • © akE^ a fj,-polystable representing a C-point [E] 
in Mfg(^) for d £ C(niod-C(5), where Ei,. . . ,Ek are pairwise nonisomorphic 
^-stables in mod-CQ with ^([£^1]) = ■ • ■ = ^(^[Ek]) and ai, . . . ,ak ^ 1- 

Define the Ext quiver Qe of E to have vertices {1,2, ...,fc} and dij = 
diinExt^(£'i, £^j) edges i ^ j for all i,j ~ l,...,fc, and define a dimension 
vector a in C(mod-C(5^) by a{i) — Oi for i — 1, . . . , fc. For i = 1, . . . , fc, define 
Ei € mod-CQ^; to have vector spaces = C for vertex v = i and — 
for vertices v i in Qe, and linear maps Pe = for all edges e in Qe- Set 
E = aiEi © ■ • • © OkEk in mod-CQ e ■ Then for Fq{ii) as in (j7.54p . we have 

F^{l^)m) = FqM{[E]) = DT^^iG). (7.55) 



Proof. Write (niod-CQ^)^^^ for the full subcategory of F in mod-CQ^ 

generated by -Ei, . . . , by repeated extensions. Then {X, p) in mod-CQ^; lies 
in (mod-CQ^)^^ if and only if it is nilpotent, that is, p{'CQE(n)) — for 
some n ^ 0, where the ideal CQE{n) of paths of length at least n in CQe is as 
in Definition 17.11 Similarly, write {mod-CQ)Ei,....Ek for the full subcategory of 
objects in mod-CQ generated by Ei,. . . ,Ek by repeated extensions. Both are 
C-linear abelian subcategories. 

In mod-CQ^; we have Hom(£'i, Ej) — C for i — j and Hom(£'i, Ej) =0 for 
i ^ j, andExt^(i?j,i?j) = C^'' foraUi, j. In mod-CQ we have Hom(i;j, i;^) = C 
for i = j and ilom{E,,Ej) = for i ^ j, and Ext\Ei,Ej) = C*'^ for all i,j. 
Choose isomorphisms Ext^ {Ei ,Ej) = Ext^ {Ei , Ej ) for all i,j. It is then easy to 
construct an equivalence of C-linear abelian categories 

G : (mod-CQB)^,^^ {mod-CQ) e,,....e, (7.56) 

using linear algebra, such that G{Ei) = Ei for i — 1, . . . ,k, and G induces the 
chosen isomorphisms F,xt^{Ei, Ej) — > Ext^{Ei,Ej). 

Write {^Qe)ei e^' {^Q)Ei,...,Ek for the locally closed C-substacks of ob- 
jects in (mod-CQ^;)^^ , (mod-CQ)^;^,...^^^^ in the moduli stacks D)Iqj^,^q 
of mod-CQ^;, mod-CQ. Then G induces a 1-isomorphism of Artin C-stacks 

G : {Mq, 

)Ex,...,Ek ^ {^Q)Ei,...,Ek- 

As G identifies Hom(i?i, E^^), Ext^(£^i, E'^) with llom{E,,Ej),¥jid}{Ei,Ej), it 
follows that G takes the restriction to (mod-CQ^) j,^ of the Euler form 
XQe on mod-CQ^; to the restriction to (mod-CQ)^;^^....^^ of the Euler form 
XQ on mod-CQ. By (17. 2p SIJIq is smooth of dimension —XQ{d,d), so the 
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Behrend function i^m^ = (—1) by Corollary 14. 5 1 and similarly I'miQ = 

(_l)-XQB(a,a)_ As G takcs xQe to XQ, it follows that 

^*i^™Qj{mQ^)^^ = i'<siQ\(miQ)E, E,- (7-57) 

Since all objects in (mod-CQ^)^^ jj,^ are O-semistable, and all objects in 
(mod-CQ)^;^^...^^;^. are /i-semistable, and G is a l-isomorphism, we see that 

^*(CqL('^)I(OTqb)^, = 

for m ^ 1 with m\ d. So from p.4p we deduce that 

G*(^-Qi"(0)l(.,t..),, .J=4^'"(A^)l(a.«.).„...,..- (7-58) 

Equations (1737)) and ((7351) imply that 

since G, identifies (|7.54p for mod-CQ^ on (9Hqe)^^ J;^ term-by-term with 

(|73I| for mod-CQ on (OTq)^,, . As G([i^]) = [E], this implies the first 
equality of (|7.55l) . 

Now consider the Gm-action on mod-CQ^ acting by A : {X, p) i~> {X, Xp) for 
A e Gm and (^, p) G mod-CQ^;- This induces Gm-actions on the moduli stack 
DJIq^ and the coarse moduli space X° (0). By ([72]) we have Mq^ = [V/H] 
where is a vector space and H = fl^^^ GL(ai, C), and the Gm-action on 
COlg^ is induced by multiplication by G™ in V. Let Ae he the C-algebra of 
ff-invariant polynomials on V. Then Mfg{0) — Specie by GIT. 

This Ae is graded by homogeneous polynomials of degree d — 0, 1, . . . on 
V, and Gm acts on homogeneous polynomial / of degree d by A : / n- X'^f. 
Thus there is exactly one point in A^"g(0) fixed by the G,„-action, the ideal of 
polynomials in Ae which vanish at 6 V^. Since G V corresponds to [E] in 
OJlg^ ^ [V/H], we see that there is a Gm-action on 7Vl"s(0) with unique fixed 

point [E]. By (17341) we have ^^^(0) = x{Mi{0), F§^{0)) . The G™-action 
on Mfg{0) preserves Fq^(O). The second equality of (17. 55^ follows by the usual 
torus localization argument, as all Gm-orbits other than [E] are copies of G^, 
and contribute to the weighted Euler characteristic. □ 

Here is our integrality result, which proves Conjecture 17. 161 for mod-CQ. We 
give two different proofs of it. The first proof works by first proving the analogue 
of Conjecture 16.131 in our quiver context, and so is evidence for Conjecture 
16.131 It relies on the integrality of the invariants DTq (0) in equation (|7.53l) 
of Example 17.271 which we proved using Reineke [SOI Th. 5.9]. 

Reineke |90) proves an integrality conjecture of Kontsevich and Soibelman 
[63l Conj. 1]. The authors believe [63j Conj. 1] concerns integrality of transfor- 
mation laws, rather than of invariants themselves. That is, if /i, p. are generic sta- 
bility conditions on mod-CQ//, then translated into our framework 63, Conj. 1] 
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should imply that DT^ j{fi) E Z for all d if and only if DT^ j{fi) e Z for ah 
d', where DT^ j{fi),DT^j{n) are related using 

Despite this, in our second proof of Theorem 17.291 we prove integrality of 
the DTq{ij,) using Reineke [50] in a more direct way than the first proof. We 
include this second proof to try to clarify the relationship between our work and 
Reineke's. Also, the second proof implicitly expresses the DTq{^) in terms of 

Euler characteristics x(-^ftQ(/^)) of /i-stable moduli schemes A^fjQ(/i), such 
that integrality of the -DTg(^) follows from integrality of the x(-^^tQ(M))- 
Since in our set up we never use stable moduli schemes, and one of our major 
themes is counting strictly semistables correctly, to involve invariants counting 
only stables and ignoring strictly semistables seems curious. 

Theorem 7.29. Let Q he a quiver, and write xq : K{T[vod-<CQ) x i4r(mod-C(5) 
— > Z for the Euler form of Q and XQ '■ Klmod-CQ) x K (mod-CQ) — !■ Z for its 
antisymmetrization, as in (I7.4p - (I7.6|) . Let (/x,R, ^) be a generic slope stability 
condition on mod-CQ, that is, for all d,e £ C(mod-C(5) with ii{d) — /i(e) we 
have XQ{d,e) = 0. Then for all d G C(mod-C(5) the constructible function 
F^in) on Mf^ifi) in ([73i|) is Z-valued, so that DT^{fi) G Z. 

First proof. For Q, (/i,M, ^),d as in the theorem, let a C-point in Adf^^fj.) be 
represented by a /i-polystable E — aiEi © • • • OkEk, where Ei, . . . ,Ek are 
pairwise nonisomorphic /i-stables in mod-CQ with = ■ . ■ = ^(\Ek\), and 

oi, . . . , Ofc ^ 1. Use the notation of Proposition l7.28l As (/i, K, ^) is generic and 
H{[E,]) = ti-{[E^) we have XQ{[Ei], [E-]) ^ for aU i,j. But G in (|735|) takes 
XQe to XQ and xQe to XQ, so XQEii^t], [Ej]) = for all i,j. Since the [E^] for 
i ^ 1, . . . ,k span K(mod-CQ^), this implies that xQe = 0- We must show that 
F^{n){[E]) e Z, which by Proposition [7211 is equivalent to DT^^{0) G Z. 

Thus, replacing Qe,o, by Q,d, it is enough to show that for all quivers Q 
with XQ = and ah d G C(mod-C(3) we have fT^CO) G Z. Note that as in 
Corollary I7.18[ XQ = implies that DT'q (/i) is independent of the choice of 
stability condition (/i,R, ^), so I^T^(O) G Z is equivalent to DT^in) G Z for 
any (/i,R, ^) on mod-CQ. Write \d\ for the ioiaZ dimension X^tieQo '^(''^) of ci- 
We will prove the theorem by induction on 

Let ^ 0. Suppose by induction that for all quivers Q with xq = and all 
d G C(mod-CQ) with |d| ^ A^ we have DT'^{0) G Z. (The first step A = is 
vacuous.) Let Q be a quiver with XQ = and d G C(mod-CQ) with \d\ = A + 1. 
We divide into two cases: 

(a) d{v) = A^ + 1 for some v G Qo, and d{w) = for w ^ w G Qo; and 

(b) there are v w in Qo with d{v), d{w) > 0. 

In case (a), the vertices w in Q with w ^ v, and the edges joined to them 
make no difference to DTq{0), as in (A, p) with [(A, p)] = d in C(mod-CQ) the 
vector spaces are zero for w ^ v. Thus DTq{0) — DTq^^{0), where m is 
the number of edges v ^ v in Q, and Qm is the quiver with one vertex v and 
m edges v v. Example 1 7 . 2 71 then shows that DTq{0) G Z, as we want. 
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In case (b), choose a stability condition (/i,R, ^) on mod-CQ with ^{Sv) ^ 
Then DT^iO) = DT'^^iti) by CorollarylZlll So d734l) - d735l) give 



DT% (0) = DT% = X {Mi {ii),F^ (m)) 



[mMti^y- DT^QA^)dx. (7.59) 

E=aiEi®---eakEk, 
E /i-polystable 



Let E ~ CLiEi ® • • • © CL^Ek be as in (1735)1 . Then ELi a^I^^l = so 
Z^iLi = |<i| = + 1. Suppose for a contradiction that = 1 for all 

i = 1, . . . , fc. Then each Ei is 1-dimensional, and located at some vertex u G Qo, 
so [Ei] = Su in C(mod-C(5), and = A'(it). For each u G Qoi we have 



<i(w). As d{v), > 0, this implies there exist i, j = 1, . . . , fc 



with [Ei] — Sy and [Ej] = tJu,. But then ^{[Ei]) = /i((5^) 7^ n{Sw) = 
which contradicts fi{[Ei]) = ■ ■ ■ ^ iJ.{[Ek]) as _E is /^-polystable. 

Therefore [[Ei][ ^ 1 for all i = 1, . . . , fc, and \[Ei]\ > 1 for some i. As 
Eti afc|[£^«]| = A^ + 1 we see that \a\ = J^Li so DT^^iO) G Z by 

the inductive hypothesis. As this holds for all E in (|7.59l) . iirQ(O) is the Euler 
characteristic integral of a Z-valued constructible function, so DTq{ 0) G Z. 
This completes the inductive step, and the first proof of Theorem 17.291 □ 



Second proof of Theorem \7.29\ Let Q,XQ,/i be as in the theorem. Then by 
perturbing /i slightly we can find a second slope stability condition (/2,R, ^) 
on mod-CQ such that /i dominates fl in the sense of Definition I3.12| and if 
d, e G C(mod-CQ) then fj,{d) — /2(e) if and only if d, e are proportional. 

Let d G C(mod-C(5) be primitive, and fix e G C{mod-CQ) with e d = p > 0. 
Write N — xq {d, d) . Then we have 

F'^^^it) : = 1 xiMt^Q^r = 1 +^((-l)"^P+"^AOT^^''-(/i'))r 



exp 



exp 



exp 



ri>l 

f ~.\ I -\ \np-\-nN in 



(7.60) 



((-l)^i) 



N-f \ini ■ 



in formal power series in t, where the first step uses (|7.28l) . the second step is 
Corollary [721 with W = 0, c = jl[d) and {-l)P+^t in place of g'*, the third 
substitutes in (|7.22p . the fourth sets i = njm, and the fifth uses 



1 — a; = exp[log(l — a;)] = exp 



EX 
rr. 
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Set S"*(t) = so that in the notation of Reineke [SOI P- 10] we have 

S^{t) = S"^(i)^. Then (TfJOl) gives 

S''it)^l[{l~{i^lfty)-"^% with a,^-DT^{fL). (7.61) 

Note that S'''(i) is independent of the choice of e, which also follows from [90l 
Th. 4.2]. By Reineke [TOl Cor. 4.3], S'''(i) satisfies the functional equation 

where x(A4sfQ(/i)) is the Euler characteristic of the moduli scheme ■Mltgif'') 
of /i-stable i? in mod-CQ with dim E ^id. If iV 7^ 0, taking TV*^ roots gives 

^'^(t) - - f 5'^(t)^^)""^^-^"«^''», (7.62) 

so that 

^''W = n(l-(*^''(*)'^)T'"' ^liere 6. = -x(Kfg(A)). (7.63) 

When iV 0, equations fTI^ - fTlMl) follow directly from [90, Th. 6.2]. 

Now Reineke [90l Th. 5.9] shows that if a formal power series S'^{t) satisfies 
equations ()7.61|) and (j7.63p for S Z and ai,bi € Q, then ai G li for alH ^ 1 
if and only if 6^ G Z for all z ^ 1. In our case 5^ S Z is immediate, so Oi G Z, 
and thus Z3Tq (/i) G Z. As this holds for all primitive d G C(mod-CQ), we have 

DT'^{jl) G Z for all d G C(mod-CQ). Also, comparing (fTeTI) and ((7J3)) shows 
that we could compute the DT'^Q^fi) from the x{-^'i^ qif')) fo^' J = li • ■ • ) 
Theorem 17. 171 now writes DTq{^) in terms of the DTqI/I), in the form 

DT^in) = DT'^ifi) + higher order terms. 

Each higher order term involves a finite set / with |/| > 1, a splitting d = 
Sie/ ''^(*) foi' '^(*) £ C(mod-C(5), a combinatorial coefficient V{I,T, k; p,, fj,) G 
Q, a product of |/| — 1 terms xC'^^C*)) '*0))i and the product of the ZXTg"^^^ (/i). 
Now as fi dominates /i it follows that V{I, F, k; /i, /i) = unless /i(K(i)) = y^(<i) 
for all i G /, as in [5^. But then /i generic implies that x{K{i),K{j)) = 0. 
Hence all the higher order terms are zero, and DTq{ii) — DTqIii) for all 

d G C(mod-CQ). Therefore DT^{fj.) = DT^ifl) for ah d G C(mod-CQ), so 
DT'q{ijl) G Z, as we have to prove. □ 

As for Question 16. 141 we can ask: 

Question 7.30. In the situation of Theorem I7.29[ does there exist a natural 
perverse sheaf Q on Mfg{fJ-) with XMf^{ii)iQ) = ^q(a^)'^ 
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One can ask the same question about Saito's mixed Hodge modules 
These questions should be amenable to study in explicit examples. 

Remark 7.31. The proof of Theorem l7. 291 also holds without change for arbi- 
trary generic stability conditions (r, T, ^) on mod-CQ in the sense of ii3.2l with 
K (mod-CQ) = Z*^", not just for slope stability conditions (/i,M, ^). 

8 The proof of Theorem 15.31 

Let X be a projective Calabi-Yau m-fold over an algebraically closed field K 
with a very ample line bundle Oxi^)- Our definition of Calabi-Yau m-fold 
requires that X should be smooth, the canonical bundle Kx should be trivial, 
and that WiOx) = for < i < m. Let 9Jl and 2Ject be the moduli stacks of 
coherent sheaves and algebraic vector bundles on X , respectively. Then 971, 2Ject 
are both Artin K-stacks, locally of finite type. This section proves Theorem l5.31 
which says that 9H is locally isomorphic to QJect, in the Zariski topology. 
Recall the following definition of Seidel- Thomas twist, 96, Ex. 3.3]: 

Definition 8.1. For each n G Z, the Seidel-Thomas twist To^(_„) by Ox{—n) 
is the Fourier-Mukai transform from D(X) to D(X) with kernel 

K = cone(Ox(«) K Ox{-n) — > Oa)- 

A good book on derived categories and Fourier-Mukai transforms is Huybrechts 
[12]. Since X is Calabi-Yau, which includes the assumption that W{Ox) = 
for < ? < m, we see that Hom^^j^-, (Ox (—"-), is C for z = 0,m and 

zero otherwise, so Ox{^n) is a spherical object in the sense of [Ml Def. 1.1], 
and by [96[ Th. 1.2] the Seidel-Thomas twist To^(_„) is an autoequivalcnce 
of D{X). Define T„ = T'c)^(_„)[— 1], the composition of ^©^^(-n) and the shift 
[^1]. Then Tn is also an autoequivalcnce of D{X). 

The functors T„ do not preserve the subcategory coh{X) in D{X), that is, in 
general they take sheaves to complexes of sheaves. However, given any bounded 
family of sheaves Eu on X we can choose n ^ such that r„ takes the sheaves 
in Eu to sheaves, rather than complexes. 

Lemma 8.2. Let U be a finite type K-scheme and Eij a coherent sheaf on 
X X U flat over U, that is, a U -family of coherent sheaves on X. Then for 
n 3> 0, Fjj = Tn{U) is also a U-family of coherent sheaves on X . 

Proof. Since U is of finite type, the family of coherent sheaves Ejj is bounded, 
so there exists n ^ such that W{Eu{n)) = vanishes for all u G U and i > 0, 
and Eu{n) is globally generated. Then we have 

T„ {Eu) = cone (©^^^ Ext' {Ox{-n),Eu) ® Ox{-n)[-i] ^ Eu)[-l\ 

= cone(Hom(C>x(-n),£:„)®C'x(-n) Eu)[~l] (8.1) 
= Ker(Hom(Ox (-«),£;„) ® Ox{-n) E^), 
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where the first Une is from the definition, the second as H^{Eu{n)) = for i > 0, 
and the third as liom{Ox{—'n),Eu) Cg) Ox{—n) Eu is surjective in coh{X) 
as Eu{n) is globally generated. Thus Fu — T„(£'„) is a sheaf, rather than a 
complex, for all u £ U. In sheaves on X x U, we have an exact sequence: 

^ Fu ^p*xPx^*{Eu{n)) (g> p*x{Ox{-n)) ^ Eu ^ 0, 

and Fu is flat over U as Eu and p*xPx,*{Eu{n)) ® p*x{Ox{-~n)) are. □ 

We recall the notion of homological dimension of a sheaf, as in Hartshorne 
gni p. 238] and Huybrechts and Lehn [H p. 4]: 

Definition 8.3. For a nonzero sheaf E in coh(X), the homological dimension 
hd(£') is the smallest n ^ for which there exists an exact sequence in coh(X) 

^ K ^ Vn-i ^ >Vo^E^O, 

with Vq, . . . ,Vn vector bundles (locally free sheaves). Clearly hd(£') = if and 
only if is a vector bundle. Equivalently, hd(£') is the largest n ^ such that 
Ext"(£', Ox) — for some x £ X, where Ox is the skyscraper sheaf at x. Since 
X is smooth of dimension m we have hd(i?) ^ m for all E e coh{X). 

The operators T„ above decrease hd(i?) by 1 when n ^ 0, unless hd(i?) = 
when they fix hd(i?). 

Lemma 8.4. Let U, Eu and n ^ Q he as in Lemma 18.21 Then for all u £ U 
we have hd(T„(£'„)) = max(hd(£'„) — 1,0). 

Proof. As in (|8.ip we have an exact sequence 

T,,{Eu) ^ H\Eu{n)) ® Ox{-n) E^ ^ 0. 

Applying Ext(— , Ox) to this sequence ioi x £ X gives a long exact sequence 

> H%Eu{n)) ^I]xt\Ox{~n),Ox) ^^l\T.^{Eu),Ox) 

Ext''+i(£;„, Ox) H\Eu{n)) ® ¥.^e+\Ox{-n), Ox)^-- - ■ 

Thus Ext'(r„(K),Ox) ^ Ext'+^(K,Ox) for i > 0, as {Ox{-~n),Ox) ^ 
for i > 0. Since hd(i?„) is the largest n ^ such that Ext"{E,Ox) = for 
some X e X, this implies that hd(r„(i?„)) = hd(£'„) — 1 if hd(£'„) > 0, and 

hd(r„(£;„)) = if hd(£;„) = o. □ 

Corollary 8.5. Let U be a finite type ^-scheme and Eu a U -family of coherent 
sheaves on X . Then there exist ni, . . . , n„i S> such that Tn,^ o Tn^ -^ o • • • o 
Tn-i{Eu) is a U -family of vector bundles on X . 

Proof. Apply Lemma 18.21 m times to Eu, where by induction on i = 1, . . . , m, 
Ui is the n in Lemma 18.21 applied to the [/-family of sheaves Ti^.^ o- • ■oTn-^{Eu). 
For each u G U we have hd(£'„) ^ to, since X is smooth of dimension m. So 
Lemma 18.41 implies that hd(T„j(£'„)) ^ to — 1, and by induction hd(T'„; o • • • o 
Tni (Eu)) ^ TO — i for i = 1, . . . , TO. Hence hd(T„,^ o • • • o T„j (Eu)) — 0, so that 
T„^ o • • • o T„j (Eu) is a vector bundle on X for all u £ U. □ 
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We can now prove Theorem 15.31 Let il be an open, finite type substack 
of 971. Then il admits an atlas tt : [/ — il, with U a finite type if-scheme. 
Let Ejj be the corresponding {/-family of coherent sheaves on X. Then Eu 
is a versal family of coherent sheaves on X which parametrizes all the sheaves 
represented by points in il, up to isomorphism. Let ni, . . . , rim be as in Corollary 
18.51 for these U,Eu. Then by Lemma [8.21 applied m times and Corollarv 18.51 
Fjj — o • • • oT„-^{Eij) is a tZ-family of vector bundles. Thus Fu corresponds 
to a 1-morphism tt' : [/ — > 2Ject. 

Since Fourier-Mukai transforms and shifts preserve moduli families of (com- 
plexes of) sheaves, and Ejj is a versal family, Fjj is a versal family. Hence tt' 
is an atlas for an open substack in QJect. If 5 is a K-scheme then Hom(S', il) 
is the category of S'-families Es of coherent sheaves on X which lie in il for all 
s G S, and Hom(S', QJ) the category of S-families Fs of vector bundles on X 
which lie in for all s € S. Then Es <—>■ T„^ o ■ • • o Tn^{Es) defines an equiv- 
alence of categories Hom(S', il) — t- Hom(S', 5J). Hence Tn^^ o • • • o T„j induces a 
1-isomorphism (/3 : il — ^ QJ, proving the first part of Theorem 15.31 The second 
part follows by passing to coarse moduli spaces. 

9 The proofs of Theorems 15.41 and 15.51 

To prove Theorem 15.41 we will need a local description of the complex analytic 
space Vectsi(C) underlying the coarse moduli space Vecisi of simple algebraic 
vector bundles on a projective Calabi-Yau 3-fold X, in terms of gauge theory 
on a complex vector bundle E ^ X, and infinite-dimensional Sobolev spaces 
of sections of End(i?) (g) A° '^T*X. For Theorem 15.51 we will need a similar 
local description for the moduli stack QJect of algebraic vector bundles on X. 
Fortunately, there is already a substantial literature on this subject, mostly 
aimed at proving the Hitchin-Kobayashi correspondence, so we will be able to 
quote many of the results we need. 

Some background references are Hartshorne [301 App. B] on complex analytic 
spaces (in finite dimensions) and the functor to them from C-schemes, Laumon 
and Moret-Bailly on Artin stacks, and Lang [BF on Banach manifolds. The 
general theory of analytic functions on infinite-dimensional spaces, and (possibly 
infinite-dimensional) complex analytic spaces is developed in Douady pTl[22] . 
and summarized in [571 §4.1.3] and [731 §7.5]. Some books covering much of 
mi^^are Kobayashi ^ §V11.3], Liibke and Teleman [73 §4.1 & §4.3], and 
Friedman and Morgan [571 §4.1-§4.2]. Our main reference is Miyajima [73], who 
proves that the complex-algebraic and gauge-theoretic descriptions of Vectsi(C) 
are isomorphic as complex analytic spaces. 

Let X be a projective complex algebraic manifold of dimension m. Then 
Miyajima considers three different moduli problems: 

• The moduli of holomorphic structures on a fixed C°° complex vector bun- 
dle E ^ X. For simple holomorphic structures we form the coarse moduli 
space Holsi{E) = {Be & : d]^ = O}/^, a complex analytic space. 
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• The moduli of complex analytic vector bundles over X. For simple vector 
bundles we form a coarse moduli space Vect™, a complex analytic space. 

• The moduli of complex algebraic vector bundles over X. For simple vector 
bundles we form a coarse moduli space Vectgi, a complex algebraic space. 
For all vector bundles we form a moduli stack 9Ject, an Artin C-stack. 

Miyajima [791 §3] proves that HohiiE) ^ Vect^" ^ Vec4i(C) locally as 
complex analytic spaces. Presumably one can also prove analogous results for 
moduli stacks of all vector bundles, working in some class of analytic C-stacks, 
but the authors have not found references on this in the literature. Instead, to 
prove what we need about the moduli stack 2Ject, we will express our results in 
terms of versal families of objects. 

Sections 19. 1[ 19.21 19.41 and 19.51 explain moduli spaces of holomorphic struc- 
tures, of analytic vector bundles, and of algebraic vector bundles, respectively, 
and the isomorphisms between them. Section 19.31 is an aside on existence of 
local atlases for 9Jl with group-invariance properties. All of ij TO.ll I^T^ and l^^ is 
from Miyajima |79) and other sources, or is easily deduced from them. Sections 
[gleHOl prove Theorems [SH and EH 

9.1 Holomorphic structures on a complex vector bundle 

Let X be a compact complex manifold of complex dimension m. Fix a nonzero 
C°° complex vector bundle £' — > X of rank I > 0. That is, £' is a smooth vector 
bundle whose fibres have the structure of complex vector spaces isomorphic to 
C', but E does not (yet) have the structure of a holomorphic vector bundle. 
Here are some basic definitions. 

Definition 9.1. A (smooth) semiconnection (or d- operator) is a first order 
differ_ential operator_aB : C°^Ie) C°°{E ®c ^°''^T*X) satisfying the Leibnitz 
rule dE{f-e) = e^{df)+f-dEe for all smooth / : X ^ C and e £ C°°{E), where 
d is the usual operator on complex functions. They are called semiconnections 
since they arise as the projections to the (0, 1) -forms A'^'^T*X of connections 
V : C°°{E) -)■ C°°(i;(8)c(T*X(8)RC)), so they are half of an ordinary connection. 

Any seiniconnection ds ■ C°°iE) C°°{EiS>c-^°'^T*X) extends uniquely to 
operators Be : C°°{E ®c AP''^T*X) C°°{E (g>c A_P'?+1T*X) for aU < p < m 
and ^ q < m satisfying dsie A a) = (— 1 )'"+'* e (g) 9a + (S^e) A a for all smooth 
eGC°°iE (8)c A'''"T*X) and a £ C°°(Ap-''^'?-"T*X) with O^rsCp, OsCsSjg. 
In particular we can consider the composition 

C^{E) C°^{E ®c A"'ir*A) C°°{E ®c A"^^T*X). 

The composition dj^ can be regarded as a section of C°° (Eiid{E) 'S>c A°'^T*Ar) 
called the (0, 2)-curvature, analogous to the curvature of a connection. 

The semiconnection Be defines a holomorphic structure on E ii Be — 0. 
That is, if U is an open set in X (in the complex analytic topology) we can 
define £{U) = {e G C°°{E\u) : Bec = 0} , and ii V C U C X are open we have 
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a restriction map puv ■ S{U) Then f is a complex analytic coherent 

sheaf on X. Since = we can use the Newlander-Nirenberg Theorem to 
show that near each x € X there exists a basis of holomorphic sections for E, 
and thus £ is locahy free, that is, it is an analytic vector bundle. Conversely, 
given a locahy free complex analytic coherent sheaf £" on X, we can write it as 
a subsheaf of the sheaf of smooth sections of a complex vector bundle E ^ X, 
and then there is a unique semiconnection Be on E with — such that if 
U CX is open and e e C^(J7) then e S £{U) if and only if ^^e = 0. 

Fix a semiconnection Oe with 9|, = 0. Then any other semiconnection d'^ 
may be written uniquely as 9^ + ^ for A € C°° {End{E)(g)cA°''^T*X). Thus the 
set of smooth semiconnections on E is an infinite-dimensional affine space. 
The (0, 2)-curvature of 8'^ = Be + A is 

^ + A A A. 

Here to form Be A we extend the action of Be on E to End(i5) gJc A°'^T*X = 
E (g)c -E* (8)c A°'^T*X in the natural way, and AAA combines the Lie bracket 
on F,nd{E) with the wedge product A : A^'^T*X x A'^''^T*X A"^^T*X. 

Write Aut(i5) for the subbundle of invertible elements in End(i?). It is a 
smooth bundle of complex Lie groups over X, with fibre GL(Z,C). Define the 
gauge group — C°°(Aut(i?)) to be the space of smooth sections of Aut(i?). 
It is an infinite-dimensional Lie group, with Lie algebra g ~ C°°(End(i?)). It 
acts on the right on by 7 : 9^ H> B'^'^ — 7"^ o 9^ o 7. That is, B'^^ is 
the first order differential operator C°°(i?) C°^(E ®<c A^-^T*X) acting by 
e I— >■ 7^^ • (9^(7 • e)). One can show that B'^^ satisfies the Leibnitz rule, so that 
B'^'^ G and this defines an action of 'i§ on si . Writing B'^ = Be ^ Aw& have 

{^Be + Ay =Be + (7"' o ^ o 7 -f 7-197). (9.1) 

Write Stab<^(9^) for the stabilizer group of 9^ G in It is a complex 
Lie group with Lie algebra 

stabf#(9^) = Ker(a^ : C°°(End(i;)) ^ C°°{Y.nd{E) ®c A"'^)) 
= Ker((a^)*a^ : C°°(End(£;)) ^ C°°(End(S))) , 

which is the kernel of an elliptic operator on a compact manifold, and so is finite- 
dimensional. In fact stob^(i9^) is a finite-dimensional C-algebra, and Staba'(i9^) 
is the group of invertible elements in stab^(9^). If B'^ is a holomorphic structure 
then 5iab<^{B'^) is the sheaf cohomology group i7°(End(i?, B'^)). 

The multiples of the identity • id^; in act trivially on so • id^ C 
Stabg'(5^) for all B'^ £ . Call a semiconnection B'^ simple if Stab<^(9^) = 
G,„ -ids. Write for the subset of simple B'^ in . It is a ^^-invariant open 
subset of in the natural topology. 

Now ^,j24i,^^ have the disadvantage that they are not Banach manifolds. 
Choose Hcrmitian metrics hx on X and He on the fibres of E. As in Miyajima 
[79l §1], fix an integer fc > 2m + 1, and write ^/^'''jS/ll^ for the completions 
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of i/jjz/si in the Sobolev norm Lf., and ^^^''^^ for the completion of ^ in the 
Sobolcv norm L'^^^, defining norms using hx,hE- Then 

= {dE + A:A^ Ll{End{E) ®c A°-^T*X)}, (9.2) 

Also m/'^''', ^gj''^ are complex Banach manifolds, and is a complex Banach 

Lie group acting holomorphically on si^"^'^ , ^"^st ^'Y (|9.ip . 
Define : ^ i|_i(End(£;) ®c AO'ir*X) by 

Pfc : 9b + A = + ^ A A. (9.3) 

Using the Sobolev Embedding Theorem we see that is a well-defined, holo- 
morphic map between complex Banach manifolds. 

Definition 9.2. A family of holomorphic structures {T,t) on is a (finite- 
dimensional) complex analytic space T and a complex analytic map of complex 
analytic spaces r : T — P^'^{0), where P^^(0) C jz/^'*^ as above. Two families 
(T,t),{T,t') with the same base T are equivalent if there exists a complex 
analytic map a : T ^ (^2,fe+i g^^j^ -j-j^g^-j. ^/ ^ a ■ t, using the product • : 
^2''=+^ X ^^-'^ ^- ^^-'^ which restricts to • : x P^7^(0) ^ Pk\0). 

A family (T, r) is called versal at t ^ T ii whenever {T',t') is a family of 
holomorphic structures on E and G T' with r'(i') = r(t), there exists an 
open neighbourhood U' of t' in T' and complex analytic maps v : U' ^ T and 
a :U' ^ f^2,fc+i g^(,]-^ ^j^g^^ w(t') = t, cr(t') = id^;, and tov = a-T'\ui as complex 
analytic maps U' — > P~^(0). We call (T, r) universal at t e T if in addition the 
map t; : t/' — !> T is unique, provided the neighbourhood U' is sufficiently small. 
(Note that we do not require a to be unique. Thus, this notion of universal 
is appropriate for defining a coarse moduli space, not a fine moduli space or 
moduli stack.) The family (T, r) is called versal (or universal) if it is versal (or 
universal) at every t Cz T. 

Fix a smooth holomorphic structure Oe on E, as above. In [79] Th. 1], 
Miyajima constructs a versal family of holomorphic structures (T, r) containing 
Oe- We now explain his construction. Write 9|; for the formal adjoint of Oe 
computed using the Hermitian metrics hx on X and He on the fibres of i?. Then 
d*j^ : C°°{E ®c A?''«+iT*X) C_^{E (g)c AP''?T*A) for all p,q is a first order 
differential operator such that (S^e, e')L2 = {e,d*^e')L2 for all e G C°°{E ®c 
AP'iT*X) and e' G C°°(£; ®c AP'9+ir*A), where (, )l2 is the inner product 
defined using hx,hE- Also Oe extends to Sobolev spaces 

Using Hodge theory for (C°°(End(£^)(X)cA°'*T*X),9£;j, we give expressions 
for the Ext groups of the holomorphic vector bundle {E, Be) with itself: 

Ext'>{{E,dE),{E,dE)) 

^ KeT{dE ■■ C°°(End(P) ®c A°'9T*A) ^ C°°(End(£;) A'^''^+^T*X)) 
~ lm{dE ■■ C°°(End(S) (g)c A0''3-iT*A) C°°(End(£:) (8)c AO''?r*X)) 

{e e C°°(End(£;) (»c A"'«T*A) : BeC = 9^6 = O} 
= {e e C°°(End(£;) ®c AO^^T*^) : (9^91; + a|;as)e = O}. 



134 



Hence the finitc-dimensional complex vector space 



<f« = {e e C°°(End(£;) ®c A"^«r*X) : {BeBI + d*EdE)e = 0} 

is isomorphic to Ext''((£', 9^), {EjBe))- Miyajima [TOl §1] proves: 
Proposition 9.3. (a) In the situation above, for sufficiently small e > 0, 

Q,^ {Oe+A-.Ae Ll{End{E) ®c A°'^T*X), \\A\\l2 < e, 

- - . ' (9-4) 

d*EA^O, d*E{dEA + AAA)^0} 

is afinite-dimensionalcomplexsubm,anifoldof£/^''',ofconiplexdim,ensiondhxi Ext^ 
{(yE,dE)^{E,dE)), such that Be G Qe and Tg^Q^ = S"^ . Furthermore, Qe C 
^ C jz/^''', that is, if Be + A ^ Q,, then A is smooth. 

(b) Now define n : ^ by n : Be + A ^ iig2{BEA + A f\ A), where 7r^2 : 
ifc_i(End(i?) (8)c A°'^r*X) (f^ is orthogonal projection using the L"^ inner 
product. Then tt is a holomorphic map of finite- dimensional complex manifolds. 
Let T — 7r^^(0), as a complex analytic subspace of Q^. Then T = riPjT^iO), 
as an intersection of complex analytic subspaces in jz/^''^, so T is a complex 
analytic subspace of P^^(Qi). Also t = Be & T, with T{t) = Be, and the Zariski 
tangent space TtT is S"^ = Ext^ (9b), {E,Be))- 

(c) Making e smaller if necessary, (T, r) is a versal family of smooth holo- 
morphic structures on E, which includes Be- If Be is simple, then {T,t) is a 
universal family of smooth, simple holomorphic .structures on E. 

This gives the standard Kuranishi picture: there exists a versal family of 
deformations of Be, with base space the zeroes of a holomorphic map from 
Ext^ {{E, Be), {E, Be)) to Ext^ {{E, Be), {E, Be)) ■ Here is a sketch of the proof. 

For (a), we consider the nonlinear elliptic operator F : L^.(End(i?) (X)c 
A"^^T*X) Ll_^(EndiE) (g)cA°''^T*X) mapping F:A>-^ [B eB^ + B*Ed e) A + 
d*E{A A A). The image of F lies in the orthogonal subspace {S^)^ to in 
L^_2(End(i?) ®c A'^'^T*X), using the inner product. So we can consider F 
as mapping F : LH¥,iid{E) ®c A°''^T*X) {S'^)'^. The linearization of F at 
A = is then surjective, with kernel (o^ . Part (a) then follows from the Implicit 
Function Theorem for Banach spaces, together with elliptic regularity for F to 
deduce smoothness in the last part. 

For (b), one must show that (^'felg, )^^(0) and 7r^^(0) coincide as complex 
analytic subspaces of Q^. Since tt factors through Pk we have (^fc|Qj~^(0) C 
7r^^(0) as complex analytic subspaces. It is enough to show that any local 
holomorphic function ^> C of the form foP^. for a local holomorphic function 
/ : L^_j(End(£') ®c A°^'^T*X) C may also be written in the form / o tt for 
a local holomorphic function f : S''^ ^ C 

For (c), the main point is that the condition Be A = is a 'slice' to the action 
of ^2,k rpj^^^ ^j^g Hilbert submanifold {Be + A: B*eA = 0} 

in ^^''^ intersects the orbit ^^'^^+1 . Be transversely, and it also intersects every 
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nearby orbit of ^^''^+^ in sz/'^^^ . The complex analytic space T is exactly the 
intersection (as Douady complex analytic subspaces of ^Z^''^) of P^^{Q), the 
slice {Be + A : B'^A = 0}, and the ball of radius e around Be in jz/^' . The 
point of introducing Q^, tt is to describe this complex analytic space T 

in strictly finite-dimensional terms. 

9.2 Moduli spaces of analytic vector bundles on X 

Let X be a compact complex manifold. Here is the analogue of Definition 19.21 
for analytic vector bundles. 

Definition 9.4. A family of analytic vector bundles (T, J-) on X is a (finite- 
dimensional) complex analytic space T and a complex analytic vector bundle 
over X X T which is flat over T. For each t ^ T, the fibre Ft of the family is 
•^|xx{t}, regarded as a complex analytic vector bundle over X = X x {t}. 

A family (T, J^) is called versal at t G T if whenever (T',J-') is a family 
of analytic vector bundles on X and t' G T' with Tt = as analytic vector 
bundles on X , there exists an open neighbourhood U' of t' in T', a complex 
analytic map v : U' ^ T with v{t') = t and an isomorphism v*{J-) = J-'\xxU' 
as vector bundles over X x U' . 

It is called universal at t £ T if in addition the map u :[/'—> T is unique, 
provided the neighbourhood U' is sufficiently small. (Note that we do not 
require the isomorphism v*(J-) = J-"'|xxf7' to be unique.) The family {T,T) is 
called versal (or universal) if it is versal (or universal) at every t ^ T. 

In a parallel result to Proposition 19. 3f c). Forster and Knorr [3S] prove that 
any analytic vector bundle on X can be extended to a versal family of analytic 
vector bundles. Then Miyajima 79, §2] proves: 

Proposition 9.5. Let X be a compact complex manifold, E ^ X a C°° com- 
plex vector bundle, and Be a holomorphic structure on E, so that {E,Be) is an 
analytic vector bundle over X . Let {T,t) be the versal family of holomorphic 
structures on E containing Oe constructed in Proposition 19.31 

Then there exists a versal family of analytic vector bundles (T, J-) over X, 
and an isomorphism J- E x T of C°° complex vector bundles over X x T 
which induces the family of holomorphic structures {T,t). If [E^Oe) is simple 
then (T, J-) is a universal family of simple analytic vector bundles. 

Here is an idea of the proof. Let (T, F) be a family of analytic vector bundles 
over X, let t G T, and \ci E ^ X be the complex vector bundle underlying the 
analytic vector bundle Ft X. Then for some small open neighbourhood U 
of t in T, we can identify F\xxu with {E x U) ^ {X x U) as complex vector 
bundles, where {E xU) {X x U) is the puUback of E from X to X xU. 

Thus, the analytic vector bundle structure on F\xxu induces an analytic 
vector bundle structure on {E x U) ^ {X x U). We can regard this as a first 
order differential operator Be,u ■■C°°{E) -J- {E ® A°'^T*X® E ® A°''^T*U) 
on bundles over X x U. Thus, Be.u has two components, a 9-operator in the 
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X directions and a 9-operator in the U directions m X x U. The first of these 
components is a family of holomorphic structures {U, r) on E. 

Therefore, by choosing a (local) trivialization in the T-directions, a family 
(r, J-) of analytic vector bundles induces a family (T, r) of holomorphic struc- 
tures on E, by forgetting part of the structure. Conversely, given a family (T, r) 
of holomorphic structures on E, we can try to add extra structure, a 9-operator 
in the T directions in X x T, to make (T, r) into a family of analytic vector 
bundles (T, Miyajima proves that this can be done, and that the local de- 
formation functors are isomorphic. Hence the (uni)versal family in Proposition 
19.31 lifts to a (uni)versal family of analytic vector bundles. 

9.3 Constructing a good local atlas S for DJl near [E] 

We divert briefly from our main argument to prove the first part of the second 
paragraph of Theorem l5.5i the existence of a 1-morphism $ : [S'/G'^] — > 93t for 97t 
satisfying various conditions. Let X, dJl, E, Aut{E) and be as in Theorem l5.5l 

Proposition 9.6. There exists a finite type open C-substack m 9Jt with 
[E] g 0(C) C 9Jl(C) and a 1-isomorphism O = [Q/H], where Q is a finite type 
C-scheme and H an algebraic C-group acting on Q. Furthermore we may realize 
Q as a quasiprojective 'C-scheme, a locally closed C-subscheme of a complex 
projective space ¥{W), such that the action of H on Q is the restriction of an 
action of H on ¥(W) coming from a representation of H on W . 

Proof. We follow the standard method for constructing coarse moduli schemes 
of semistable coherent sheaves in Huybrechts and Lehn [44] , adapting it for Artin 
stacks. Choose an ample line bundle C'x(l) on X, let P be the Hilbert polyno- 
mial of E and fix n S Z. Consider Grothcndieck's Quot Scheme Quot^ (C^*-"-* (8 
Oxi^n), , explained in [44l §2.2], which parametrizes quotients C^*-"-* ® 
Ox{—n) E' , where E' has Hilbert polynomial P. Then the C-group H = 
GL(P(n),C) acts on Qnotx{C^^"^ (8) Ox {-n),P). 

Let Q be the if-invariant open C-subscheme of Quotj^- (C''^'"-' (g) Ox{—n), P) 
parametrizing (f> : C^^"' (g) Ox{-n) E' for which H\E'{n)) = for i > 
and : C^*-"-* H^{E'{n)) is an isomorphism. Then the projection [Q/H] — >■ 
m taking the GL(P(n), C)-orbit of cj) : C^^"^ ® Ox{-n) E' to E' is a 1- 
isomorphism with an open C-substack of 9Jl. If n ^ then [E] G 13(C). For 
the last part, Quot^(C^^"^ ® Ox{-n),P) is projective as in gl Th. 2.2.4], so 
it comes embedded as a closed C-subscheme in some P(T4^), and by construction 
the i/-action on Quotj^ (C'^^"-' ^ Ox{—'n),P) is the restriction of an if-action 
on P(VF) from a representation of H on W. □ 

The proof of the next proposition is similar to parts of that of Luna's Etale 
Sfice Theorem [H §111]. 

Proposition 9.7. In the situation of Proposition^^ let s G Q(C) project to 
the point sH in 0(C) identified with [E] £ 971(C) under the 1-isomorphism 
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Q = [Q/H]. This l-isomorphism identifies the stabilizer groups lso<x)x{[E]) = 
Aut(-E) and 1sO[q^h^{sH) = Stab/f(s), and the Zariski tangent spaces Tj^jSJl = 
Fixt^{E,E) and Tsh[Q/H] = TsQ/Ts{sH), so we have natural isomorphisms 
Aut{E) = StabH(s) and Ext\E,E) = TsQ/T,{sH). 

Let K he the C-subgroup of Stab^f(s) C H identified with in Aut(ii'). 
Then there exists a K -invariant, locally closed C-subscheme S in Q with s £ 
S(C), such that TsQ — TsS © Ts{sH), and the morphism fi : S x H ^ Q 
induced by the inclusion S ^ Q and the H-action on Q is smooth of relative 
dimension dimAut(£'). 

Proof. We have s e Q(C) C P(VF), so s corresponds to a l-dimensional vector 
subspace L of W. As K C Stab/f (s) C H, this L is preserved by K, that is, L 
is a X-subrepresentation of W. Since 7^ = G"^ is reductive, we can decompose 
W into a direct sum of iiT- representations W = L®W'. Then there is a natural 
identification of /iT-representations TsP{W) ^W'^L*. 

We have s £ (si?)(C) C Q(C) C F(W), where sH and Q are both K- 
invariant C-subschemes of P(W^). Hence we have inclusions of Zariski tangent 
spaces, which are .K-representations 

T,{sH) C T,Q C T,F{W) ^ W L* . 

As K is reductive, we may choose i4'-subrepresentations W",W"' of TsP{W) 
such that T,Q = T,{sH) © W" and T, F{W) = T^Q © W" . Then W' (g) L* = 
Ts{sH) © W" © W". Tensoring by L and using W = L®W' gives a direct sum 
of A'-representations 

W = L ® {Ts{sH) (g) L) ® {W" (g) L) © (W" © L) . (9.5) 

Define S' ^ Q D ¥{L © (W" © L) © (W'" © L)), where we have omitted 
the factor Ts{sH) © L in (I9.5P in the projective space. Then 5" is a locally 
closed C-subscheme of P(M^), and is AT- invariant as it is the intersection of two 
i^- invariant subschemes, with s £ S"(C). In the decomposition TsP{W) = 
TsisH) © W" © W" we have T,Q = T,(siJ) © W" and T^F^L © {W" © L) © 
(W'" © L)) = VK" © PF'", which intersect transversely in W" . Hence Q and 
P(i©(W^"©L)©(W^"'©i)) intersect transversely at s £ S"(C), and r^5' = VF", 
so that T,Q = TsS' © T,(si?). 

Since TgQ = TsS' ®Ts{sH), we see that S' intersects the i7-orbit sH trans- 
versely at s. It follows that the morphism ^' : S' x H ^ Q induced by the 
inclusion S' ^ Q and the //-action on Q is smooth at (s, 1), of relative dimen- 
sion dimStab// (s) = dim Aut(£'). Let S be the C-subscheme of points s £ S"(C) 
such that fi' is smooth of relative dimension dim Aut(_E) at (s, 1). This is an open 
condition, so S is open in 5", and contains s. Therefore TsQ — TsS © Ts{sH), 
as we want. Write /i — fJ.'\sxH- Then fi : S x H ^ Q is smooth of relative 
dimension Aut(£^) along 5 x {!}, and so is smooth of relative dimension Aut(i?) 
on all oi S X H, since /i is equivariant under the action oi H on S x H acting 
trivially on S and on the right on H, and the right action oi H on Q. □ 
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Since S is invariant under the C-subgroup K of the C-group H acting on 
Q, the inclusion i : S Q induces a representable l-morphism of quotient 
stacks i, : [S/K] [Q/H]. We claim that is smooth of relative dimen- 
sion dimAut(i?) — dimG"^. Since the projection tt : Q — > [Q/H] is an atlas 
for [Q/H], this is true if and only if the projection from the fibre product 
772 : \S/K] y-i,\Q/H],-K Q ^ Q is a smooth morphism of C-schemes of rela- 
tive dimension dimAut(£') - diniG^. But [S/K] 'Xi,.[Q/H\,-n Q = {S x H)/K, 
where K acts in the given way on S and on the left on H. The projection 
7r2 : (5 X H)/K — > Q fits into the commutative diagram 



, {S X H)/K 
S xH "^^"^ 

where tt : S x H ^ {S x H) / K \s the projection to the quotient. As tt is smooth 
of relative dimension dim if — dimG"^ and surjective, and /i is smooth of relative 
dimension dimAut(£') by Proposition 19.71 it follows that 112 and hence are 
smooth of relative dimension dimAut(£^) — dimG"^. 

Combining the isomorphism K = G^, the l-morphism : [S/K] — > [Q/H], 
the 1-isomorphism = [Q/H], and the open inclusion Q ^ yields a 1- 
morphism $ : [S/ G'^] — ?► 9H, as in Theorem 15.51 This $ is smooth of relative 
dimension dimAut(i?) — dimG"^, 3jS is. If Aut(i?) is reductive, so that G^ = 
Aut{E), then <i> is smooth of dimension 0, that is, $ is etale. 

The conditions $(sG"^) = [E] and : 1s0[5/gc] (s G^) lsom{[E]) is the 
natural ^ Aut(i?) = Isoot ( [iJ] ) in Theorem 15.51 are immediate from the 
construction. That d$|,GC : TsS ^ T.g^S/G"] ^[b]^ = F.xt^{E,E) is 
an isomorphism follows from T[e]M = Tsh[Q/H] ^ TsQ/Ts{sH) and TsQ = 
TsS © Ts{sH) in Proposition ii 



9.4 Moduli spaces of algebraic vector bundles on X 

We can now discuss results in algebraic geometry corresponding to 39lI]"iH!2l 
Let X be a projective complex algebraic manifold. 

Definition 9.8. A family of algebraic vector bundles (T, T) on AT is a C-scheme 
T, locally of finite type, and an algebraic vector bundle J- over X xT. For each 
t e T(C), the fibre Tt of the family is J^|xx{t}j regarded as an algebraic vector 
bundle over X = X x {t}. 

A family (T, J-) is called formally versal at t ^ T \i whenever T' is a C- 
scheme of finite length with exactly one C-point t' , and {T',T') is a family of 
algebraic vector bundles on X with Tt — Tj., as algebraic vector bundles on 
X, there exists a morphism v : T' ^ T with v(t') = t, and an isomorphism 
v*{J-) = J-' as vector bundles over X x T' . It is called formally universal at 
t G T if in addition the morphism v : T' T \s unique. The family {T, J-) is 
called formally versal (or formally universal) if it is formally versal (or formally 
universal) at every t ^T. 
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By work of Grothendieck and others, as in Laumon and Moret-Bailly [S71 
Th. 4.6.2.1] for instance, we have: 

Proposition 9.9. The moduli functor VBg' : (C-schemes) (sets) of isomor- 
phism classes of families of simple algebraic vector bundles on X, sheafified in 
the etale topology, is represented by a complex algebraic space Vectsi locally of 
finite type, the moduli space of simple algebraic vector bundles on X. 

The moduli functor VB : (C-schemes) — > (groupoids) of families of algebraic 
vector bundles on X is represented by an Artin <C-stack 2Ject locally of finite 
type, the moduli stack of algebraic vector bundles on X . 

As in Miyajima [79, §3], the existence of Vectsi as a complex algebraic space 
implies the existence etale locally of formally universal families of simple vector 
bundles on X. Similarly, the existence of QJect as an Artin C-stack implies that 
a smooth 1-morphism ; S* —> 2Ject from a scheme S corresponds naturally to 
a formally vcrsal family {S,T>) of vector bundles on X. 

Proposition 9.10. (a) Let £ be a simple algebraic vector bundle on X. Then 
there exists an affine C-scheme S, a C-point s G 5, and a formally universal 
family of simple algebraic vector bundles {S, 2?) on X with T>s = £ ■ This family 
{S, T>) induces an etale map of complex algebraic spaces tt ; 5 — ^ Vectsi with 
7r(s) = [£] . There is a natural isomorphism between the Zariski tangent space 
TsS and Ext^ (£,£). 

(b) Let £ be an algebraic vector bundle on X, and a maximal reductive 
subgroup of Aut(f). Then i i9.3l constructs a quasiprojective C-scheme S, an 
action of on S, a G"^ -invariant point s G >5'(C), and a 1-morphism $ : 
[S/C^] —7- 2Jcct smooth of relative dimension dimAut(f ) — dimG*^, such that 
^{sC^) = [£■], <&* : lsO[s/G'^]{sG^) Iso<jjcct([^^]) is the inclusion G'- ^ Ant{£), 
and d^lsQC : TgS = TgQc[S/G''^] -> Tj^jOJcct = Ejxt^{£,£) is an isomorphism. 

Let {S, T>) be the family of algebraic vector bundles on X corresponding to 
the 1-morphism $ o tt ; 5 — > 2Ject, where tt : 5 — > [S/G] is the projection. Then 
{S,T>) is formally versal and G'" equivariant, with Vs ^ £. 

Together with Hd.'Sl part (b) completes the proof of the second paragraph of 
Theorem 15.51 for QJcct. The proof for SDt follows from Theorem 15.31 

9.5 Identifying versal families of holomorphic structures 
and algebraic vector bundles 

Let £ be an algebraic vector bundle on X. Write E —i' X ioT the underlying 
G°° complex vector bundle, and Oe for the induced holomorphic structure on 
E. Then {E, Be) is the analytic vector bundle associated to £. By Serre [HZ] we 
have Ext^(£',£') = Ext^((£', 9^;), (E^Be)), that is, Ext groups computed in the 
complex algebraic or complex analytic categories are the same. 

Then Proposition 19 .31 constructs a versal family {T,t) of holomorphic struc- 
tures on E, with r(t) = Be for t G T and TtT = Ext^ ((iJ, a^), (£;, ^b)) . If 
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{E, Oe) is simple then (T, r) is a universal family of simple holomorphic struc- 
tures. Proposition 19.51 shows that we may lift (T, r) to a versal family (T, of 
analytic vector bundles over X, with isomorphism ^ {X xT)) ^ {{E xT) 
{X X r)) as C°° complex vector bundles inducing {T,t). If {E^Be) is simple 
then (T, J-) is a universal family of simple analytic vector bundles. 

On the other hand, using algebraic geometry, Proposition 19.101 gives a for- 
mally versal family of algebraic vector bundles (S", V) on X with Vg = £ and 
TsS = Ext"'^ (£",£"), and if £ is simple then (5*, P) is a formally universal family 
of simple algebraic vector bundles. Now Miyajima J9, §3] quotes Serre [97] and 
Schuster [M] to say that if {S.V) is a formally versal (or formally universal) 
family of algebraic vector bundles on X, then the induced family of complex 
analytic vector bundles (S'an, I'an) is versal (or universal) in the sense of Defini- 
tion 

Hence we have two versal families of complex analytic vector bundles: (T, J-) 
from Propositions 19.31 and 19. 5[ with Ft = {EjBe), and (S'an,2?an) from Propo- 
sition [§33 with Vs = {E, Be)- We will prove these two families are locally iso- 
morphic near s,t. In the universal case this is obvious, as in Miyajima [791 §3]. 
In the versal case we use the isomorphisms TtT = Ext^ ((i5, i^^), {E, Be)) — TsS. 

Proposition 9.11. Let £ be an algebraic vector bundle on X, with underly- 
ing complex vector bundle E and holomorphic structure Be- Let {T,t), {T,J-'), 
{S, T)) be the versal families of holomorphic structures, analytic vector bundles, 
and algebraic vector bundles from Provositions Vd.'dy 19. 5[ IHTTUl so t G T, s S{€1) 
with Tit) ^ Be, Tt = {E,BE), Vs^£ and TtT -Ext\{E, Be), [E, Be)) =TsS . 
Write (S'an,2'an) for the family of analytic vector bundles underlying (S", 2?). 

Then there exist open neighbourhoods T' of t in T and S'^^^ of s in S'an cind 
an isomorphism of complex analytic spaces ip : T' S'^^^ such that ip{t) = s and 
(p*(Pan) — J^lxxT' CIS analytic vector bundles over X x T'. 

Proof. From above, {T,F) and (S'an,I'an) are both versal families of analytic 
vector bundles on X with J^t — {E,Be) — (25an)s- By Definition 19.41 since 
(SaniZ^an) is vcrsal, there exists an open neighbourhood T of i in T and a 
morphism of complex analytic spaces ip : T ^ S'an such that ip{t) = s and 
(^*(23an) = ^\f- Similarly, since (T, J-) is versal, there exists an open neighbour- 
hood San of s in San and a morphism of complex analytic spaces ip : San T 
such that V'(s) = t and tp*{T) = T>an\s ■ 

Restricting the isomorphism (^*(I?an) — J^\f to the fibres at t gives an 
isomorphism T>s = J-t- We are also given isomorphisms J-t = {E,Be) and 
{E,Be) = L)s. Composing these three {E,Be) = = J-t = {E,Be) gives an 
automorphism 7 of {E,Be)- Differentiating (f at t gives a C-linear map d(f\t : 
Ttf ->■ T^San- We also have isomorphisms TjT = Ext^ ((£;, 5^), (i;, ^b)) ^ 
TgS. Using the interpretation of F,xt^ (^{E,Be),{E,Be)) as infinitesimal de- 
formations of {E,Be), one can show that under these identifications TtT = 
Ext^{{E,BE),iE,BE)) = TsS, the map dif\t : Tff TsS^n corresponds to 
conjugation by 7 e Ant{E,BE) in Fixt^ [{E, Be), [E, Be)) ■ This implies that 
d(f\t ■ TtT — ^ TsSan is an isomorphism. Similarly, dip\s '■ T'sS'an — ^ TtT is an 
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isomorphism. 

Suppose first that E is simple. Then (T, J^), (S'an, 2?an) are universal families, 
so ■0 above are unique. Also by universality of (T, F) we see that ipo(p = idr 
on T n (^"^(S'an), and similarly (p o tfj = ids^^ on jS'an n ■0"^(f'). Hence the 
restrictions of ip to Tn(^~^(S'an) and ^ to S'ann'(/'~-^(T) are inverse, and setting 
T' ~ T n (p^^{San) and (p' = (^jr/ gives the result. This argument was used by 
Miyajima 179] §3]. 

For the general case, ip o (p : T n <^^^(S'an) — > T is a morphism of complex 
analytic spaces with tp o (pit) — t and d(-!/' ° <f)\t ■ TtT TtT an isomorphism. 
We will show that this implies i/; o is an isomorphism of complex analytic 
spaces near t. A similar result in algebraic geometry is Eisenbud [231 Cor. 7.17]. 
Write Ot^T for the algebra of germs of analytic functions on T defined near t. 
Write mt^T for the maximal ideal of / in Ot^r with f{t) = 0. 

In complex analytic geometry, the operations on Ot^x are not just addi- 
tion and multiplication. We can also apply holomorphic functions of several 
variables: if W is an open neighbourhood of in C' and F : W —> C is holomor- 
phic, then there is an operation : mfj, — >• Ot,T mapping : {fi, ■ ■ ■ ,fi) 

. . . , //). Let N — dimTjT, and choose gi,...,g]y G mt.r such that 
gi + rp, . . . , gjy + mfrp are a basis for mt^T/^tT — TfT. Then gi, . . . ,gN 
generate Ot,T over such operations . 

Let / G Ot,T- Since (ipoip)* : mt^T/y^tT ~^ n^t.T/trit ^ is an isomorphism, we 
see that {ip o . . . , (-0 o <^)*(5Af) project to a basis for mt^T/^tT^ they 

generate Ot^r over operations F*. Thus there exists a holomorphic function F 
defined near in with / = F{{'ip o <p)*{gi), .. .,{ip o (^)*(gjv))- Hence / = 
{ip o (^)*(F(gi, . . . ,5Ar)). Thus (-0 o p)* : Ot,T Ot,T is surjective. But Ot^r is 
noetherian as in Griffiths and Harris [33l p. 679], and a surjective endomorphism 
of a noetherian ring is an isomorphism. Therefore {ip o i^)* : Ot.x — ^ Ot.T is an 
isomorphism of local algebras. 

Since Ot^r determines {T,t) as a germ of complex analytic spaces, this im- 
plies Ip o ip is an isomorphism of complex analytic spaces near t, as we claimed 
above. Similarly, (p o ip is an isomorphism of complex analytic spaces near 
s. Thus ip and ip are isomorphisms of complex analytic spaces near s, t. So 
we can choose an open neighbourhood T' of t in F n (^"^(S'an) such that 
ip = (p\j,, ■ X' — ^{T') is an isomorphism of complex analytic spaces. 

The conditions (p{t) = s and <y5*(X'an) — F|xxT' are immediate. □ 

9.6 Writing the moduli space as Crit(/) 

We now return to the situation of i j9.11 and suppose A" is a Calabi-Yau 3-fold. 
Let A be a compact complex 3-manifold with trivial canonical bundle Kx , and 
pick a nonzero section of Kx, that is, a nonvanishing closed (3, 0)-form on X. 

Fix a C°° complex vector bundle F ^ A' on A, and choose a holomorphic 
structure Be on F. Then £/'^''^ is given by ()9.2p as in §9.11 Following Thomas 
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|100[ §3], define the holomorphic Chern-Simons functional CS : s^'^'^ — > C by 



CS -.Oe + A^ — J Tr{^{dEA) AA+ ^AaAaA) An. (9.6) 

Here A_e Ll(Eiid{E) (g)c A"'^T*X) and BeA € Ll_^(Eiid{E) 0c A°^^T*X). To 
form (DeA) A A and A A A A A we take the exterior product of the A"'«T*X 
factors, and multiply the End(i?) factors. So ^{BeA) A A + ^ A A A A A is a 
section of End{E) ®c A"^^^.*^. We then apply the trace Tr : End(£') C 
to get a (0, 3)-form, wedge with n, and integrate over X. As fc ^ 1, Sobolev 
Embedding and X compact with dimX = 6 imply A is and BeA is L^^^, so 
the integrand in (19. 6p is by Holder's inequality, and CS is well-defined. 

This CS is a cubic polynomial on the infinite-dimensional affine space 
It is a well-defined analytic function on ia/^''^ in the sense of Douady pill^ . 
An easy calculation shows that for aU A,a £ Ll(End{E) (g)c A^-'^T*X) we have 

- [CS{dE +A + ta)] = ^ J Tr(a A {BeA + AaA)) An, (9.7) 

where BeA + AaA = F^^ = Pk{BE+A) as in Essentially, equation (|9J| 

says that the 1-form dCS on the affine space ^^''^ is given at 9b -I- A by the 
(0, 2)-curvature F'^'^ of Be + A. 

Proposition 9.12. Suppose X is a compact complex 3-manifold with trivial 
canonical bundle, E ^ X a C°° complex vector bundle on X, and Oe a, holo- 
morphic structure on E. Define CS : sz/"^''^ <C by (j9.6p . Let Qe,T be as in 
Proposition 19.31 Then for sufficiently small e > 0, as a complex analytic sub- 
space of the finite- dimensional complex submanifold Qe, T is the critical locus 
of the holomorphic function CS\q^ : Qe ^ C. 

Proof Following [79, §1], define R, d Q, x Ll^^{End{E) ^cA"-^T*X) by 

R, = {{BE + A,B)eQ,xLl_^{EndiE)®cA'>'^T*X): 

B'eB = Q, Be[BeB - B AA + AAB) = Q]. 

Then Miyajima [79', Lem. 1.5] shows that for sufficiently small e > 0, i?e is a 
complex submanifold of x L\_-y(JLnd{E) ®c A°'^T*Ar), and in the notation 
of §9.11 the projection id xng2 : ^ x \s a, biholomorphism. Thus the 
projection ttq^ : i?e — > makes R^^ into a holomorphic vector bundle over Q^, 
with fibre S'^ = Ext"^ {{E, Be), {E,Be))- Note from that the fibres of ttq^ 
are vector subspaces of L^_;^(End(i?) (g)c A"'-^r*A'), so R^ is a vector subbundle 
of the infinite-dimensional vector bundle x L\_^{End{E)®cA^'^T*X) Q^. 

Let Be + A & Q„ and set B = PkipE + A)_= F^ = BeA + A A A. Then 
d*EB = by the definition ([Ml) of Q„ and OeB ~BAA + AAB = Qhy 
the Bianchi identity. So [Be + A, Pk{dE + A)) g R^. Thus Pfelg, is actually a 
holomorphic section of the holomorphic vector bundle Re ^ Qe- The complex 
analytic subspace T in is T = (-Pfc|Q,)^^(0). So we can regard T as the zeroes 
of the holomorphic section Pkiq^ of the holomorphic vector bundle R^ ^ Qe- 
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Define a holomorphic map ^ : ~^ T*Q^ by S : {ds+A, B) n- (Sb+^j as), 
where as £ T|^^^Qg is defined by 

aB{a)^^J Tr{aABAn) (9.9) 

for all a G Tg^+A^^ C L^(End(£;) (8)c A"^iT*X). Then S is linear between the 
fibres of R^,T*Qg, so it is a morphism of holomorphic vector bundles over Q^. 
Comparing and ([Q]) we see that when B = Pfc(a£; + A) = a£;A + AAAwe 
have aB = d(CS'|Q Jlg^^.^. Hence S o P^Iq, = d(CS'|Qj, that is, S takes the 
holomorphic section Pk of P^ to the holomorphic section d{CS\Qj of T*Q^. 

Now consider the fibres of and T*(5e at Be & Qe- As in [79l §1] we have 
Tq^Q, =S^= Ext^ {{E, Be), {E, Be)) and R,\-q^ =S^= Ext' ((£;, a^), {E, Be)) • 
But X is a Calabi-Yau 3-fold, so by Serre duality we have an isomorphism 
Ext2((£;,5i5), {E,Be)) = Ext^((i;,9£;), (i;,9£;))*. The linear map Sj^^ : R,\-q^ 
— > TJ is a multiple of this isomorphism, so is an isomorphism. This is 
an open condition, so by making e > smaller if necessary we can suppose that 
S : i?e — > T*Qf is an isomorphism of holomorphic bundles. Since S o Pk\Q^ = 
d(C5|Qj, it follows that T = (Pfc|Qj-^(0) coincides with (d(CS'lQj)-i(O) as 
a complex analytic subspace of Qg, as we have to prove. □ 

9.7 The proof of Theorem 15.41 

We can now prove Theorem 15.41 The second part of Theorem 15.31 shows that 
it is enough to prove Theorem 15.41 with Vecigi in place of A^si- Let AT be a 
projective Calabi-Yau 3-fold over C, and £ a simple algebraic vector bundle 
on X, with underlying C°° complex vector bundle E X and holomorphic 
structure Be- Then Proposition 19.31 gives a complex analytic space T, a point 
t G T with TtT = Ext^ (f , £), and a universal family (T, r) of simple holomorphic 
structures on E with T{t) — Be- 

Proposition 19.51 shows that (T, t) extends to a universal family (T, T) of 
simple analytic vector bundles. Then Proposition I9.10f a) gives an affine C- 
scheme S, a point s e S'an, a formally universal family of simple algebraic 
vector bundles {S, V) on X with Ds — £, and an etale map of complex algebraic 
spaces TT : S ^ Vecigi with 7r(s) = [£]. Write {San,T^an) for the underlying 
family of simple analytic vector bundles. Proposition l9 . 1 11 gives an isomorphism 
of complex analytic spaces (p : T' ^ S'^^^ between open neighbourhoods T' of t 
in T and S'^^^ of s in S'an, with ip{t) — s and </5*(2?an) — J^\xxT'- Proposition 
19.121 shows that we may write T as the critical locus oi CS\q^ : —?' C, where 

is a complex manifold with T^Q^ = Fixt^ {£,£). 

Since is a complex manifold with TtQ^ = Ext^ (£,£), we may identify 
Qe near t with an open neighbourhood J7 of u = in Ext^ {£,£). A natural 
way to do this is to map Qe ^ S'^ hy Be + A ^ 7r^i(yl.), and then use the 
isomorphism S'^ = Fixt^ {£,£). Let / : J7 — > C be the holomorphic function 
identified with CS\q^ : — > C. Since etale maps of complex algebraic spaces 
induce local isomorphisms of the underlying complex analytic spaces, putting all 
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this together yields an isomorphism of complex analytic spaces between A^si(C) 
near [E] and Crit(/) near 0, as we want. 

9.8 The proof of Theorem 15.51 

The first part of Theorem 15.31 shows that it is enough to prove Theorem 15.51 
with 2Ject in place of DJl. Let X be a projective Calabi-Yau 3-fold over C, 
and £ an algebraic vector bundle on X, with underlying C'°° complex vector 
bundle E ^ X and holomorphic structure Be- Let G be a maximal compact 
subgroup in Aut(£'), and its complexification G"^ a maximal reductive subgroup 
in A\xi{E). Then Propositions 19.31 and 19.51 give a complex analytic space T, a 
point t £ T with TtT = Ext^ {£,£), and versal families (T, r) of holomorphic 
structures on E and (T, J") of analytic vector bundles on E, with r(t) = Be 
and J't = {E, B e)- 

Proposition I9.10f b) gives a quasiprojective C-scheme S, an action of on 
S, a 1-morphism (f> : [S'/G^] QJeci smooth of relative dimension dim Aut(£') — 
dimG^ a G'^-invariant point s £ S{C) with $(s G") = [£] and TsS ^ Ext^(£, £), 
and a G'^-invariant, formally versal family of algebraic vector bundles {S, V) on 
X with Vs = £. By Serre [97] we have Aut(£:) = Aut(£;, Be), that is, the auto- 
morphisms of £ as an algebraic vector bundle coincide with the automorphisms 
of {E, Be) as an analytic vector bundle. 

Proposition 19.111 gives a local isomorphism of complex analytic spaces be- 
tween T near t and S'an near s, and Proposition 19. 12] gives an open neighbour- 
hood C/ of in Ext^(£, £) and a holomorphic function / : [/ — ^ C, where U = 
and / = GS'Iq^, and an isomorphism of complex analytic spaces between T and 
Crit(/) identifying t with 0. Putting these two isomorphisms together yields 
an open neighbourhood V of s in S'an, and an isomorphism of complex analytic 
spaces 5 : Crit(/) V with S(0) = s. 

Consider dS|o : Tq Crit(/) ^ T,V. We have Tq Crit(/) ^ F.xt\£,£) ^ TsV 
by Propositions and iniinib). The isomorphism roCrit(/) ^ F.xt\£^£) is 
determined by a choice of isomorphism of analytic vector bundles 771 : [E, 9b) — >■ 
J^f The isomorphism F,xt^{£,£) ^ TgV is determined by a choice of isomor- 
phism of analytic vector bundles 772 : (I'an)!- {E,Be)- The map S is de- 
termined by a choice of local isomorphism of versal families of analytic vector 
bundles 773 from (T, J-) near t to {S^n, Z^an) near s. Composing gives an isomor- 
phism 772 o ?73|j o 771 : {E, Be) {E, Be), so that 772 o 773|t o 771 lies in Aut{E, Be)- 

Following the definitions through we find that dS|o : Ext^(£, £) -^Ext^f, 
is conjugation by 7 = 772 o 773|t o 771 in Aut(i?, Be) = Aut(£). But in constructing 
773 we were free to choose the isomorphism rj^lt : J-t ^ (2?an)s, and we choose 
it to make 7 — idg, so that dS|o is the identity on Ext^(f , £). This proves the 
first part of the third paragraph of Theorem 15.51 It remains to prove the final 
part, that if G is a maximal compact subgroup of Ant(£) then we can take U, f 
to be G'^-invariant, and S to be G'^-equi variant. 

First we show that we can take U, f to be G-invariant. Now Aut(i?, Be) acts 
on fixing Be J ■ Be + A 1-^ Be + 7~^ 0^07, as in (|9.ip . since Be J = 
for 7 e Aut(i?, Be)- However, the construction of (T, t) in t )9. II involves a choice 
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of metric He on the fibres of E, which is used to define d^, and the norm in the 
condition < e in (|9-4I) . By averaging He over the action of G, which is 

compact, we can choose He to be G-invariant. Then is G-equivariant, and 
II • ll^^a is G-invariant, so in (j9.4p is G-invariant, and as Pk is G-equivariant 
the analytic subspace T — (A:|q,)^^(0) in is also G-invariant. 

In ^9M since dGS* maps B'^ to its (0, 2)-curvature by (|9.7p . it is equivariant 
under the gauge group so its first integral CS : jz/^' — > C is invariant 
under the subgroup Aut(£^, Oe) of fixing the point Oe in s^"^'^ , and CS\q^ is 
invariant under the maximal compact subgroup G of Aut(_E, Be)- We choose the 
identification of Qe with an open subset U of Ext^(£, to be the composition 
of the map — >■ taking Be + A ^ ir^i {A) with the isomorphism S"^ = 
Ext^(f As both of these are G-equivariant, we see that U C Ext^ and 
/:[/—> C arc both G-invariant. 

Then in Proposition 19. 11[ each of {T,t), (T, J^), (S', 2?) is equivariant under 
an action of G, which fixes t,0 and acts on TtT = Fixt^{£,£) = TqS through 
the action of Aut(£:) on Ext ^ We can choose the isomorphism of versal 

families of analytic vector bundles in ProDOsition l9. 1 ll to be G-equivariant, since 
the proofs of the versality property extend readily to equivariant versality under 
a compact Lie group. This then implies that S : Crit(/) V is G-equivariant. 

Next we modify U, /, S to make them G'^-invariant or G'^-equivariant. Let U' 
be a G-invariant connected open neig hbourhood of in [/ C Ext^(£:,£:). Define 
V = E{U') C 5an. Define ^ ■ U' in Ext^f,^) and V ^ G"" ■ V in 
S'an- Then J/*^, are G'^-invariant, and are open in Ext^(5, £), S'an, as they are 
unions of open sets 7 • J7, 7 • F over all j G G^. 

We wish to define f : U" C by f'%-f ■ u) ^ f{u) for 7 e G*^ and u e U' , 
and : Crit(/^) ^ by 2(7 • m) = 7 ■ E{u) for 7 e G'^ and u e CTit{f\u'). 
Clearly is G'^-invariant, and 5^ is G'^-equivariant, provided they are well- 
defined. To show they are, we must prove that if 71,72 G G'^ and wi,U2 G U' 
with 71 ■ Ml = 72 • U2 then f{ui) = /(U2), and 71 ■ = 72 • S(u2)- 

The G'^-orbit G*^ • wi = G'^ • 1*2 is a G-invariant complex submanifold of 
Ext\£,£), so (G'^ ■ui)r\U is a G-invariant complex submanifold of U. Since 
/ is G-invariant, it is constant on each G-orbit in (G*^ • ui) n ?7, so as / is 
holoniorphic it is constant on each connected component of (G*^ • ui) D U. We 
require that the G-invariant open neighbourhood U' of in U should satisfy 
the following condition: whenever ui,U2 G U' with G'^ • ui = G'^ ■ U2, then the 
connected component of (G^ ■ui)r\U containing ui should intersect G-U2- This 
is true provided U' is sufficiently small. 

Suppose this condition holds. Then / is constant on the connected compo- 
nent of (G*^ • ui) n U containing ui, with value /(ui). This component intersects 
G • U2, so it contains 7 • U2 for 7 e G. Hence = /(7 • U2) = /(M2) by 

G-invariance of /, and is well-defined. To show 'EF is well-defined we use a 
similar argument, based on the fact that if 7 £ G*^ and m,7 • m lie in the same 
connected component of {G'^ ■ u) OU then 2(7 ■ u) — j ■ since this holds 

for 7 G G and S is holomorphic. Then If^, f^jV^jEF satisfy the last part of 
Theorem I5.5i completing the proof. 
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10 The proof of Theorem 15.111 



Next we prove Theorem 15.111 Sections 110.11 and 110.21 prove equations (|5.2[) and 
(|5.3p . The authors got an important idea in the proof, that of proving (|5.2I) - 
(|5.3p by locaUzing at the fixed points of the action of {id^;^ +XidE2 ■ ^ G U(l)} 
on F.^t\Ei © E2,Ei © E2), from Kontsevich and Soibelman [51 §4.4 & §6.3]. 

10.1 Proof of equation (15. 2p 

We now prove equation (|5.2p of Theorem 15.111 Let X be a Calabi-Yau 3- fold 
over C, DJl the moduh stack of coherent sheaves on X, and Ei,E2 be coherent 
sheaves on X. Set E = i?i © i?2. Choose a maximal compact subgroup G 
of Aut(£') which contains the U(l)-subgroup T — {id^j +XidE2 ■ X G U(l)}. 
Apply Theorem 15.51 with these E and G. This gives an Aut(£')-invariant C- 
subscheme S in Ext^E',^;) with e S and TqS = Ext'^ {E,E), an etale 1- 
morphism $ : [S/ Aiit{E)] DJl with $([0]) — [E], a G^-invariant open neigh- 
bourhood [/ of in Ext^(£',i?) in the analytic topology, a ff^-invariant holo- 
morphic function / : [/ — s> C with /(O) = d/|o = 0, a G"^-invariant open 
neighbourhood 1^ of in 5an, and a G"^-equivariant isomorphism of complex 
analytic spaces 5 : Crit(/) V with S(0) = and dS|o the identity map on 
Ext\E,E). 

Then the Behrend function i/m at [E] — [Ei © E2] satisfies 
i^miE^ © E2) = >y[s/AntiE)]{0) = (-1)^'-^"*(^V5(0) 

where in the first step we use that as $ is etale it is smooth of relative dimension 
0, Theorem I4.3f ii). and Corollarv 14.51 in the second step Proposition 14.41 and 
in the third Theorem 14.71 

To define the Milnor fibre MFf{0) of / we use a Hermitian metric on 
Ext^(£',i?) invariant under the action of the compact Lie group G. Since U,f 
are G-invariant, it follows that ^ ffl and its domain is G-invariant, so each fibre 
4>Jq(z) for < |z| < e is G-invariant. Thus G, and its U(l)-subgroup T, acts 
on the Milnor fibre MFf{0). Now MFf{0) is a manifold, the interior of a com- 
pact manifold with boundary AIFf{0), and T acts smoothly on MFf{0) and 
MFfiO). Each orbit of T on MFf{Q) is either a single point, a fixed point of T, 
or a circle . The circle orbits contribute zero to x(AfF/(0)), as x(5^) — 0, so 

x{MFf{Q))=x{MFf{Qf), (10.2) 

where MFf{0)'^ is the fixed point set of T in MF/(0). 
Consider how T = {id^;^ +XidE2 ■ X E U(l)} acts on 

Ext^(£;,£;)=Ext^(£;i,i;i)xExt^(£;2,£;2)xExt^(£;i,£;2)xExt^(£;2,£;i). (10.3) 

As in Theorem 15.51 7 e T acts on e e Ext^(i?, E) hy j : e ^ ^ o e o 7^^. So 
id^i +XidE2 fixes the first two factors on the r.h.s. of (jl0.3p . multiplies the third 
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by A "'^ and the fourth by A. Therefore 

Ext^{E,Ef =Ext^{Ei,Ei) X Ext^{E2,E2) x {0} x {0}. (10.4) 

Now MFfiOf = MFfiO) n Ext\E, Ef = A/i^/,^^^,,^^,, (0). But Crit(/)^ = 
Crit(/|Exti(E._E)T)- Also as S is T-equi variant, it induces a local isomorphism 
of complex analytic spaces between near and Crit(/)-^ near 0. Hence 

Vst{{)) = (_l)d™Exti(Si,£;i)+dimExti(S2,£;2)^2 
= (_X)dimExti(_Bi,£;i)+dimExti(S2:-E2) 
= (_X)dimExt^(_Ei,£;i)+dimExt^(£;2,-E2) 

using Theorem 14.71 and equations (|10.2p and (|10.4I) . 

Let s' e S'^(C) C S'(C), and set [£;'] = $*(s') in an(C), so that E' G 
coh(X). As <& is etale, it induces isomorphisms of stabilizer groups. But 
IsO[s/Aut(£;)]('S') = StabAut(_E) (s'); ^'^d Isotjii ([£■']) = Aut(i?'), so we have an iso- 
morphism of complex Lie groups : StabAut(_E) (•?') — > Aut(£"). As s' G {C) 
we have T C StabAut(_E)(s'): so ^^It : — Aut(£^') is an injective mor- 
phism of Lie groups. Let R be the C-subscheme of points s' in S'^ for which 
$*|T(idEi -|-Aid_E2) = id^;' +Aid£;^ for some splitting E' ^ E[ G) E'^ and ah 
A G U(l). Taking E[ = Ei, E'^ = E2 shows that G R{C). 

We claim R is open and closed in 5'^. To see this, note that $t is of the 

form $*|T(id£;i +Aid_E2) = -^"^ idfi H + A"*" id_Fj^, for some splitting E' = 

El ® ■ ■ ■ ® Fk with El, . . . ,Fk indecomposable and ai, . . . , G Z. Then R is 
the subset of s' with {ai, . . . ,ak} = {0,1}. Therefore we see that 

E' = e„ezKer(A''idB' -$,|T(idB, +Aid£j) (10.6) 

for A G U(l) not of finite order, with only finitely many nonzero terms. Now 
the Hilbert polynomial at n of each term on the r.h.s. of (|10.6p is upper 
semicontinuous in S'^ , and of the l.h.s. is locally constant in . Hence the 
Hilbert polynomials of each term in (|10.6p are locally constant in S'^ , and in 
particular, whether Ker(A° id^' — $,|T(id£;i -|-Aid_E2)) ^ is locally constant in 
S'^. As R is the subset of s' with Ker(A" id_B' -$*|T(id_Ei -t-AidB^)) 7^ if and 
only if a = 0, 1, we see R is open and closed in 5*-^. 

The subgroup Aut(i?i) x Aut(i<^2) of Aut(ii^) commutes with T. Hence the 
action of Aut(i?i) x Aut(i?2) on S induced by the action of Aut(i?) on S pre- 
serves 5*^. The action of Aut(i?i) x Aut(i?2) on s' G ^^(C) does not change E' 
or : T Aut(i?') above up to isomorphism, so Aut(£^i) x Aut(£'2) also 

preserves R. Hence we can form the quotient stack [i?/ Aut(£'i) x Aut(i?2)]- 
The inclusions R^ S, Aut(£^i) x Aut(£'2) Aut(i?) induce a 1-morphism of 
quotient stacks t : [R/ Aut{Ei) x Aut(-B2)] ^ [5/ Aut(£')]. The family of coher- 
ent sheaves parametrized by S, Es, pulls back to a family of coherent sheaves, 
En^ parametrized by R. By definition of R we have a global splitting Er = 
Ers ffi Efi^2, where i?_R,i, £'i?,2 are the eigensubsheaves of $*|T(id£;j -|-Aid_E2) 



-xiMFfiOf)) (10.5) 
-x{MFf{0))), 
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in En with eigenvalues 1,A. These i?fl,i,i?j?,2 induce a 1-morphism ^ from 
[R/ Aut{Ei) X Aut{E2)] to m X m. 

Then we have a commutative diagram of 1-morphisms of Artin C-stacks 

[R/Aut{Ei) X Aut(£;2)] 1 ^ [S/Ant{E)] 

I* *| (10.7) 

mxM ^ m, 

where A : 971 x 9Jt — 9Jt is the 1-morphism acting on points as A : {E[, E'2) H> 
©£;^, such that * maps [0] to [{Ei,E2)], with : IsO[fl/Aut(£;i)xAut(£;2)](0) 
Isootxot(-£'i, -E2) the identity map on Aut(£'i) x Aut(£^2)- Furthermore, we 
will show that (|10.7I) is locally 2- Cartesian, in the sense that [R/ Aut(-Ei) x 
Aut(-E2)] is 1-isomorphic to an open substack ^ of the fibre product (971 x 
Sf^) Xa,ot.* [S/ Aut{E)]. Since the diagram (I10.7|) commutes, there exists a 1- 
morphism x ■ [i?/Aut(£;i) x Aut(£'2)] ^ (97t x 971) Xa^ot,* [5"/ Aut(£')]. It is 
sufficient to construct a local inverse for x- 

The reason it may not be globally 2-Cartesian is that there might be points 
s' € S with $,([s']) = [E[ ® E'2], so that : StabAut(iS)(s') ^ Ant{E[ © E'^) 
is an isomorphism, but such that the U(l)-subgroup $~^({id£;j ©Aid^^ : A £ 
U(l)}) in Aut(£') is not conjugate to T in Aut(£'). Then s',E[,E'2 would 
yield a point in (97t x 971) Xa,ot,$ [S'/Aut(i?)] not corresponding to a point 
of [i?/Aut(£'i) X Aut(£'2)]. However, since U(l)-subgroups of Aut(i?) up to 
conjugation are discrete objects, the condition that ^"^({id^;^ ©Aids^ : A G 
U(l)}) is conjugate to T in Aut(£') is open in (97t x 97t) Xa.dji,* [S/ A\ii{E)]. 
Write 9a for this open substack of (97t x 97t) Xa.ot,* [S/ Ani{E)]. Then x 
maps [i?/ Aut(£'i) x Aut(i;2)] ^ 9^. 

Let i? be a base C-scheme and : B — ?► 91 a 1-morphism. Then {B, 9) 
parametrizes the following objects: a principal Aut(i?)-torsor -q : P ^ B; &n 
Aut(£')-equivariant morphism C, : P ^ S; a, _B-family of coherent sheaves Eb = 
Eb,i ffi Eb,2', and an isomorphism C,*{Es) = rj*{EB), where Es is the family of 
coherent sheaves parametrized by S. The open condition on 91 implies that C, 
maps P into R C S"^ . The isomorphism between (*{Es) and rj*{EB) implies 
there exists an (Aut(£^i) x Aut(_E2))-subtorsor Q of P over B and the restriction 
of C to Q is (Aut(£'i) X Aut(£'2))-equivariant. Therefore induces a 1-morphism 
K : B [R/ AvLt{Ei) x Aut(i?2)]. As this holds functorially for ah B,9 there is 
a 1-morphism ^ : 91 — > [R/ Aut(i?i) x Aut(£^2)] with k, 2-isomorphic to ^ o 6* for 
all such B,9, and ^ is the required inverse for x- 

Since (|10.7p is locally 2-Cartesian and $ is etale, ^E* is etale. Thus ^ is 
smooth of relative dimension 0, and Corollary 14.51 and Theorem I4.3f ii) imply 
that !^[_R/Aut(£;i)xAut(£;2)] = '^*{i'mxm)- Hence 

i^m{Ei)i'm{E2) = i^rnxmi^i, E2) — i^ir/ Aut(Ei)xAut(E2)] (0) 

— ^_-|^-)dimAut(_Ei)-|-diinAut(_E2)j^^^Q^ (10.8) 
= (_l)dimAut(Bi)-|-dimAut(_B2)j^^^(-0)^ 
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using Theoreni l4.3f iii) and Corollary 14. 5 1 in the first step, Aut(Ei)xAut(_E2)] — 
4'*(t'OTxOT) and \l/*([0]) = [{Ei,E2)] in the second, Proposition lOl in the third, 
and R open in in the fourth. 

Combining equations (jlO.ll) . (jlO.Sp and (|10.8I) yields 

•^miEl © E2) = (_l)dimAut(£)+dimExtn£,£) 

^_-[^-jdimExti(£;i,£;i)+dimExtH£;2,S2) (10.9) 
^dim Aut (Bi ) +dim Aut (£2 ) „<jj^(Ei)iym{E2) . 

To sort out the signs, note that Aut(i?) is open in 

}Iom{E,E) = llom{Ei,Ei) ®}iom{E2,E2) ®lioin{Ei,E2) ®'Roin{E2,Ei). 
Cancelling (_i)dimHom(£;,,E.)^ ^ _ ) dim Ext^ (£.,£;.) foj. J = 1^2, the sign in mM 

becomes (_l)dimHoin(£;i,_E2)+dimHom(_E2,Bl)+dimExt^(Ei,£2)+dimExt^(£;2,Bl) X 

is a Calabi-Yau 3-fold, Serre duality gives dim Hom(£;2 ,Ei) = dim Ext^ (Si , ^2 ) 
and dimExt^(i?2, = diniExt^(i?i, i?2). Hence the overall sign in (|10.9p is 

(_l)dimHom(£;i,£;2)-dimExti(£;i,£;2)+dimExt^(Ei,£;2)-dimExt^(£;i,_B2) 

which is (-l)x([-Bi],[B2])^ proving 



10.2 Proof of equation O 

We continue to use the notation of ijlO.ll Using the splitting (|10.3p . write 
elements of Ext"^ (i?, _B) as (en, £22, £12, £21) with e^j G F:xt^ (Ei, Ej). 

Proposition 10.1. Let £12 G Ext^(£'i, £^2) and £21 G Ext^(£;2, ^i)- Then 

(i) (0, 0, £12, 0), (0, 0, 0, £21) G Crit(/) C C/ C Ext\E, E), and (0, 0, £12, 0), (0, 
0,0, £21) G y C SiC) C Ext^(£;,i;); 

(ii) S maps (0,0,£i2,0) ^ (0,0, £12,0) and (0,0,0, £21) ^ (0,0,0, £21); and 

(iii) <i>* : [S / Ant{E)](C) OT(C), t/ie induced morphism on closed points, 
maps [(0, 0, 0, £21)] ^ [F] and [(0, 0, £12, 0)] 1— > [F'], where the exact se- 
quences 0-i-Ei->F^E2^Q and ^ E2 ^ F' ^ Ei ^ in coh(X) 
correspond to £21 G Ext^(£'2, -Ei) and £12 G Ext^ (i?i, i?2), respectively. 



Proof. For (i) = {ids, +AidB, : A G (G,„}, which acts on Ext'^{E,E) by 

A : (£11, £22, £12, £21) ^ (£11, £22, A~^£i2, A£2i). (10.10) 

Since U is an open neighbourhood of in Ext^ {E, E) in the analytic topology, we 
see that (0, 0, A^i£i2, 0) G U for |A| > 1 and (0,0,0,A£2i) G f/ for < |A| < 1. 
Hence (0, 0, £12, 0), (0, 0, 0, £21) G /7 as J7 is G"^-invariant, and so T^-invariant. 

As / is r'^-invariant we have /(£ii, £22, £12, 0) = /(£ii, £22, A^^£i2, 0), so 
taking the limit A 00 and using continuity of / gives /(£ii, £22, £12, 0) = 
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/(en, £22, 0,0). Similarly /(en, £22, 0, £21) = /(en, 622, 0, 0). But /(0, 0,0,0) = 
d/|o = 0, so we see that /(O, 0, ei2, 0) = /(O, 0, 0, 621) = 0, and 

d/|(o.o,ci2,o) • (en,e22>ei2.0) = 0, d/|(o,o,o,e2i) • (e'n. 42> 0, e^^) = 0. (10.11) 
Now by (|10.10l) . T'^-invariance of / and linearity in e'12 we see that 

d/|(0,0,0,e2l) • (0,0,6^2,0) = A"M/|(o^o,0,A£2l) ' (0,0,612,0). 

Using this and d/|o = to differentiate d/ • (0, 0, 6^2, 0) at 0, we find that 

(aV)|o-(e2iS5e;2) 

= liniA^o (d/|(o,o,o,A.2i) • (0, 0, 6^2, 0) - d/|(o,o,o,o) • (0, 0, e'12, 0)) 
= limA^o(d/| (0,0,0,621) ' (0,0, £12,0) - O) = d/|(o,o,o,e2i) ' (0,0, £'12,0). 

But ToCrit(/) = Ext^{E,E), which implies that {d^f)\o = 0, so d/|(o,o,o,e2i) " 
(0,0, £12,0) = 0. Together with (jlO.lip this gives d/|(o,o. 0,621) = 0, and sim- 
ilarly d/|(o,o,ei2,o) = 0. Therefore (0, 0, £12, 0), (0, 0, 0, £21) £ Crit(/) C [/ C 
Ext^(£',i?), as we have to prove. 

For (ii), let 5(0, 0, 0, £21) — (e'n, £22^ ^'121 ^21)- S is T'^-equivariant, this 
gives S(0, 0, 0, A£2i) = (e'n, £221 ^^^£'12, ^£21). But S(0) — and S is con- 
tinuous, so taking the limit A — gives E!(0, 0, 0, £21) — (0,0,0, £21). Thus 
S(0,0,0, A£2i) = (0,0,0, A£^i). But dSjo is the identity on Ext\E,E), which 
forces £21 — £21. Hence 2(0, 0,0, £21) = (0,0,0, £21), so that (0,0, 0, £21) S V, 
and similarly S(0, 0, £12, 0) = (0, 0, £12, 0) with (0, 0, £12, 0) £ V, as we want. 

Part (iii) is trivial when £21 = £12 = and F ^ F' — E, so suppose 
£21, £12 7^ 0. Then [F] is the unique point in 3Jl(C), with its nonseparated 
topology, which is distinct from [E] but infinitesimally close to [E] in direc- 
tion (0,0,0, £21) in T[E]M = Ext^E',^;). Similarly, [(0, 0, £12, 0)] is the unique 
point in [S/ Aut(£^)], with its nonseparated topology, which is distinct from 
[0] but infinitesimally close to [0] in direction (0,0, £12,0) in T[o] [5*/ Aut(i?)] = 
Ext^{E,E). But maps [0] ^ [E], and d$, : T[o][S/ Aut{E)] -> T[e]M is 
the identity on Ext^{E,E). It follows that maps [(0, 0, 0, £21)] ^^ [F], and 
similarly maps [(0, 0, £12, 0)] 1-^ [F']. □ 

Let 7^ £21 G Ext^(i?2, -El) correspond to the short exact sequence — )■ 
El ^ F ^ E2 ^ in coh(X). Then 

i^miF) - ;^[s/Aut(£)] (0,0,0, £21) = (-l)'^™^"*(^V5(0,0,0,£2i) 

^ (_^)dimAut(B)+diniExti(B,B)(^_^(^^^^(O^O^Q^^^^)))^ 

using : [(0, 0, 0, £21)] [F] from Proposition 110. ll $ smooth of relative 
dimension 0, Corollary 14.51 and Theorem I4.3f ii') in the first step, Proposition 
14.41 in the second, and S : (0, 0, 0, £21) ^ (0, 0, 0, £21) from Proposition 1 1 . 1 1 and 
Theorem 14.71 in the last step. 

Substituting (|10.12p and its analogue for F' into (|5.3p , using equation (|10.ip 
and x(MF/(0)) = x{MFf\^^^^^^ b)t(O)) OTH to substitute for vm{Ei © 
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E2), and cancelling factors of (_i)dimAut(E)+dimExti(B,_E)^ ^j^^^ 
equivalent to 

/ (l-x(Mf/(0,0,0,e2i)))dx- / (l-x(MF/(0,0,ei2,0)))dx 

-'[«2i]6P(Exti(-B2,Ei)) J[ei2]eP(Exti(Si,£;2)) 

= (dimExti(£;2,i?i) - diniExti(£;i,i?2))(l - x(Mi^/|,,,i,^,,,^(0))). 

(10.13) 

Here x{MFf {0,0,0, €21)) is independent of the choice of £21 representing the 
point [e2i] e P{Ext\E2,Ei)), and is a constructible function of [e2i], so the 
integrals in (|10.13p are well-defined. 

Set U' — {(eii, £22, £12, £21) G ?7 : £21 7^ 0}, an open set in U, and write 
V for the submanifold of (£11, £22, £12, £21) G U' with £12 = 0. Let C/' be the 
blowup of U' along V , with projection tt' : U' U' . Points of U' may be 
written (£11, £22, [£12], A£i2, £21), where [£12] € P(Ext^ (£'1, i?2)), and A G C, and 
£21 ^ 0. Write /' = f\u' and /' = /' o tt'. Then applying Theorem iH] to 
f7', y , /', il', tt', /' at the point (0, 0, 0, £21) G U' gives 

x(AfFy(0,0,0,£2i)) = / x(Mf^/.(0,0,[£i2],0,£2i))dx 

"'[ei2leP(Exti(_Bi,£;2)) (10.14) 

+ (1 - dimExt^i^i, S2))x(Mi^/|^, (0, 0, 0, £21)). 

Let L12 P(Ext^(£:i,£:2)) and L21 P(Ext^ (£;2, £^1)) be the tautological 
line bundles, so that the fibre of L12 over a point [£12] in P(Ext^(ii^i, i?2)) is 
the 1-dimensional subspace {A £12 : A G C} in Ext^(£^i, i?2). Consider the line 
bundle L12 (g>L2i P(Ext^ (£^1, S2)) x P(Ext^(£:2, ^i)). The fibre of L12 « L21 
over ([£12], [£21]) is {A £12 » £21 : A G C}. 

Write points of the total space of L12® £21 as ([£12], [£21], A £12 (8)£2i) . Define 
W C YjyA}{Ei,Ei) x Ext^(i?2, -E2) x (L12 <S>L2i) to be the open subset of points 
(£11, £22, [£12], [£21], A £12 <8i £21) for which (£21, £22, A £12, £21) lies in U. Since U 
is r'^-invariant, this definition is independent of the choice of representatives 
£12, £21 for [£12], [£21], since any other choice would replace (£11, £22, A £12, £21) 
by (£11, £22, A/i£i2, /i~^£2i) for some /i G Gm- Define a holomorphic function 
h -.W ^ Chy /i(£ii,£22, [£12], [£21], A £12 ® £21) = /(£ii, £22, A £12, £21). As / is 
T'^-invariant, the same argument shows h is well-defined. 

Define a projection li : U' W hy li : (£11, £22, [£12], A£i2, £21) H> (£11, £22, 
[£12], [£21], A£i2 ® £21)- Then n is a smooth holomorphic submersion, with fi- 
bre Gm- Furthermore, we have f = h o li. It follows that the Milnor fi- 
bre of /' at (£11, £22, [£12], A£i2, £21) is the product of the Milnor fibre of h at 
(£11, £22, [£12], [£21], A£i2 ® £21) with a small ball in C, so they have the same 
Euler characteristic. That is, 

x(Mi^/,(0,0,[£i2],0,£2l)) =x(Mi^h(0,0,[£i2],[£2l],0)). (10.15) 

Also, we have /(£ii, £22, 0, £21) — /(£ii, £22, 0, 0) as in the proof of Proposition 
110.11 so the Milnor fibre of f\v' at (0, 0, 0, £21) is the product of the Milnor fibre 
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of f\Ext^(E,E)'^ at with a small ball in F,xt^{E2, Ei), and they have the same 
Euler characteristic. That is, 

X(MF;|,, (0, 0, 0, = x(Mi^/|,,..,,,,,. (0)) . (10.16) 

Substituting (110.15^ and (|10.16p into (|10.14p gives 

x(Mi^/(0, 0, 0,621)) = / x(MF^(0,0,[ei2],[e2i],0))dx 
"'[£i2]eP(Exti(Si,£;2)) 

+ (1 -dimExti(£;i,£;2))x(MF;|^^^,^^^^,(0)). 
Integrating this over [e2i] G P(Ext^ (£'2, i?i)) yields 

/ x(MF/(0,0,0,e2i))dx- / x(MF;,(0, 0, [612], [£21], 0)) dx 

•^[e2i]eP(Exti(_E2,£i)) J([£i2],[c2i])eIP(Exti(£;i,_E2))xP(Exti(£;2,Bi)) 

+ (1 -dimExti(i?i,£;2)) dimExti(£;2,i?i) •x(Mi^/|,,,.i(,,,,.(0)), 

(10.17) 

since x(P(Ext^(£;2, -Ei))) = dimExt^(£;2,i^i)- Similarly we have 

/ x(MF/(0,0,ei2,0))dx= / x(A'/F„(0, 0, [e^, [£21], 0)) dx 

J[ei2]GP(Exti(_Ei,£;2)) J ([£12] , [€2i])eP(Exti (£i ,^2)) xP(Exti (£2 ,£i )) 

+ (1 - dim Extl ^ ^.^ g^^i ^j^^y x{MFf\^^^, (0)) . 

(10.18) 

Equation (jlO.lSp now follows from (jlO.lSp minus (110. 17p . This completes the 
proof of 

11 The proof of Theorem 15.141 

We use the notation of 31]"S1 and Theorem 15.141 It is sufficient to prove that 

is a Lie algebra morphism, as I' = o 11^ and : S¥'^^{m) 

SF!2'^(2rt, X; Q) is a Lie algebra morphism as in i|3.1l The rough idea is to insert 
Behrend functions i'ot as weights in the proof of Theorem l3.16l in [SH §6.4], and 
use the identities (|5.2l) - (|5.3p . However, [551 §6.4] involved lifting from Euler 
characteristics to virtual Poincare polynomials; here we give an alternative proof 
involving only Euler characteristics, and also change some methods in the proof. 

We must show 4"^'Q([/,g]) = [^^'Hf)M'%9)\ for /,5 e SY''f{dJl,xM- 
It is enough to do this for f,g supported on 971", respectively, for a,/3 G 
C(coh(X)) U {0}. Choose finite type, open C-substacks il in 931" and 5J in 
dK^ such that /, g are supported on il, 23. This is possible as /, g are sup- 
ported on constructible sets and 9Jl",9n^ are locally of finite type. As il,Q3 
are of finite type the families of sheaves they parametrize are bounded, so 
by Serre vanishing [44] Lem. 1.7.6] we can choose n such that for all 
[E{\ e iI(C) and [E2] e 2J(C) we have H'{Ej{n)) = for alH > and j = 
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1,2. Hence dimH°{Ei{n)) = x([Ox(-n)], a) = Pa{n) and diniiJ0(i;2(n)) = 
xdOxi—n)], l3) = Ppin), where Pa^Pp are the Hilbert polynomials of a,/3. 

Consider Grothendieck's Quot Scheme Quot^^ (?7 ® Oxl— fi), ^a), explained 
in [44l §2.2], which parametrizes quotients U ® Ox{~n) E oi the fixed co- 
herent sheaf U ^Oxi—n) over X, such that E has fixed Hilbert polynomial Pa. 
By [lU Th. 2.2.4], Q-aotx{U ®Ox{—rL), Pa) is a projective C-scheme represent- 
ing the moduli functor Quotx(C/ ® Ox{—n), Pa) of such quotients. 

Define Qu,n to be the subscheme of Quot^^ ([/ (g) fi),^Q) representing 

quotients U (S) Oxi—n) -» Ei such that [i?i] S iI(C), and the morphism J7 (E) 
Ox{—n) El is induced by an isomorphism cj) : U H^{Ei{n)), noting that 
[El] e il(C) implies that dimH°{Ei{n)) = Pa{n) = dimC/. This is an open 
condition on U Ox{—n) Ei, as il is open in 9Jt", so Qu.n is open in 
Quotjf ([/ (8) Oxi—n), Pa), and is a quasiprojective C-scheme, with 

QiL,n{C) = {isomorphism classes [{Ei,(f>i)] of pairs {Ei,(f>i): 

[El] e il(C), (1)1 : U H°{Ei{n)) is an isomorphism}. ^^^'^^ 

The algebraic C-group GL(C/) ^ GL(Fct(n),C) acts on the right on Qu,n, on 
points as 7 : [(i?i,(/)i)] 07)] in the representation (jll.ip . Similarly, 

we define an open subscheme in Quotx {V (E) Ox {-n),Pp) with a right 

action of Gh{V). In the usual way we have 1-isomorphisms of Artin C-stacks 

= [Qn.n/ GL(C/)], 23 = [Qa,,„/ GL(F)], (11.2) 

which write il, QJ as global quotient stacks. 

The definition of the Ringel-Hall multiplication * on SFai in in- 
volves the moduli stack Cyact of short exact sequences 0— >F— >i?2— ^0 
in coh(X), and 1-morphisms 7ri,7r2,7r3 : (Syact — >■ mapping — s- £^1 — ^ F — > 
^2 — to Fi , F, E2 respectively. Thus we have a 1-morphism tti x 773 : Cyoct — 
9}t X 9Jl. We wish to describe (Syact and tti x tt^ over it x 23 in 9Jl x 2)1. Suppose 
[0 ^ Fi ^ F ^- ^2 ^- 0] is a point in £yact(C) which is mapped to (il x 23) (C) 
by TTi X TTg. Thcu [El] e il(C) and [E2] e 2J(C), so Ei,E2 have Hilbert poly- 
nomials Pa,Pp, and thus F has Hilbert polynomial Pa+0- Also H^{Ej{n)) — 
for ah i > and j = 1, 2 and dim7?°(Fi(n)) = Pa(n), dimi?"(£;2(n)) = F/^(n). 
Applying Hom(C'x(-ri), *) to — >■ Fi — >■ F — J> i?2 — J> shows that 

^H"{Ei{n)) ^H°{F{n)) ^ H°{E2{n)) ^0 

is exact, so that dim H°{F{n)) = Pa+p{n), and W{F{n)) = for i > 0. 

By a similar argument to the construction of the Quot scheme in [3¥l §2.2], 
one can construct a 'Quot scheme for exact sequences' ^ Ei ^ F ^ E2 ^ 0, 
which are quotients of the natural split short exact sequence of coherent sheaves 
-)■ U ^ Ox{-n) -> ([/ ® F) ® Ox{-n) V (E) Oxi-n) 0. There is an 
open subscheme Qu,<X3,n of this Quot scheme for exact sequences such that, in 
a similar way to (jll.ll) . there is a natural identification between Qu,QJ,ri(C) and 
the set of isomorphism classes of data (0 ^ Fi F E2 — > 0, 0i, </>, (/)2) where 
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(1)1 -.U ^ H°{Ei{n)), (l> -.U^V H°{F{n)) and <p2 ■ V ^ H°{E2{n)) are 
isomorphisms, and the foUowing diagram commutes: 

^U(BV ^0 

aj^l sj</> ^\<p2 

^ H^{Ei{n)) ^ ^ i/"(-B2 W) ^ 0. 

The automorphism group of the sequence 0— >[/ -^U®V^V^Q\s the 
algebraic C-group (GL([/) x G\j{V)) k Hom(V,[/), with multiplication 

(7, <5, e) • (y, 5', e') = (7 o 7', 5 o 7 o e' + e o 5') 

for 7,7' e GL(C/), 5,5' e GL(F), e,e' e Hom(y,J7). It is the subgroup of ele- 
ments [ID inGh{U®V). Then(GL(J7)xGL(V^))KHom(F,f/) acts naturally 
on the right on Qu.'H.n- On points in the representation above it acts by 

(7, 5,t):{Q^Ei^F^E2^Q, <?!>i, 0, ^2) ^ 

{Q^ Ei^ F ^ E2^Q,<t)io-i,(^o{ll),^2o5). 

As for (|11.2p . we have a 1-isomorphism 

(il X 9J).„x..^.OTxOT,.ix., £j:act^[Qu.'».n/(GL([/)xGL(V^)) x Hom(V^,[/)], 

(11.3) 

where l^x : ii ^ 371, tQj : 2J — > 9Jt are the inclusions, and the l.h.s. of (|11.3p is 
the open C-substack of €j:act taken to il x QJ in 971 x by tti x 713. 

There are projections 11^ : Qu/JJ.n Qu.n, Hrri : Qii,9j.n — > Qn,n acting by 

Hu, n^, : [(0 ^ £;i ^ ^ ^ 0, ^i, 0, 02)] ^ [{Ei,(^i)\ , [(^^2, </'2)] . 

Combining IIn, Ilfri with the natural projections of algebraic C-groups (GL(C/) x 
Gh{V)) K Hom(F,[/) ^ Gh(U),Gh{V) gives 1-morphisms 

nil : [Qu,<».n/(GL(;7) X GL(F)) x Hom(V^, [/)] [Qu^n/ GL([/)], 
: [Qix,v^n/{Gh{U) X GL(T/)) x Hom(t/, {/)] ^ [gaj,„/ GL(T/)], 

which are 2-isomorphic to tti, tts under the 1-isomorphisms (|11.2p . (|11.3p . There 
is a morphism z : Qn.n x Q'jj,ti Qu,5J.n which embeds Qu.n x (39j,n as a closed 
subscheme of (3ii,2J,n, given on points by 

z: {[{Ei,(t)i)],[{E2,(t)2)]) ^ [{0^Ei-^Ei(BE2^E2^0,(t>iAi(Bc^2A2)]- 

Write Q'u <}j n = Qii,2J,n \ z{Qu,^n X an open subscheme of Qii,2J,n- 

Let qi e Qu,ra(C) correspond to under (jll.ip . and q2 £ (5aj,ri(C) 

correspond to [{E2,(f>2)]- Then the fibre (Ily x naj)*(gi,g2) of IIu x Ilrri over 
(91, 92) is a subscheme of Qu,w,ti of points [(0 — >■ i?i — > £^2 0, </>!, 0, ^2)] 
with El, E2, (f>2 fixed. By the usual correspondence between extensions and 
vector spaces Ext^(, ) we find (Xly x IIqj)* (51,^2) is a C-vector space, which 
we write as W^^^\, where G is z{qi,q2). The subgroup Hom(y, t/) 
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of (GL(C/) X GL{V)) K Rom{V,U) acts on (Hy x n<n)*{qi,q2) = W;^]^^ by 
translations. Write this action as a linear map Ll^'^„ '■ Hom(F, U) 
We claim this fits into an exact sequence 

^ Hom(£;2, -El) ^ Hom(y, U) -^-^ W^5i!»'„ Ext\E2, Ei) ^ 0. (11.5) 

To see this, note that the fibre of n[j x Hi^ over ((71,(72) is the quotient stack 
[^u!»'n/Hom(l/, C/)], where Hom(V^, U) acts on W^]:§^^ by e : w^w+Lll;^'Je), 
whereas the fibre of tti x 713 : Cyact ^ 971 x 971 over {Ei , ) is the quo- 
tient stack [Ext^(£^2,E^i)/Hom(£'2,£'i)], where Hom(£^2,-Ei) acts triviaUy on 
Ext^(£'2, E'l)- The 1-isomorphisms (lll.2p and (|11.3I) induce a 1-isomorphism 
[W'u'Cn/Hom(T/,C/)] ^ [Ext^{E2,Ei)/Rom{E2,Ei)], which gives (HUD. 

We can repeat aU the above material on Qii,2J,n with il,QJ exchanged. We 
use the corresponding notation with accents We obtain a quasiprojective 
C-scheme Q<a,u,n whose C-points are isomorphism classes of data {0 ^ E2 ^ 
F^Ei^ O,02,<^,» where [E2] G »(C), [Ei] e il(C), ^2 : V ^ H°{E2{n)), 
4) : V ®U ^ H°{F{n)) and 4>i : U ^ H'^{Ei{n)) are isomorphisms, and the 
following diagram commutes: 

^V®U ^0 

^ H^{E2{n)) ^ H°{F{n)) ^ H°{Ei{n)) ^ 0. 

There is a closed embedding z : Qijj.n x Qu.n Q<s.u,m and we write Q'<^ un ~ 
Qm,u,n \ 5((9aj,,i X Qu,,i)- 

The algebraic C-group {GL{V) x GL{U)) x Hom(C/, V) acts on Qm.ii.n with 

(2Jxil),.„x.n,OTxOT,.ix.3 (S?aci^^^[g<a,u,n/(GL(V^)xGL(C/))KHoni((7,F)]. 

There are natural projections n^j, lly : Qu.ai.n ^ Qv.m Qix,n and lljjj, n[j from 
[Q»,u,«/(GL(F) x GL({/)) K Hom([/,F)] to [g>a,„/ GL(1/)], [Qii,„/ GL(;7)]. If 
qi e Qu,n(C) and 52 G Q>iT,n(C) correspond to [(i?i,0i)] and [(i?2,02)] then 
(IIqj x IIh)*((72, (7i) in Q2j,u,n is a C- vector space W^(§^;i^„ with an exact sequence 

£92 ■91 

^ Hom(Si,i;2) ^ Hom([/, V^) VFli'u'n Exti(£;i, £;2) ^ 0. (11.6) 

Now consider the stack function / e SFlj"'^(97t, x, Q)- Since / is supported 
on it, by Proposition 13.41 we may write / in the form 

I ^lT^^l5^[{Z^ X [SpCC C/G^] , O p. )] , (H-^) 

where 5i G Q, Zi is a quasiprojective C-variety, and pi : Zi x [SpecC/G„i] — >■ 
it is representable for i — l,...,n, and uj : it 971 is the inclusion, and 
each term in ()11.7p has algebra stabilizers. Consider the fibre product Pi = 
Zi ><-pi,u,-7Tu Qu,n, where ttu : Qu,n — ^ H is the projection induced by (|11.2p . As 
TTu is a principal GL(J7)-bundle of Artin C-stacks, tti : — Zi is a principal 
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GL([/)-bundle of C-schemes, and so is Zariski locally trivial as GL{U) is special. 
Thus by cutting the Zi into smaller pieces using relation Definition 12. 16^ ). 
we can suppose the fibrations tti : — > Zi are trivial, with trivializations 
Pi = Zi X GL(f7). Composing the morphisms Zi Zi x {1} c Pi —^Qu^n 
gives a morphism ^i : Zi ^ Qu,n- 

The algebra stabilizers condition implies that if z G Zi{C) and (iu o pi)^{z) 
is a point [E] e 2t(C) then on stabilizer groups (tu o : Gm — Aut(i?) 
must map A ^ Aidg. If q £ Qu,ri(C) with (7rii)*(q) — [E] then (ttu)* : 
StabQL([/) (g) — s- Aut(£') is an isomorphism, and from the construction it fol- 
lows that (ttu), maps Xidjj — s> Aid^; for A G G„i. Hence the 1-morphism 
pi : Zi X [SpecC/G„i] — s> [Qu,ri/ GL([/)] ^ il acts on stabilizer groups as 
(pi)* : A Xidu for A G G,„, for all z G Zi{C). It is now easy to see that 
the 1-morphism pi : Zi x [SpecC/Gm] — > il, regarded as a morphism of global 
quotient stacks pi : [Zi/Gm] [Qix,n/ GL{U)] where Gm acts trivially on Zi, is 
induced by the morphisms £_i : Zi ^ Qu,n of C-schemes and lu ■ Gm GL{U) 
of algebraic C-groups mapping Ijj '■ Xidu- 

Thus we may write / in the form (jll.7p . where each Zi is a quasiprojective 
C-variety and each pi : Zi x [SpecC/G™] — >■ [Qu,n/ GL{U)] = il is induced by 
^i : Zi Qn.n and lu : G„i — > GL(C/), /[/ : A Aidjy. Similarly, we may write 

9 = E^=i -^jK^j X [SpecC/G,„], taj o p,)], (11.8) 

where is quasiprojective and pj : Zj x [SpecC/G„i] — s> [Qn^n/ GL(y)] = 2J 
is induced by £,j : Zj — >■ Qaj,™ and ly : G,,,. — > GL(y), /y : A ^ Aidy. 

Combining (|11.7p - (|11.8l) gives an expression for / ® 5 in SF(9Jl x DJt, x, Q)- 

f®9^ Eti Ef=i S^S, [{Z, X Z, X [SpecC/G^], {nx x l^) o (p, x p,))] . (11.9) 

Using the 1-isomorphisms (|11.2p , ()11.3p and the correspondence between the 1- 
morphisms 7^1,7:3 and n[j,n^jj in (jll.4l) and nu,nQj, we obtain 1-isomorphisms 

(Z, X Zj X [SpecC/G^]) xj^^ x,,jj)o(p^xp,),OTxOT,7riX7r3 "Syact 

^ (Z,xZjx[SpecC/G^])x [gii,aj,„/(GL({7) xGL(l/)) KHom(l/, [/)] 

PiXpj,lQu.„/ GL{U)]xlQ.v,„/ GL{V)],n'aXn'^ 

= [{{Z,xZ,) x^^,|^,Q^,^xQ.^„.n,xn., Qu,9J,„)/G^ k Hom(T/, [/)] , 

(11.10) 

where in the last line, the multiplication in G^ x Hom(F, U) is (A, p,, e) • {X' , p' , e') 
= {XX',pp',Xe' + p'e) for X,X',p,p' G G™ and e, e' G lioui(V,U), and G^ K 
Hom(y, J7) acts on (Z.; x Zj) x... Qu^<s,n by the composition of the morphism 
G^ X Hom(y, U) ->■ (GL([/) x GL{V)) x Hom(F, [/) mapping (A, p, e) (Aid;/, 
pidv, e) and the action of (GL([/) x GL(l^)) x Hom(l/, [/) on Qu,<»,n, with the 
trivial action on X Z j . 

Now f *g ^ (7r2)*((7ri x TTsYif ®g)) by p.3p . Applying (tti x tts)* to each 
term in ()11.9p involves the fibre product in the first line of (|11.10p . So from 
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dSSl), ([TO)) and (jll.lOp we see that 

n n 

/ * 5 = E E ^^'^1 [{[(ZrXZ,) XQ,. „xQ^ „Qu,2J.n/G2„ KHom(V^, f^)] ^ ^ 

(11.11) 

for l-morphisms V'^j : [(^jXZj) x ... (3u,<».n/G^ixHom(y, [/)] ^971"+'^. Similarly 

n n 

5 * / = E E-^'-^^- [([(^J- ^ ^■') XQ>.,.xQu,„Q2T,il,n/G^ ><Hom(f/, F)] , ^,,)] . 

(11.12) 

Next we use relations Definition [2TM i)-(iii) in SF(OT, x, Q) to write (jll.lip - 
(fTrT2l) in a more useful form. When G = x Hom(l/, [/) and = x 
{0} C K Eom{V,U), we find that Q(G,r"=^) = {r<=,{(A,A) : A £ G„}} = 
{G^,Gm}, in the notation of Definition 12.151 We need to compute the co- 
efficients F{G,T^,Q) in Definition [Slllljiii) for Q = G^„,G,„. Let X be the 
homogeneous space G^„\G = Hom(y, ?7), considered as a C-scheme, with a 
right action of G. Then C G acts on X = Hom(y^, U) by (A, /z) : e i-)- XiJ,~^e 
and Gm C G acts trivially on X. Then in SF(SpecC, x, Q) we have 

[[SpecC/G^„]] = [[X/G]] =F(G,r'^,G^J[[X/G^]]+F(G,TG,G„0[[X/G„]] 
= ^^(G, G^) ( [[Spec C/Gl]] + [P(Rom(V, U)) x [Spec C/G„]] ) 

+ F{G, T^, G,„) [Hom(T/, t/) x [Spec C/G,„]] (11.13) 
= ^^(G,r«,G^)[[SpecC/G^]] 

+ (F(G, T^, G^) dim Hom(l^, U)+F{G, T^, G„)) [[Spec C/G™]] , 

where in the second step we use Definition I2.16f iii). in the third we divide 
[X/G^J into [(Hom(T/,[/) \ {0})/G,^„] P(Hom(F, J7)) x [SpecC/G„] and 
[{0}/G^J = [SpecC/G^] and use Definition I^TCT i) . and in the fourth we use 
DefinitiondlBlJii) and x(-P(Hom(F, U))) ^ dimHom(F, U), x(Hom(t/, U)) = 1. 

As [[Spec C/G™]], [[Spec C/G^]] are independent in SF(Spec C, x, Q) by 
Proposition I2.18[ equating coefficients in (jll.131) gives F{G,T'^,G^J = 1 and 
F(G,r'^,G^„) = -dimC/diml^. Therefore Definition [llHin) gives 

[([(Z, X Zj) XQ„,„xQa,.„ Qu,aj.n/G^ X Hom(y,[/)],V.,)] = 

[([(Z, X Z,) Xq, „xQ,„,„ Qil,aJ,n/G^],V'zj Oi"^")] (11-14) 

-dim[/dimF[([(Z 

Split Qii^aj^n into z(Qu,n x Qqj,™) = Qu,n x Q<a^n and Qu_2j^„. In the second 
line of (|11.14p . the action of G^ is trivial on Zi x Zj and on z(Qu_„ x Q<xs,n)- 
On Q[i!jj„, the element (A,/i) in G^j acts by dilation by A/i^^ in the fibres 
^u^a?ri \ {0}- Thus we can write G^ as a product of the diagonal Gm factor 
{(A, A) : A G G„i} which acts trivially, and a G„i factor {(A, 1) : A 6 Gm} which 
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acts freely on Q'^ „. Hence Definition 12. 16f i) gives 

[([(Z, X Z,) Xq„ „xQ,,,„ gu,'»,n/G™],V'.j o^*^")] = 

[{Z, X Zj X [SpecC/G^J, V-.j o t'^-- o z)] (11.15) 

Qu.„xQa,,„ (Qii,aj,n/*!j-m) ^ [Spec C/Gm] , V'ij ot^" )] , 
[([(Z, X Z,) Xq„_„xQ^,,„ Qll,2I,„/G™],V»j ot^")] = 

[(Zj X Zj X [SpecC/G™],V'»j o t*^'" o z)] (11.16) 
+ [((Z, X Zj) Xq^ „xq,„ „ g[i^,jj^„ X [SpecC/G,„],V»j ot^")], 

since [Z^ x Z^) XQ„^xQ,a,„ ^(<9ii,« x (9aj,«) = x Z^. Here Qa^2j^„/Gm is a 
quasiprojective C-variety, with projection Hy x Hijj : ^ x Qaj,n 

with fibre P(W2'^'„) over (91,92) e (Qu,™ x Oaj,„)(C). the action of G„^ on 
Q''d,<xs,n is given on points by A : [{Q ^ Ei ^ F ^ E2 ^ 0, </'2)] ^ [(0 -)> 
i;i W F^E2-^Q. \4> u 4> o ( j ? ) , 02)] , for A e G™. 

In the final term in ()11.16p . the l-niorphism o fi"^ factors via the projec- 
tion 0[i „ ^ <9Ii,aT.„/G™, since [{G ^ Ei ^ F ^ E2 ^ Q^Mi^c^o {^\) , c^2)\ 
maps to [F] for all A e G^- The projection [Zi x Z^) Xq^ „xQa7,„ Qii,9j,„ 
(Zi X Zj) Xqjj „ xQsj, „ (Q[i Qj „/Gm) is a principal bundle with fibre Gm, and so is 
Zariski locally trivial as Gm is special. Therefore cutting {Zi x Zj) xq^ „xq<d „ 
(Q'ix 9jn/^™) i'^^*^ disjoint pieces over which the fibration is trivial and using 
relations Definition 12 . 16( 1) . (ii) and xi^m) = shows that 

[((Z, X Z,) xq„_„xq^,„ gli>j,,„ X [SpecC/G,^],^,, oi^^")] = 0. (11.17) 

Combining equations (jll.lip and (|11.14p - (|11.17p now gives 

/ * 5 - Er=i Ef=i ^.-^^ [(Z, X Z, x [Spec C/G^], V,, o o z)] 

+ Eti E -=1 -J.-^, [((Z, X Z,) XQ, „xQ„,,„ (gii.2,,„/<G™) ^ ^ 

2 (11.18) 
X [SpecC/G„]>y oi«™)] 

^ dim U dim Sf^i d,Sj [(Z, X Z, x [Spec C/G,„], ot^- oz)] . 

Similarly, from equation (jll.121) we deduce that 

* / = ELi E;=i ^.-^^ [(Z, X Z, x [Spec C/G^], V;,, o .^^^ o f)] 

+ Er=lEj'=l'5,(5j[((Zj X Zi) Xq,^,_„xQu,„ (%,il,«/'Gm) 

X [SpecC/G„],V^j, oi«™)] 
- dim U dim 1/ ^ 6,6, [(Z, x Z, x [Spec C/G„], oi^n, oz)]. 

Subtracting (|11.19p from (jll.lSI) gives an expression for the Lie bracket 
[f,g]- Now the first terms on the right hand sides of (|11.18p and (111.19^ are 
equal, as over points zi G Zi(C) and Z2 G Zj(C) projecting to [Ei] G iI(C) and 
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[E2] G 2J(C) they correspond to exact sequences [0 ^ Ei ^ Ei®E2 ^ E2 ^ 0] 
and [0 — 7- -E2 — >■ £^2 ® i?! — >■ £^1 — >■ 0] respectively, and so project to the same 
point [El (BE2] in OJl. Similarly, the final terms on the right hand sides of (jll.lSp 
and (jll.l9|) are equal. Hence 

{[((Z, X 4) Xq,,„xQ^,„ iQk^vJ^rn) X [SpCC C/G,„] , V., O t'^")] (11.20) 

-[((Z, X Z,) XQ^ „xQn,„ (%,ii,n/G™) X [SpecC/G™],./;^, o,G^"^)]}. 

Note that (|11.20p writes G 81^^3^(971, x, Q) as a Q-hnear combination of 

[{U X [SpecC/Gm],p)] for U a quasiprojective C- variety, as in Proposition 13.41 
We now apply the Q-linear map ^^''^ to f,g and [f,g]- Since /, g are sup- 
ported on m°',m'^, Definition EUSl and equations ([1X7)) and yield 

5-x^Q(/) = 7A" and ^'^■^(5) = 7 A'', (11.21) 

where 7, 7 G Q are given by 

(11.22) 

Using Theorem 14. 3f iii) and Corollary 14. 51 we have 

x{Zz, {in o Pi)*{vm))x{Zj, (tQj o pj)*{vm\)) 

= x{Zt X Zj, (til o p,)*{vrax) □ (taj o pj)*(tygj;)) 
= x(Zi X Zj, (til o X t2j o /5j)*(fanxOT)). 
Thus multiplying the two equations of (lll.22p together gives 

77 = 1]"=! I]J=i x{Zi X Zj, (iu o p, X taj o /5j)*(t^anxOT))- (11.23) 
In the same way, since [/, 5] is supported on 9Jl"^^, using (|11.20p we have 
^'''^([/^f]) = CA"+^, where 
C=Er=iE"=i'^i<^jX((^i X Zj) Xq^,^xQ.,,.„ (Qu,2T,«/^^™)'V^*j(^ot)) 
-Er=lE"=l'^i<^jX((4- X Zi) Xq,j, „xQu.„ (%,U,«/Gm),'0*,(i^iDT)). 

(11.24) 

Write TTy : (Z^ x Zj) XQy^xQ.n,„ (<3u,<B,n/'^ni) Zi X Zj for the projection, 
and TTjj for its analogue with il,QJ exchanged. Then from [49j, we have 

x{{Z,xZ,)xQ,,^^^Q^AQ[j,^„JG„,),i,:^(y^^^ 

where G¥{-Kij) is the pushforward of constructible functions. Substituting this 
and its analogue for TTji into (|11.24p and identifying Zi x Zj = Zj x Z; yields 

C = ELi x{Zi X Zj , F,j), where 

J^^y =CF(^„-)(V'r,(f^OT)) - CF(^,,)(i*.(^OT)) in CF(Z, x Z,). 
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Let zi S Zi{C) for some i — 1, . . . ,n, and £2 £ Zj{C) for some j = 1, . . . , fi. 
Set qi = in Qu,n(C) and q2 = (Cj)*(-Z2) in Q^,niC), and let gi,g2 

correspond to isomorphism classes [(i^i, ^i)], [(£'2, </'2)] with [Ei] G il(C) and 
[£^2] G QJ(C). We will compute an expression for Fij{zi,Z2) in terms of Ei,E2. 
The fibre of 7r,y : (Zj x Z^) XQy^xQ^,,„ iQu,<a,n/'^rn) Zi x Zj over (21,^2) is 
the fibre of IIu x Ilaj : Qu^Qj^„/Gm -J" QsjL,n x Q<v,n over (91,92), which is the 
projective space IP(W'2^2j^„)- Thus the definition of CF(7ry ) in tj2.1l implies that 

(CF(7r,,)(V^*.(^.a,0))(^i,52) = x(P(W^^:i':J,V'*-(^»t))- (11.26) 

To understand the constructible function ip*j{i'm) on P(W^i{^ra^„), consider 
the linear map TTB.^B, : W^i{'^'„ ^ Ext^(£;2, Ei) in pTS)) . The kernel Ker 
is a subspace of W2'^'„, so P(Ker7rE2,Ei) C P(VF2]^^„). The induced map 

(^ij^Bj. : F{W^]^'„)\F{KeT7TE,^E,) — > P(Exti(i?2, i?i)) (11.27) 
is surjective as t^E2,Ei is, and has fibre KerTr^;^^^;^. Let [w] S If 
[w] ^ P(Ker7rij3,£;J, write (ttb.^bJ^H) = [A] for 7^ A e Ext\£;2, £^1), and 
then (^/jy ),([u)]) = [F] in 9}t(C) where the exact sequence £'1 F — > 
£2-^0 corresponds to A G Ext^(i?2, -Ei), and {tp*j{iy<x)i)){[w]) = i'ot(F). If 
[u;] e P(Ker7r£;,,£j then (V'^j)*(M) = [^^i ® ^^2] in Wt(C), so (^*- (i^OT))([w]) = 
i^miEi ® E2). Therefore 



x(F(H^^:.-J,^*-(^.0)=y,,,,^,^,^,^^,,^^^o.(F)dx 

+ dimKer-TTB^^B^ • vmiEi © £2), 

since the fibres KeTTTE2.Ei of (Tr^;^^^;^), in (I11.27P have Euler characteristic 1, 
and x(P(Ker ttb^^^Jj )) — dimKer7r£;2.B^. 

Combining (|11.26p and (|11.28p with their analogues with il, 2J exchanged 
and substituting into (|11.25p yields 



A 4* 0->-Ei-i>P'^£;2-^0 A <^ o^£;2->-F^_Ei^O 

+ (dimKer7r_E2,_Ei - dimKer 7f£;j^£;2)^'OT(£'i ©£2)- (11.29) 
From the exact sequences (|11.5p - (lll.6p we see that 
dim Ker Tr^;^ ^; J — dimKerTr^j B^ 

= (dimHom(F, t/)-dimHom(£2, £1)) - (dimHom(C/, V^) -dimHom(£'i, £2)) 
— dimIIom(_Ei,i?2) — dimIIom(£'2, £1). 
Substituting this into (|11.29p and using ((3?T4)) . ((O)) and ((O)) gives 

£»j(^i,22) - (dimExti(£2,£i) -dimExti(£i,£2) 

+ dimHom(i?i,i?2) - dimIIoni(£'2, £'i))i'OT(i?i ©£2) 

= (-l)*("'''^x(«,/?)^OTx9Jt(-Bl,£2) 

= {-l)^''°'''^h{a, l3){Lis op, X t2T o/5j)*(j^otxot)(2^i,^2)- 
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Hence F,, = (-l)x("./3)x(a, /3)(Mt o x l^o o p {v^^^) . So dTT^ . (flT^ 
give 

= (-l)^^"'''^x(«,/3)77- 

From equations (|11.21l) and (lll.24p we now have 

so = by dSH), and ^^'^ is a Lie algebra mor- 

phism. This completes the proof of Theorem 15 .141 

12 The proofs of Theorems [57221 [57231 and [57251 

This section will prove Theorems l5.22l[5.23l and r5.25[ which say that the moduli 
space of stable pairs introduced in H5.4l is a projective K-scheme A^"^'p (t') with 
a symmetric obstruction theory, and the corresponding invariants P/"^"(r') = 
fr^^a,"/ /Mvir 1 are unchanged under deformations of X. Throughout IK is an 
arbitrary algebraically closed field, and when we consider Calabi-Yau 3-folds X 
over K, we do not assume H^{Ox) = 0. A good reference for the material we 
use on derived categories of coherent sheaves is Huybrechts [42^. 

12.1 The moduli scheme of stable pairs A^"tp (^') 

To prove deformation-invariance in Theorem l5.25l we will need to work not with 
a single Calabi-Yau 3-fold X over K, but with a family of Calabi-Yau 3-folds 
X U over a base K-scheme U. Taking U = SpecK recovers the case of one 
Calabi-Yau 3-fold. Here are our assumptions and notation for such families. 

Definition 12.1. Let K be an algebraically closed field, and X U he a 
smooth projective morphism of algebraic K-varieties X, U , with U connected. 
Let Ojf (1) be a relative very ample line bundle for X U. For each u €U (K), 
write Xu for the fibre X x^^u^u SpecK of over u, and Ox^{^) for C'x(l)|x„- 
Suppose that X„ is a smooth Calabi-Yau 3- fold over K for all u G C/(K), which 
may have H^{Ox^) 0. The Calabi-Yau condition implies that the dualizing 
complex uJip of (/? is a line bundle trivial on the fibres of (p. 

The hypotheses of Theorem 15.251 require the i4r""™(coh(X„)) to be canoni- 
cally isomorphic locally in U (K) . But by Theorem 14.211 we can pass to a finite 
cover U of U, so that the if ""™(coh(Xu)) are canonically isomorphic globally 
in C/(K). So, replacing X, U by X, U, we will assume from here until Theorem 
I12.21l that the numerical Grothendieck groups if ™™(coh(X„)) for u G U(K) are 
all canonically isomorphic globally in U(K), and we write K{coh{X)) for this 
group i4r""™(coh(X„)) up to canonical isomorphism. We return to the locally 
isomorphic case after Theorem ll2.21l 
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Let £^ be a coherent sheaf on X which is flat over U . Then the fibre Eu 
over u G U (K) is a coherent sheaf on X„ , and as E is flat over U and U (K) 
is connected, the class [Ey] G i4r""™(coh(Xu)) = K{coh{X)) is independent of 
u G U(K). We wiU write [E] € K{coh{X)) for this class [Eu]. 

For any a € iir(coh(X)), write Pa for the Hilbert polynomial of a with 
respect to Ox- Then for any u G C/(]K), if G coh(X„) with [£"„] = a in 
ii:""'"(coh(X„)) = is:(coh(X)), the Hilbert polynomial Pe„ of £;„ w.r.t. 0x^(1) 
is Pa- Define r : C(coh(X)) G by T{a) — Pa/ra as in Example 13.81 where Tq, 
is the leading coefficient of Pa- Then (r, G, ^) is Gieseker stability on coh(X„), 
for each u G U{K). 

Later, we will fix a G if (coh(X)), and we will fix an integer n ^ 0, such that 
every Gieseker semistable coherent sheaf E over any fibre X„ of X ^> [/ with 
[E] ^ a G i4:™'"(coh(X„)) ^ K{coh{X)) is n-regular. This is possible as U is 
of finite type. We follow the convention in [5] of taking D{X) to be the derived 
category of complexes of quasi- coherent sheaves on X, even though complexes 
in this book will always have coherent cohomology. 

We generalize Definitions 15.201 and 15.211 to the families case: 

Definition 12.2. Let K, X ^ U,Ox{l) be as above. Fix n > in Z. A 

pair is a nonzero morphism of sheaves s : Ox{—n) — E, where i? is a nonzero 
sheaf on X, fiat over U. A morphism between two pairs s : Ox{—n) — > E and 
t : Ox(—ri) — > F is a morphism of Oj^-modules f : E ^ F, with f o s = t. A 
pair s : Ox{—ri) E is called stable if: 

(i) t{[E']) s$ t{[E]) for all subsheaves E' of E with ^ E' =^ E; and 

(ii) if also s factors through E', then t{[E']) < t{[E]). 

The class of a pair s : Ox(—ri) — > is the numerical class [E] in K{coh{X)). 
We will use r' to denote stability of pairs, defined using Ox{^)- 

Let T be a JJ-scheme, that is, a morphism of K-schemes 4' ■ T —?' U. Let 
TT : Xt — >■ T be the pullback of X to T, that is, Xt = X x^^u^^ T. A T- family 
of stable pairs with class a is a morphism of Ojf^ -modules s : 0Xt(^"-) ^ E, 
where E is flat over T, and when restricting to {/-points t in T, st : Oxt (~'^) ~^ 
Et is a stable pair, and [£'<] = a in K{co\\{X)). As in Definition 15 . 2 1 1 we define 
the moduli functor of stable pairs with class a: 

M,%"(t') : Schc/ ^Sets. 

Pairs, or framed modules, have been studied extensively for the last twenty 
years, especially on curves. Some references are Bradlow et al. PJ], Huybrechts 
and Lehn (43j and Le Potier [53] ■ Note that stable pairs can have no automor- 
phisms. Le Potier gives the construction of the moduli spaces in our generality 
in [5U Th. 4.11]. It follows directly from his construction that in our case of 
stable pairs, with no strictly semistables, we always get a fine moduli scheme. 
Theorem 15 .221 follows when U — SpecK. Later in the section we will abbreviate 
Al"t'p (r') to especially in subscripts Xm- 



163 



Theorem 12.3. Let a G K{coh.{X)) and n G Z. Then the moduli functor 
M"jp (r') is represented by a projective U -scheme A^"j'p (r'). 

Proof. This foUows from a more general resuh of Le Potier [69! Th. 4.11], which 
we now explain. Let X be a smooth projective t/-scheme of dimension m, with 
very ample line bundle Ox{^)- In [691 §4], Le Potier defines a coherent system 
to be a pair (r,i?), where E £ coh(X) and P C H^[E) is a vector subspace. A 
morphism of coherent systems f : (P, — > {T',E') is a morphism f : E ^ E' 
in coh(X) with /(P) C P'. 

Let q e Q[i] be a polynomial with positive leading coefficient. For a coherent 
system (P, E) with E ^ 0, define a polynomial p^r.E) in Q[i] by 

Psit) + diuiT ■ q{t) 
P(r,F) W = , 

where Pe is the Hilbert polynomial of and > its leading coefficient. Then 
we call (P, E) q-semistable (respectively q- stable) if E is pm'c and whenever 
E' C E is a subsheaf with E' ^0,E and P' = P n H°{E') C H°{E) we have 
Pir',E') ^ P{T,E) (respectively P(r',E') < P(r.E)), using the total order ^ on 
polynomials Q[t] in Example 13.81 

Then Le Potier [69l Th. 4.11] shows that if a G i4:™'"(coh(X)), then the 
moduli functor Sys"((7) of g-semistable coherent systems (P, -E) with [E] = a 
is represented by a projective moduli LZ-scheme Sys"(g), such that ?7-points of 
Sys"((7) correspond to S-equivalence classes of coherent systems {T,E). The 
method is to fix 3> and a vector space V of dimension Pa (N) , and to define 
a projective 'Quot scheme' Quot"'^(g) of pairs ((P, £'), (ys) , where {T,E) is a 
coherent system with [E] — a and (p : V ^ H'^{E(N)) is an isomorphism, and 
Gh{V) acts on Quot"'^(g). Le Potier shows that there exists a linearization 
C for this action of GL{V), depending on q, such that GIT (semi) stability of 
((P,^;),^) coincides with (7-(semi)stability of (P,^;). Then Sys"(g) is the GIT 
quotient Quot"^^(g)//£ GL(V^). 

Here is how to relate this to our situation. Fix a G K{coh{X)) and n G Z. To 
a pair s : Oxi—n) E in the sense of Definition 1 1 2 . 21 we associate the coherent 
system {{s) , E{n)), with sheaf E{n) — E® Ox{n) and 1-dimensional subspace 
P C H°{E{n)) spanned by ^ s G H^{E{n)). We take q G <Q[t\ to have degree 
0, so that q G Q>0: and to be sufficiently small (in fact < q ^ l/d! is enough, 
where d — dim a and Tq. is the leading coefficient of the Hilbert polynomial Pa). 
Then it is easy to show that s : Ox{—n) E is stable if and only if {{s),E{n)) 
is q-stable if and only if {{s), E{n)) is g-semistable. 

Hence [69, Th. 4.11] gives a projective coarse moduli f7-scheme TW^^p (r'). 
Since there are no strictly g-semistable ((s), E{n)) in this moduli space, fJ-points 
of Mstp {'''') correspond to isomorphism classes of pairs s : Ox{—n) -> E, not 
just S-equivalence classes. Also, as stable pairs s : Ox{~n) E have no 
automorphisms, A^"t'p (''"') actually a fine moduli scheme. □ 
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12.2 Pairs as objects of the derived category 

We can consider a stable pair s : Ox{—n) — > _E on X as a complex / in the 
derived category D{X), with Ox{—n) in degree —1 and E in degree 0. We 
evaluate some Ext groups for such a complex /. 

Proposition 12.4. Let s : Oxi—n) E be a stable pair, and suppose n is large 
enough that H'^{E{n)) = for i > 0. Write I for Oxi—n) —^E considered as 
an object of D{X), with E in degree 0. Then: 

(a) Ex±l^^^{LE) = for i < 1, i > 3. 

(b) Extl,^^^{I,Ox{-n)) ^ for i < 1, i > 3, and Extl^^^{I,Ox{~n)) ^ K. 

(c) Ext'„(^,(/, 1)^0 for i<0,i>3, and Ext],^^^{I, I)=Kfori^ 0, 3. 

Proof. We have a distinguished triangle /[—I] — > Ox{~n) --^ E / in D{X). 
Taking Ext* of this with E, Ox{—n) and / gives long exact sequences: 

Ext*-l{C)(-«),£;) >- Ext*(7, Ext'(£;, — Ext'(e'(-n), E), 

Ext*-i{Ci(-«),Ci(-«))^Ext*(/,C'(-«))^Ext'(£;,0(-n))^Ext'(e)(-n),C'(-n)), 
Ext^''^{0{^),I) ^ Ext*(/, /) 9- Ext*(_E;,/) — Ext'(Cl(-?i),/). 

(12.1) 

In the first row of ([T^ . since Ext'^^^^{Ox{-n), E) = H\E{n)) = for 
i ^ and Ext^^^) (-^'i -S) = for i < and i > 3, this gives Ext^j^^^, (/, -B) = 
for i < and i > 3, and 

HomB(^)(/,i;) ^ Ker(os : ilom{E,E) — > }iom{Ox{-n), E)) . (12.2) 

Write TT : ^ F for the cokernel of s : Ox{—n) — >■ E. Suppose ^ (3 e 
Hom(i;, E) with /3 o s = in }loin{Ox{-n), E). Both Ker(/3) and Im(/3) are in 
fact subsheaves of E with [E] = [Ker (3] + [Im /3] , and Ker /3^0as/3os = 
with s 7^ 0, and Im/3 as /3 ^ 0. Since E is r-semistable, the seesaw 
inequalities imply that T([Ker /?]) T([Im /?]) = t([£^]). But as s factors through 
Ker/3, stability of the pair implies that T([Ker/3]) < t{[E]), a contradiction. So 
}iomo(x){I,E) = by (fl^ . proving (a). 

We have Ext'^(^,(Ox(-n), Ox{-n)) = H'{Ox) = for i < or i > 3 and is 
K for i = 0, and Exti,^^^{E, Oxi~n)) = Ext^j^ (Ox(-n), = H^-'{E{n))* 
by Serre duality, which is zero unless i = 3. Part (b) follows from the second row 
of ([T2J|) and the fact that os : Ext^ {E,Ox{-n)) -)> Exi^ {Ox{-n),Ox{-n)) ^ 
K is nonzero, as this is Serre dual to the morphism Hom(Ox(— fi), Oxi^n)) 
Hom(Ox(-n), E) taking 1 H- s ^ 0. 

For (c), Serre duality and part (a) gives Ext^^^, /) = for i < and 
i > 2. Thus the third row of dm]) yields Ext*^(^, (/, /) ^ Ext'^^l^{Ox{-n), I) ^ 
Ext^7^)(/, Ox (-"))* for i < and i > 3. So Ext^(^)(/,/) = for i < and 
i > 3 by (b). Also K ^ Extl^^^{Oxi~n), I) Ext^(^)(/, /) ^ is exact. 
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and Ext^(x)(^j^) — ilomo(x)il, I)* cannot be zero as / is nonzero in D{X), so 
Ext^(x) (/, /) = K and hence Ext" (/, J) = K by Serre duality, giving (c). □ 

Corollary 12.5. In the situation of Provosition [T2.41 the object I in D{X) up 
to quasi-isomorphism and the integer n determine the stable pair s : Oxi—n) — >■ 
E up to isomorphism. 

Proof. In the distinguished triangle I[—l]^^Ox{—n)^^E I, the mor- 
phism TT is nonzero since otherwise E = Oxi—n) © / which is not a sheaf. But 
Ext^,^)(/,C'x(-ri)) = K by Proposition [iMjb), so Ext^,^)(/, Ox(-n)) = 
K • TT. Thus the niorphism tt is determined by /, n up to G„i rescalings, so 
E = cone(7r) and s are determined by /, n up to isomorphism. □ 

We have J7-schemes X and 7W"jp'(t'), by Theorem 112. 3[ so we can form the 
fibre product Xj^ = X XuMg^pir'), which we regard as a family of Calabi-Yau 
3-folds Xm — A4"t'p (t') over the base ?7-scheme 7V("j'p (r'). Since A^"t'p (''"') is 
a fine moduli scheme for pairs on X, on Xm we have a universal pair, which we 
denote by § : Oxm ~^ ^- We can regard this as an object in the derived 
category with Ox q.^ , {—n) in degree —1 and E in degree 0, 

and we will denote this object by I = cone(§). 

12.3 Cotangent complexes and obstruction theories 

Suppose X, Y are schemes over some base K-scheme U, and X F is a mor- 
phism of [/-schemes. Then one can define the cotangent sheaf (or sheaf of 
relative differentials) ^x/Y in coh(X), as in Hartshorne |401 §11.8]. This gener- 
alizes cotangent bundles of smooth schemes: if X is a smooth K-scheme then 
^x/ SpecK is the cotangent bundle T*X, a locally free sheaf of rank dimX on X. 

If X Y Z are morphisms of U -schemes then there is an exact sequence 

r {^Y/z) ^ ^x/z ^ ^x/Y ^ (12.3) 

in coh(X). Note that the morphism (I)*{^y/z) ^ ^x/z need not be injective, 
that is, (112. 3p may not be a short exact sequence. Morally speaking, this says 
that (j) ^x/Y is a right exact functor, but may not be left exact. 

Cotangent complexes are derived versions of cotangent sheaves, for which 
(|12.3p is replaced by a distinguished triangle (|12.4I) . making it fully exact. The 

cotangent complex Lx/y of a morphism X -^Y is an object in the derived 
category D{X), constructed by lUusie [46]; a helpful review is given in Illusie [47l 
§1]. It has h^{Lx/Y) — ^x/y- If is smooth then Lx/y — ^x/y- Here are 
some properties of cotangent complexes: 

(a) Suppose X Y Z are morphisms of [/-schemes. Then there is a 
distinguished triangle in D(X), ^ §2.1], gH §1.2]: 

WiLy/z) ^ Lx/z ^ Lx/Y ^ L(j)*{LY/z)[l]- (12.4) 
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This is called the distinguished triangle of transitivity. 

(b) Suppose we have a commutative diagram of morphisms of [/-schemes: 

R S 5-^ T 

X ^ Y ^ Z. 

Then we get a commutative diagram in D{R), [46, §2.1]: 

Lp*{Ls/t) *- Lr/t *- Lii/s *- L(j)*[LsiT)[l] 

III I 

Le*{W{LY/z)) ^ Le*{Lx/z) ^ Le*{Lx/z) ^ Le* {{W {Ly / zM) , 

where the rows come from the distinguished triangles of transitivity for 
R^S-^Tan&X^Y^Z. 

(c) Suppose we have a Cartesian diagram of [/-schemes: 

X XzY ^Y 

^ Try 

X — —-^z. 

If(f> or tp is flat then we have base change isomorphisms |461 §2.2], |47i §1.3]: 

LxxzY/Y - Lt:*x{Lx/z), LxxzY/x — LnyiLY/z), 
and Lx-KzY/z - Lti*x{Lx/z) ® L'Ky{Ly/z)- 

Recall the following definitions from Behrend and Fantechi [3l[5l[6]: 

Definition 12.6. Let F be a K-scheme, and D{Y) the derived category of 
quasicoherent sheaves on Y . 

(a) A complex E' g D{Y) is perfect of perfect amplitude contained in [a, 6], 
if etale locally on F, E' is quasi-isomorphic to a complex of locally free 
sheaves of finite rank in degrees a, a + 1, . . . , 6. 

(b) We say that a complex E' G D{Y) satisfies condition (*) if 

(i) h'{E') = for ah i > 0, 

(ii) h'^{E*) is coherent for i = 0, — 1. 

(c) An obstruction theory for 1" is a morphism : E' — ^ Ly in D{Y), where 
Ly = Ly/ SpecK is the cotangent complex of Y, and E satisfies condition 
(*), and h^{(f>) is an isomorphism, and h^^{4)) is an epimorphism. 

(d) An obstruction theory : £" — > Ly is called perfect if E' is perfect of 
perfect amplitude contained in [—1,0]. 

(e) A perfect obstruction theory (j) : E' — >■ Ly on Y is called symmetric if 
there exists an isomorphism 9 : E' £^*^[1], such that 9^[1\ — 9. Here 
E''^ = R'Honi {E*,Oy) is the dual of and 6*^ the dual morphism of 9. 
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If instead Y — > [/ is a morphism of K-schemes, so F is a [/-scheme, we define 
relative perfect obstruction theories (j) : E* — > Ly/u in the obvious way. 

A closed immersion of K-schemes j : T — > T is called a square zero extension 
with ideal sheaf J if J is the ideal sheaf of T in T and = 0, so that we have 
an exact sequence in coh(r): 

^Ot ^0. (12.6) 

We will always take T, T to be affine schemes. 

The deformation theory of a K-scheme Y is largely governed by its cotangent 
complex Ly G D{Y), in the following sense. Suppose that we are given a square- 
zero extension T of T with ideal sheaf J, with T, T affine, and a morphism 
g : T ^ Y. Then the theory of cotangent complexes gives a canonical morphism 

g*iLY) ^Lt J[l] 

in D{T). This morphism, uj{g) g Ext^ {g* Ly , J), is equal to zero if and only if 
there exists an extension g : T — !> F of Moreover, when uj{g) = 0, the set of 
isomorphism extensions form a torsor under Hom(g* Ly, J). 

Behrend and Fantcchi prove the following theorem, which both explains the 
term obstruction theory and provides a criterion for verification in practice: 

Theorem 12.7 (Behrend and Fantechi [5] Th. 4.5]). The following two condi- 
tions are equivalent for E* € D{Y) satisfying condition (*). 

(a) The morphism (p : E* — >■ Ly is an obstruction theory. 

(b) Suppose we are given a setup (T, T, J, g) as above. The morphism (j) in- 
duces an element (j)*{uj(g)) G E,xt^ {g* E' , J) from u]{g) € F,xt^{g*Ly, J) 
by composition. Then (j3*(uj{g)) vanishes if and only if there exists an ex- 
tension g of g. If it vanishes, then the set of extensions form a torsor 
under }lom{g* E* , J). 

The analogue also holds for relative obstruction theories. 
12.4 Deformation theory for pairs 

Let X, T, T be [/-schemes with T, T affine, and T — >■ T a square zero extension. 
Write Xt — X XjjT and Xijr ~ X xjjT, which are [/-schemes with projections 
Xt ^ T, Xtp — > T and Xt —5- Xj^. We have a Cartesian diagram: 
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and an exact sequence in coh(XjT): 



^n*J ^Ox^ ^Oxr ^0. (12.7) 

Let s : Oxt — be a T-family of stable pairs. The deformation theory 
of stable pairs involves studying T-families of stable pairs s : Ox^{—n) — >■ E 
extending s : OxtC""-) ~^ E!, that is, with (j,)* ((S, s)) = {E,s). Tensoring 
(|12.7p with s : Oxj,{—n) — > E gives a commutative diagram in coh(Xjr), with 
exact rows: 

^ T^*{ J)®Ox-Ox^{-n) ^ Ox^{~n) ^ Ox-(-n)®o^_Ox^ ^ Q 

j is |-«idox, (12.8) 
^ TT* {J)®Ox-E >■ E >■ mox-Oxr ^ 0. 

But E(E)Ox- Oxt = {j*)*(E) ^ E, and Ox-{-n) ®Ox- Oxt = Oxri-n), and 
as = we have J Or = J, so tt*{J) ®Ox- '^Xt — '^*{J)^ and thus 

7r*(J) ®Ox-^=T^*{J) ®Ox- Oxt <®Ox-E = n*{J) ®Ox- E = tt*{J) ®Ox^ E. 
Hence (|12.8I) is equivalent to the commutative diagram in coh(X7jT): 

^ ^*J®Ox^ (-^) ^ Ox^{-n) Oxr i-n) ^ 

i j; 1^ (12-9) 
^7T*J(E)Ox^E >- E "-E ^0. 

Both rows are exact sequences of Ox^-modules. Since E is fiat over T, such E, 
if it exists, is necessarily flat over T. Now Illusie 146^, §IV.3] studies the problem 
of completing a diagram of the form ()12.9p . and proves: 

Theorem 12.8 (Illusie [IHl Prop. IV. 3. 2. 12]). There exists an element oh in 
Ext^(j(-^-) (cone(s), TT* J(8)£') , whose vanishing is necessary and sufficient to com- 
plete the diagram (112. 9p . If oh = Q then the set of isomorphism classes of 
deformations forms a torsor under Ext]5^^^j(cone(s), tt* J (E) E). 

Illusie also shows in [JSl §IV.3.2.14] that this element oh can be written as 
the composition of three morphisms in D{Xt)j in the commutative diagram: 

cone(s) — '''mhx^mOxA-n))/Ox ® ® 

Ob k\e{Ox^<SOx-{-nmido^_^<SE)\ 

Tr*J®E[2]^ k\TT*J®{OxT®OxT{-n)) ® {Oxj- ® E))[2]. 

(12.10) 

Here in Illusie's set up, we regard Oxt © (~'^) and Oxt ® E as sheaves of 
graded algebras on Xt, with Oxt in degree 0, and Oxt E in degree 1; we 
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also regard Ox as a sheaf of graded algebras concentrated in degree 0. Then 
®Ox {~n))/Ox cotangent complex for sheaves of graded algebras. 

The notation k^{- ■ ■) means take the degree 1 part of '• • • ' in the grading. 

The morphism Atox /Oxi^) '^^ P2.10p is called the Atiyah class of s, as in 
Illusie [ini §IV.2.3], and the morphism 

e{Ox-®Ox^{-n)) : Lf'^^^^^^^^_^^y^^^TT*M{Ox^(BOxA-nm] (12.11) 

corresponds as in [46, §IV.2.4] to the following extension of graded Ox-algebras: 

^ Tr*J®{Oxr®Oxr i-n)) ^ Ox^^Ox^-n) ^ Ox^®Ox^ {-n) ^0, (12.12) 

and the morphism Hi in (jl2.10p is projection to the first factor on the right in 

k\TT*J(g){OxT®OxT{-n))®{OxT®E))={TT*J®E)®{TT*J(E}Oxr{-n)). 

We will factorizc ()12.10p further. We have a cocartesian diagram 

Oxt ^Oxr®Oxr{-n) 

t t 

Ox ^Ox(BOxi-n) 

of sheaves of graded algebras. Since Ox{—n) is a flat Ox-module, Ox^Oxi—n) 
is a flat graded Ox-algebra. Therefore, by (112. 5p we have an isomorphism: 

i(Ox^/Ox)®(0^T©(^Xr(-"))©i(o^eo^(-„))/Ox®(^^r®^^T(-")) 

^ -^{Oxj.eOxT(-n))/Ox- 

(12.13) 

Since (p is flat in the following Cartesian diagram: 

Xt 

T ^U, 

equation (112. 5p gives 

Loxt/Ox - ^*LOt/Ou- (12.14) 

Let e(OjT) e Ext^(Lc>y/c)^, J) and e(Ox-) e Exi^lLQ^^/o^.n* J) correspond 
to algebra extensions and (ITXT)) as in gSl §IV.2.4]. Since (IT^ is the 

puUback of (|12.6I) by vr we have 

e{Ox-) =7r*eiOT.) eExt\Lox^^Ox.^*J) ^^^i'i^*LoT/Ou,^*J). (12-15) 

using (|12.14l) . The extension (|12.12p is ®OxiOx © Oxi~n)) applied to (|T^ . 
Thus the following diagram commutes: 

OxT®OxT{-n)/Ox e(Ox-®Ox-{~n)) 

^P''' (12.16) 
Lox^ I Ox ®{Ox^® Oxt (-")) ^ ^* J® (Ox^ © Ox^ (-n) ) [1] , 
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where pri is projection to the first factor in (|12.13p . 

Combining equations (|12.10p - (|12.16p gives a commutative diagram: 

cone(s) 



fc' {L{Ox^ /Ox) ® (Cx^ ®OxT{~-n)) J:^ {it* J ® [Oxt © Oxt (-n)) 

(8(0x5, ©£))[!] fci(KOx-)®id,,.) (g){OxT ® E))[2] 

^ project ■■. project ^ '. (12. IT) 

fc' ihox^ /Ox) ® (Ox^ ® [11 V V ® (Ox^ ® E-:)) [2] 

Y "I 

iox^/ox ® E[l] ^ ^* J ® i5[2] 

UbyJUH) \=l 

' ^ , 7r*e(0=7)«id£; ' 

T^'Lo^/Ou ® -E^W ^ ^*J<» E[2]. 



Let At{E, s) denote tlie composition of all the morphisms in the left column 
of diagram p2.17p . We call this the Atiyah class of the family of pairs s : 
Ox{—n) — ?• E over Xt- Thus, we may restate lUusie's results as: 

Theorem 12.9. In T/teorem 112.81 the obstruction morphism oh factorizes as 



cone(s) ^ TT L 



^ ^ 7r*e(0777)®id£; 

o^lo^j®E{\\ ^ ^7r*J(g)^[2]. (12.18) 



Note that in (|12.18p . At(i?,s) is independent of the choice of J, T, and 
7r*e(C'^) depends on the square zero extension J, T but is independent of the 
choice of pair _E, s. A very similar picture is explained by Huybrechts and 
Thomas , when they show that obstruction class oh for deforming a complex 
E* in Z?^(coh(X)) is the composition of an Atiyah class depending on E' , and 
a Kodaira- Spencer class depending on the square-zero extension. 

12.5 A non-perfect obstruction theory for M.'^^^{t') /U 

Now suppose a € K[co\i{X)), and n » is large enough that H^{E{n)) = 
for all i > and all r-semistable sheaves E of class a. We will construct the 
natural relative obstruction theory (p : B' — !■ iA4° "(r')/c/ ^^r A^"tp (''"') j which 
unfortunately is neither perfect nor symmetric. Sections 112.61 and 112.71 explain 
how to modify to a perfect, symmetric obstruction theory, firstly in the case 
rank I ^ 0, and then a more complicated construction for the general case. 

Remark 12.10. Here is an informal sketch of what is going on in ijl2.5l -i )12.7l 

Consider a single stable pair s : Ox{—n) E on X, and let / be the pair 
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considered as an object of D{X). Think of {E,s) as a point of the mod- 
uh scheme Al"t'p (''"')■ It turns out that deformations of {E,s) are given by 
Ext]^j^j (/, i?), so that the tangent space T(^E,s)-^stp ('''') — ^^^D(x)i-^ ^ 
the obstruction space to deforming {E, s) is Ext^^^j (/, E), so we may informally 
write 0^e,s)M:^p{t') - Ext^,^, (7, i?). 

Now obstruction theories concern cotangent not tangent spaces, as they map 
to the cotangent complex L^^.j^j^,-,, so we are interested in the dual spaces 

T*E,s)M:^;{r') = Ext^,,,(/,ii;)* - Extl^,^{E,I^jKx) - 
OlE,s)M:^p{r') - Ext2^,,,(/,ii;)* = Ext],^,^{E,I^jKx) - H-\B'), 

using Serre duality in the second steps, and where B' in the third steps is 
defined in (|12.21l) below, and in (I12.2ip plays the role of Kx- 

Thus, the complex B' in D{X) encodes the (dual of the) deformations of 
s : Ox{—n) — ?> E in its degree cohomology, and the (dual of the) obstructions 
in its degree —1 cohomology. This is what we want from an obstruction theory, 
and we will show in Proposition 112.121 that B* can indeed be made into an 
obstruction theory for A^"^^(t'). However, there are two problems with it. 
Firstly, H~^{B') may be nonzero, so B' is not concentrated in degrees [—1,0], 
that is, it is not a perfect obstruction theory. Secondly, as ExtJ^^^j (/, E) and 
Ext^(^)(/, -E) are not dual spaces, B* is not symmetric. 

Here is how we fix these problems. There are natural identity and trace 
morphisms id/ : H\Ox) Ext'^^^, (/, /) and tr/ : Exto(^)(/,/) ^ H'{Ox), 
with tr/ o id/ = rank/ - l//i(c)^'). Suppose for the moment that rank / ^ 0. Then 
Exti,(^,(/, /) ^ Ext'„(^,(/, /)o © H\Ox), where Exti,(^)(/, /)o = Kertr/ is the 
trace- free part of Ext'(/, /). We have natural morphisms 

Extl,,,, (/,/;) ^Ext^„,,,(/,/) ^Exti,,,,(/,/)///*(Ox) - Extl„,,(/,/)o, 

where T :/?—>/ is the natural morphism in D{X). Now Ext]^^^, (/, /?) —J' 
Ext]-,(^j (/, /)o is an isomorphism, and Ext^^^j (/, /i') — > Ext^^^j (/, /)o is injec- 
tive. The idea of i il2.6l is to replace Ext' (/, /?) by Ext' (/, /)o. We con- 
struct a complex G" with W{G') = Ext^^^^ (/, /)q, and this is our symmetric 
perfect obstruction theory for A^^^'p (r'). 

If rank / = then this construction fails, since tr/ o id/ = 0, and we no longer 
have a canonical splitting Ext^(^j(/,/) = Ext^^^, (/, /)o ® H^{Ox)- We deal 
with this in H12.7l in a peculiar way. The basic idea is to replace Ext^|^j(/, E) 
by Ext'^,^) (/,/)/ id/ (F^(Ox)) when i = 0,l, and by Ker(tr/ : Ext'^,^, (/, /) ^ 
H'^{Ox)) when i = 2,3. This yields groups which are zero in degrees and 3 and 
dual in degrees 1 and 2, so again they give us a symmetric perfect obstruction 
theory for A^,%"(t'). 

As in i jl2.21 write Xm = X Xjj A^"^'p (t') with projection tt : Xm 
A^"^'p (r'), and write § : OxjviC^^) ^ ^ fo'' t^ic universal stable pair on Xm- 
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We will also regard this as an object I = cone(§) in D{Xj^4) with OxMi—n) in 
degree —1 and E in degree 0. Thus we have a distinguished triangle in D{Xm)- 



^Ox,^{-n)^^E^^I. (12.19) 

Define objects in D{A4"^p{t')): 

A' = i?7r, {R Horn (I, I) ® w^) [2] , (12.20) 

B' = Rn^{R'Hom (E, I) w^) [2], (12.21) 

B' = Rtt^ {R Uom (I, E) ® lo^) [2] , (12.22) 

C =i?7r*(i?Hom(Ox^(-n),I)®cj^)[2], (12.23) 

C' = R.TT, {R Horn (I, Oxm (-^)) ® w^) [2] , (12.24) 

D' = Rn^ (i? -Horn (E, E) (g) w^) [2] , (12.25) 

E' = RTT,{RHom{OxMi-n),E)(g)Lu^)[2], (12.26) 

E' = Rtt, {R Horn (E, O^^ (-n)) ® w^) [2] , (12.27) 



F' ^ RTr,{Lj^)[2] ^ RTr,{Rnom (OxMi-r^),OxM(-n)) ^^M- (12-28) 

Applying i?7r* (iJHoTO (— , *) [2], i?7r* (i^Hom (*, ~) (g)a;^) [2] to (|12.19p 
for * = I,E,Oxm gives six distinguished triangles in D(A4"t'p (r')), which we 
write as a commutative diagram with rows and columns distinguished triangles: 

A* ^ B' ^ C ^ A'[l] 

B' ^ D' ^ ^ E' B*[l] 

7f cf .| 7t (12.29) 

C E' F' ^ C'[l] 

s\ 'i\ x\ s\ 

A'[-l] -^-^ B'[-l] C'[-l] ' ^ A'. 

We take p2.29p to be the definition of the morphisms /?,..., A. 

Here is the point of the notation with accents ' " ': the Calabi-Yau condition 
omp : X ^ U implies that the dualizing complex uj^p is a line bundle on X trivial 
on the fibres of (p, so it is (p* [L) for some line bundle L on U . Suppose U is affine. 
Then any line bundle on U is trivial, so we may choose an isomorphism L = Ou , 
and then = Ox, and on Xm we have a;^ = 'k*x{u]^) = t:*j^{Ox) — ^Xm- 
Using this isomorphism = S^^ isomorphisms 

A"'[1]=A', B"'[l] = B', B"'[1]=B', C"'[1]^C', C"'[1]^C', 

Z3*^[1]=Z3*, E''^[l] = E', E''^[l] = E', F''^[1]=F', ^^^'^"^^ 

where A*'^ , . . . , F'"^ are the duals oi A' , . . . , F' , dualizing in (|12.29p corresponds 
to taking the transpose along the diagonal, and /3, . . . , A would be the dual 
morphisms of /?,..., A, respectively. 
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Lemma 12.11. The complex B* in (|12.2ip satisfies condition (*). 

Proof. As B* is obtained by applying standard derived functors to a complex of 
quasi-coherent sheaves with coherent cohomology, the general theory guarantees 
that B* is also a complex of quasi-coherent sheaves with coherent cohomology. 
Thus we only have to check that h'{B') = for i > 0. But the fibre of h'{B*) 
at a [/-point p of A^"^'" (r') corresponding to a stable pair Ip = Oxi—n) — ^ Ep 



is Ext^^-j (i^pj/p (8) Wtt), which is dual to Ext^j^-|(/p, E'p) by Serre duality, and 
so vanishes when i > by Proposition I12.4f a). □ 

As in ijl2.4[ the Atiyah class of the universal pair § : Oxi,{~n) — > E is 



7T*{L 



«)E[1]. 



(12.31) 



At(E,S) : I 
We have isomorphisms 

Exti(I,7r*(i^»,.(,,)/y)®E) 

= Ext^i? nom (E,I),7r*(L_A4-.^.(^,)/j;)) 
= Ext\R nom (E,I)®w^[3],7r*(i_;v(-;(r')/c/)®'^'r[3]) 
^ Ext\Rnom (E,I) ® w^[3],7r'(L^c..j.(^,)/[;)) 
= Ext^{RTr^{RHom (E,I) ® a;^[3]), L^=-(^-)/[/) 
= Hom(B', L_v(;»^p"(t')/c/): 

using 7r'{K') = n*{K') ® w^[3] for all K* e D{M"^piT')) as vr is smooth of 
dimension 3 in the third isomorphism, the adjoint pair (i?7r, ,7r') in the fourth, 
and (I12.21P in the fifth. Define 



(12.32) 



B* 



L 



(12.33) 



to correspond to At(E, §) in (|12.3ip under the isomorphisms (112. 32p . 
Proposition 12.12. The morphism cj) in (jl2.33p makes B' into a (generally 



not perfect) relative obstruction theory for A4"^"{t')/U . 



Proof. Suppose we are given an affine [/-scheme T, a square-zero extension T 
of T with ideal sheaf J as in tjl2.3[ and a morphism of [/-schemes g : T ^ 
Aig^pir'). Set Xt = X Xjj T. Then we have a Cartesian diagram: 
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The universal stable pair § : Oxj^ {^^) — > E on Xm pulls back under / to a 
T-family St ■ Ox^C— Et of stable pairs, which we write as It when consid- 
ered as an object of D{Xt)- Since 7W"jp (r') is a fine moduli space, extensions 
g : T ^ A^"jp (r') of 5 to T are equivalent to extensions §t : ^ 

of §T : Oxri—iT') ^ Et s : C'xt(~'^) E to T, which is exactly the problem 
considered in tJ12.4l For i G Z we have the following isomorphisms: 

Ext*(g*S*, J) = Ext'{g*{Rn4Rnom (E, I) ®w^[2])), J) 
^ Ext^Rn^R Horn ® uj„[2]), Rg^J) 
^ Ext' {R Horn (E, I) cj^ [2] , tt* J) ® cj^ [3] ) 

^ Ext'+\R nom{E, I), 7r*{Rg^J))^Ex±'+^ {R nom{E, I), Rf^C-J)) 
= Exf +1 (L/* (i? Horn (E, I) ) , T J) = Ext*+i (i? Horn (i/*E, L/*I) , ^* J) 
?^ Ext*+\L/*I, r J «) Lf*E) = Ext*+^ (/*I, ® /*E), 

(12.34) 

using (|12.2ip in the first step, the adjoint pair {g*,Rg^) in the second, the adjoint 
pair (i?7r*,7r') and n'{A) — ■7t*{A) (8)0;^ [3] in the third, base change for the flat 
morphism tt in the fifth, and the adjoint pair {Lf*,Rf^) in the sixth. In the 
final step, as Oxm (~") ^^'^ E are flat over A^"t'p (''"') '^^ have Lf*K = /*E, and 
L/*(I) is quasi-isomorphic to C'jfy(— n) — 7> Et, which we denote as /*I = It. 
In a similar way to isomorphisms (jl2.32p . the composition 

g*{B') — ^-^5*(iAi°';(T')/c/) ^ Lt/u 

lifts to 

At(ET,ST) : It ^r(^T/[/) «)Et[1], 
the Atiyah class of the family §t : Oxri^^) ^ Et. Thus the composition 

Ij, ^ > CLt/u ® Et[1] ^ ® Et[2] 

is the element 4'*{uj{g)) under the isomorphism ()12.34p for i ~ 1, by Theorems 
[12:81 and [12:91 The morphism g : T M^^pir') extends to g : T ^ M"ip{T') 
if and only if the family of pairs extend from T to T. Therefore, by Theorems 
ll2.7H12.9l Lemma [12. 11[ and equation (|12.34p for i = we conclude that (f) is 
an obstruction theory for A4"t'^(r'). □ 

As in the proof of Lemma 112.111 the fibre of h^{B') at a [/-point p is 
Ext^^' {Ip,Ep)*, so that h'{B*) = unless i = -2, -1,0 by Proposition IT^ a). 
The first row of (fT2l|) then shows the fibre of h-^{B*) is Ext^lEp, Ep)* , which 
is isomorphic to Hom(i?p, Ep) if = Ox, and so is never zero as a = [Ep] ^ 0. 
Thus, B* is perfect of perfect amplitude contained in [—2,0] but not in [—1,0], 
and (j) is not a perfect obstruction theory. 
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12.6 A perfect obstruction theory when rank a 7^ 1 



We now modify (j) to get a perfect obstruction theory ^ : G' ^ L 
which is symmetric when U is affine. Parts of the construction fail when 
rank a = 1, and we explain how to fix this in ijl2.7l The identity and trace 
morphisms Oxm ^ ^ Horn (I, I) and R Hom (I, I) Oxm induce morphisms 
idi : F' ^ A' and tri : A* ^ F* in D{M"i^{T')). Since rankE = ranka and 
rank I — ranka — 1, as in [45l §4] we see that 



tri o idi = (ranka — 1) Ij?. 



(12.35) 



where lp> : F' F' is the identity map. Because of (|12.35p we must treat the 
ranka ^ 1 and ranka = 1 cases differently. For 6, S, A, A as in (|12.29p we have 
natural identities 

Soidi^ \: F' ^ C*[l] and trj = A : C"[-l] ^ i^V (12.36) 
Define objects G',G' in DiM^'i-r')) by 

G* = cone(tr][)[-l] and G* = cone(idi[), (12.37) 
so that we have distinguished triangles: 



G* 



G-[-l] 



A'^F'^G'il] 



■F' 



id. 



(12.38) 



A' 



GV 



We take (jl2.38|) to be the definition of fi, jj,, v. Again, if we were given an 
isomorphism = Oxm then we would have isomorphisms G*^ [1] = G* and 
G"^[l] = G* as in (|12.30|) . and fi, v would be the dual morphisms of /i, v, and 
dualizing would exchange the two lines of (|12.38p . 

Applying the octahedral axiom in the triangulated category D(7M"^'p (t')), 
as in Gelfand and Manin [^Hl §IV.l], gives diagrams: 




fiou 




where '7k-' indicates a distinguished triangle, and 'O' a commutative triangle, 
and we have used the first row and third column of (|12.29p . equation tri = 
A in (|12.36p . and the first row of (112. 38p . Thus, the octahedral axiom gives 
morphisms p, a in a distinguished triangle: 



G* 



G'[l] 



(12.39) 
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The complex E* in £)(X,%"(t')) has cohomology h^iE*) G coh(A^,%"(T')) 
for i G Z. At a J7-point p of A1"tp ('''') correspondmg to a stable pair Sp : 
Ox{-n) Ep, the fibre of h'{E*) is Ext'-^{Ox{-n), Ep) by ^I^, and this 
is zero for i 7^ — 2 by choice of n ^ 0. Therefore we have: 

Lemma 12.13. The cohomology sheaves h^{E') satisfy h'^{E*) = for i ^ —2. 



Now define a morphism 
Proposition 12.14. The morphism ij} : G' 



m':^;{t')/u- 



(12.40) 



^a^°-"(t')/;7 (|12.40p makes 
G' into a relative obstruction theory for Ai"^^{T')/U . 



Proof. Taking cohomology sheaves of the distinguished triangle (|12.39p gives a 
long exact sequence in coh(A^"j'p (r')): 



h'{G' 



h'{B') 



h'ip) 



h'{E*) 



(12.41) 

Lemma fl 2 . 13l then implies that h^{j3oi') : h^{G') — s> h'^{B*) is an isomorphism for 
i = and an epimorphism for i = —1. Also h^{4>) is an isomorphism and h^^(<p) 
is an epimorphism, since (j) is an obstruction theory by Proposition II 2 . 121 Thus 
h^{ip) = {4))oh^ [jjov) is an isomorphism and h~-^{ijj) — {(t))oh~^ (f3oi/) is an 
epimorphism. We can also see from Lemma Fl 2 . 1 1 1 and (|12.4ip that G* satisfies 
condition (*). Hence ip is an obstruction theory by Definition 112. Sr c). □ 

Suppose now that rank a ^ 1, and also if K has positive characteristic that 
charK does not divide rank a — 1. This implies that the morphism trioidi in 
(|12.35p is invertible. 

Lemma 12.15. Suppose rank a ^ 1 mod charK. Then 6 = i> o v : G' ^ G* 
is an isomorphism. Also A' = F* © G* = F* © G*. 

Proof Use the octahedral axiom ^ §IV.l] and (I12.35p . (|12.38p to form dia- 
grams: 




(ranka — 1) . . 
If. 




(12.42) 



Since (ranka — 1)1^, is an isomorphism, the cone on it is zero, so the central 
object in the right hand square is zero. This in turn implies that the cone on 
6 is zero, so 9 is an isomorphism. Also in the second square the morphisms 
/z, p, factor through zero, so = /i = 0, and as A' is the cone on /i, p, this 
gives A* ^ F* ®G' ^ F* (B GV □ 
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The splitting A* ^ F* Q) G* corresponds to 

R-K^{R'Hom (I, I) ® w^) [2] = i?7r,(w^)[2] © i?7r,(i? T^om (I, I)o ® w^) [2], 

where R Horn (I, I)o are the trace-free automorphisms of I. 

Lemma 12.16. // ranka ^ 1 mod char IK then h^{G*) = for i / 0, —1. 

Proof. Let p be a J7-point of 7W"j'p (r') corresponding to a stable pair Sp : 
Ox{-n) Ep. Specializing the first row of (112. 38p and (|12.39p at p to get 
distinguished triangles in D^{U), taking long exact sequences in cohomology, 
and using (|12.20p - (|12.26p to substitute for A',B*,E',F* gives long exact se- 
quences: 

• • • -> Ext'+\lpjp) ^ W+\Ox) ^ H'iG'p) ^ Ext'+^IpJp) ^ • • • , 
>H'{G;)^ Ext'+3 {Ep ,Ip)^ Ext*+^ {Ox{-n),Ep)^H'+\G'p)^-- - . 

In the first line, by Proposition [T^ c) we have Ext*(/p, Ip),H\Ox) = for 
i < 0, « > 3 and Ext'(/p, Ip) W{Ox) is a morphism K -j' K for z = 0, 3. The 
morphism Ext'^(/p, Ip) H^{Ox) is dual to the identity morphism H^{Ox) 
Ext'^(/p, Ip), and so is an isomorphism without conditions on ranka. The com- 
position H°{Ox) Ext°(/p, Ip) -> H"{Ox) is multiphcation by ranka — 1 by 
P2.35p . which is nonzero by assumption, so Ext*'(/p,/p) II^{Ox) is also an 
isomorphism. Hence so ^{Gp) = for i < — 1 and i > 1. In the second line, 
Ext*(ii^p,/p) = for i < 1 and i > 3 by Proposition 112. 4f a) and Serre duality, 
and Ext'(Ox(-?^),-Bp) = for i 7^ by choice of n > 0, so H'{G'p) = for 
i < —2 and i > 0. The lemma follows. □ 

Lemma [12. 161 and the proofs of [86] Lem. 2.10] or [451, Lem. 4.2] imply: 

Lemma 12.17. // ranka ^ 1 mod charK then G' in (|12.37p is perfect of 
perfect amplitude contained in [—1,0]. 

Putting all this together gives: 

Theorem 12.18. // ranka ^ 1 mod charK then tj} is a perfect relative ob- 
struction theory for Ai'^^^ (t')/U . If U is affine it is symmetric. 

Proof. By Proposition 1 1 2 . 141 ■;/; is a relative obstruction theory, which is perfect 
by Lemma [12. 171 When U is afhne, as in §12.51 we may choose an isomorphism 
= Oxm, and this induces isomorphisms (|12.30p and G' = G*^[l]. Thus 
Lemma [12.151 gives an isomorphism 9 : G* ^ G'^[l]. Since — !> o v and 
1/ = jy^ we see that ^"^[1] = 9. Hence is a symmetric obstruction theory. □ 

This proves Theorem 15.231 in the case that rank a 7^ 1 mod char K. 
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12.7 An alternative construction for all rank a 



If either rank a — 1 , or char IK > divides rank a — 1 , then trj o idj = in 
(|12.35p . The proofs in i jl2.6l then fail in two ways: 

• In Lemnia ri2.151 equation (|12.42p must be replaced by the diagrams: 




As the central object of the right hand square is no longer zero, 9 : G* ^ 
G* is not an isomorphism, so we cannot show -0 is symmetric for U = 
SpecK in Theorem ll2.18l Also we cannot conclude that /i = /i = 0, so we 
do not have A' ^F' ®G"^F* ® G*. 

• In the proof of Lcmma [l2.16l thc morphism Ext°(/p, Ip) H^{Ox) is zero. 
This implies that H^^{G*) = K, so G* is perfect of amplitude contained 
in [—2,0] rather than [—1,0], and V' is not perfect in Theorem ll2.18l 

The same problem occurs the construction of obstruction theories for moduli 
schemes of simple complexes I in D''{X) in Huybrcchts and Thomas |45i §4]. 
When rank I ^ mod charK, so that trioidi ^ 0, they consider complexes 
I with fixed determinant [13 §4.2], and obtain a perfect obstruction theory 
similar to our i/j in ii|12.6l When rank I = mod charK, so that trioidi = 0, 
they instead consider complexes I without fixed determinant |45[ §4.4], and they 
modify their obstruction theory using truncation functors. 

We now present an alternative, more complex construction of a perfect ob- 
struction theory for iA4°'"(r')/(7 which works for all a, and in fact is isomorphic 
to ip in §12.61 when rank a 1 mod char K. Applying the truncation functors 
y^-i^ T^" to F' gives a distinguished triangle 

T«S-iF' ^^-^ F' — '"-^r^op. ^ (r^-iF')[l]. (12.43) 

Proposition 12.19. The following composition of morphisms in D{Ai"^p{T')) 
is zero: 

r^-^F' ""^ '^ F' > A' — '^B* ^ > -^A4°p"(r')/t/- (12.44) 



Proof. Let u G U{K), with Calabi-Yau 3-fold and let s„ : Ox^{-n) Eu 
be a stable pair on X„, written as /„ when considered as an object in D^[Xu). 
The determinant det of /„ is a line bundle L over , with first Chern 
class ci[L) = chi(Q! — [Ox{~n)\). 
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Write for the relative moduli i7-stack of line bundles L over Xu for 
u e U{K) with first Chern class chi(a - [Oxi-n)]). Then 3" is an Artin K- 
stack with a l-morphism 3" — > U, whose fibre 5" over u S t/(K) is the moduli 
stack of line bundles over with first Chern class chi(a — [Oxi—n)]). Each 
K-point in Zu stabilizer group K^, since line bundles are simple sheaves, 
and the coarse moduli scheme of 3" is the usual Jacobian of line bundles on Xu- 

There is a natural l-morphism IIj : Mstp ('''') ~^ 3" taking Su ■ Ox^i^n) — > 
Eu to det/„. Thus, from the sequence of 1-morphisms of K-stacks A^"jp'^(r') — > 
J" U, by (fT2:4l) we get a distinguished triangle in D{M°tp{T')): 

Now in (|12.44l) . we may think of B' as the obstruction theory of pairs s : 
Ox{—n) — ?> E, the morphism (3 : A* ^ B* as the dual of the morphism taking a 
stable pair Su ■ Ox^ {—n) — > E^ to the associated complex J„, and the morphism 
idi : F* ^ A* as the dual of the morphism taking /„ to det/„ in ZZ- So 
/3 o idi : F' — ^ B* is, on the level of obstruction theories, the dual of II^ 
taking s„ : Ox^i—n) — ?• Eu to detlu- Therefore there exists a morphism u in a 
commutative diagram: 



: /3oidi I 

\^ (12.45) 

By assumption the numerical Grothendieck groups K'^^'^{coh{Xu)) are all 
canonically isomorphic for u G U{K). If A^"t'p ('''') f^i this implies that line 
bundles with first Chern class chi(a — [Ox{~n)]) exist for all u G U{K), since 
otherwise i4r""™(coh(X„)) would depend on u. As U is an algebraic K-variety, 
and so reduced, it follows that deformations of line bundles with first Chern 
class chi(a — [Ox{~n)]) on X„ are unobstructed in the family of Calabi-Yau 
3-folds (f : X U. Therefore U is a. smooth l-morphism of Artin K- 

stacks. It is clear that Zu a- smooth Artin K-stack for each u G U(K), since 
Jacobians are smooth abelian varieties. We are here saying a bit more, that the 
l-morphism Z" ^ U is smooth. 

For a smooth morphism of K-schemes (/) : X ^ Y the cotangent complex 
I^x/Y is concentrated in degree 0. But for the smooth l-morphism -J" — >■ 
U , as Z"' is an Artin K-stack rather than a K-scheme, the cotangent com- 
plex L^a /u is concentrated in degrees and 1. It follows that the morphism 
V o T^^^ : T^^^F' — !> LJ![_ (LjQ/y) is zero, since r^~^F* lives in degree ^ — 1 
and LJ^^ [L^a ju) in degree ^ 0. Hence in (|12.44[) we have o /3 o idi ot^~^ = 
dllj ovo T^^^ — 0, by (|12.45p . which proves the proposition. 

In fact in (|12.45p we have an isomorphism LJj_ (L^jc/^/) = t^^F'^ which 
identifies v with the projection : F* t^"F* in (|12.43p . □ 
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Set ff* = conc(r^'' o tr][)[— 1], iy* = cone(idi or^ giving triangles 

T>«otri 



H'[-l] 



A' 



A' 



(12.46) 



We have {t^" o trj) o (idior^^-i) = (ranka - 1)t>" o t^-^ = by dUSS]), so 
by the first line of (|12.46p there exists c: t^~^F' H* with a o c = idi ot*=~^ 
Define K' = cone(c), in a distinguished triangle 



K' 



(12.47) 



Then by the octahedral axiom we have diagrams 



T^"otr, ^ T''"otri 

T>^F'^ 1 A* T^op.^ 1 



A* 



dob 



[1] 



[1] (3 H' (3 

d 



■ J ^-1 dob 



c 

[1] * H' * 



K' 



[1] 



K' 



[1] 



[1] 



idi or" 



Thus we get a morphism c : H' t^'^F' with c o a = o tri and K' = 

cone(c)[— 1], and a distinguished triangle with e — dob: 

(t^''F')[^1]^^K'^^H'^^t^0F\ (12.48) 
In morphisms t^^^F' -^a4° "(t')/c/ have 

0o/3oaoc=(/)o/3oidi ot^^^ = 0, 

by a o c = idjoT^^^ and Proposition 112.191 Thus as (|12.47p is distinguished 
there exists a morphism ^ : K* — > Lj^a^^^i^^^yu with ^od = (f>ol3oa. 

Theorem 12.20. This : Lm"^'^(t')/u ^ perfect relative obstruction 

theory for Adg^p {t') /U . If U is affine it is symmetric. 

This proves Theorem 15.231 We will sketch the proof of Theorem 112.201 in 
four steps, leaving the details to the reader: 

(a) Show that h'{K') = for i ^ 0, -1. 

(b) Show that K' is perfect of perfect amplitude contained in [—1,0]. 

(c) When U is affine, construct 9 : X* ^X*^[l] with 61^ [1] = 9. 

(d) Show that ft.'^(f) is an isomorphism and /i^^(^) an epimorphism. 
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For (a), we have h'{A') = h\F*) = for i > 1 and h^{A*) ^ h^{F*) ^ Om, 
where h^{A') ^ Om follows from Ext^(/,/) ^Kin Proposition HlUJc) . Since 
h^{E*) — for i ^ —2 by Serre vanishing, taking the long exact sequence 
h*{—) in the third column of ffTTm implies that h'{X) : h'-^{C') h'{F*) is 
an isomorphism for i = 0,1. But (I12.36P yields /i*(A) = ^.'(tri) o/i*((5). Therefore 
h'{tn) ■■ h'{A') h'{F') is surjective for i = 0, 1. As h^{A') = h^{F') = Om 
we see that h^(tTi) is an isomorphism. 

Taking the long exact sequence h*{ — ) in the first line of (|12.46p and using 
h^{tri) an isomorphism and /i°(tri) surjective then gives h^{H') = for i > 0. 
Then h'{T'^-^F') = for i ^ and P^T7|) imply that h'{K*) = for i > 0. 
Similarly, from the third row of (|12.29l) . the equation ft.' (A) = ft-* (5) o ft,* (idi) from 
(|12.36P and the second line of (|12.46p we get h'{H*) = for i < -1, and then 
ft*(i4:*) = for i < -1 by (fT2:48l) . Step (b) then follows as for Lemma [UlTl 

For (c), if U is affine then choosing an isomorphism = Ox^ induces 
isomorphisms = A' and = F' as in (|12.30p . We then have 

{t^°F*)'^[1] = T'i-^F* and (t«^-1F')^[1] = t^°F'. Under these identifica- 
tions r^" o tri and idj or^~^ are dual morphisms. Hence the two distinguished 
triangles (I12.46P are dual, and we get isomorphisms ^ H*, = H*. 

In (|12.46p - (|12.48p a, . . . , e are dual to a, . . . , e, and K"^[l] ^ K' as we want. 

For (d), as ^od = (j)oj3oa we have commutative diagrams in coh(A^"^"(T')) 




for each i G Z. We know h'^{(f>) is an isomorphism and h^^{(j>) an epimorphism 
by Proposition 112.121 By similar arguments to (a), we show that h^{(3oa) is an 
isomorphism and h^^{/3oa) an epimorphism, and from the distinguished triangle 
(|12.47p and ft'(T^^^i^*) = for i > — 1 we see that h'^{d) is an isomorphism 
and h^^{d) an epimorphism. Step (d) follows. 



12.8 Deformation-invariance of the PI"''"-{t') 

We now prove Theorem 15.251 In i il2. 11 -^ )12. 71 we assumed that the numeri- 
cal Grothendieck groups ii'""™(coh(X„)) for u G U(K) are all canonically iso- 
morphic globally in U{K), and we wrote K{coh{X)) for i4r""™(coh(X„)) up to 
canonical isomorphism. We first prove Theorem 15.251 under this assumption. 

As in Definition 1 1 2 . 1 1 we have a family of Calabi-Yau 3-folds X U with 
X, U algebraic K-varieties and U connected, and a relative very ample line 
bundle Ox{l) for X ^U, and we suppose i4:""'"(coh(X„)) for u G U{K) are 
all globally canonically isomorphic to K {coh{X)) . Then for a G K (coh{X)) , as 
in ijl2.5l we choose n 3> large enough that H^{E^{n)) — for alH > and all 
T-semistable sheaves on X„ of class a G K™^™'{coh{Xu)) for any u G U{K). 

Then gmi] constructs a projective JJ-scheme X"tp and WI^ - Wri\ 
construct perfect relative obstruction theories ip : G* ^ Lm"^;"{t')/u when 
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rank a ^ 1 mod charK and ^ : K* -^a^° "(t')/(7 for all a. For each u G U{K.) 
the fibre of A^"t'p (''"') — > at -u is a projective K-scheme Mstp{^')u, and V,'? 
specialize to perfect obstruction theories ipu,^u for A4"j'p (r')„, which are sym- 
metric by the case U = Spec K in Theorems 112.181 and 112.201 

Using these perfect obstruction theories, Behrcnd and Fantechi [5] construct 
virtual classes [A^"t'p ('''')]^"^ the relative Chow homology Ao{Ms^p{t') — > U), 
and [M"^p{T')^Y" in the absolute Chow homology ^o(Xs"tp (^')«)- In (^^^ 
we define P/"'"(t')„ = /j^c,„^^,j j^j, 1. Since tpu,£,u are the speciahzations of 

^/j,^ at M e U{K) we have 

[-M"tp"(^')u]^"- = ^^*([A^"tp"(r')]^''-)- 

By 'conservation of number', as in [551 Prop. 10.2] for instance, [A^"t'p ('''')"]^"^ 
has the same degree for all u G C/(K), as U is connected, which proves: 

Theorem 12.21. Let K be an algebraically closed field, U a connected alge- 
braic K-variety, X ^ U a family of Calabi-Yau 3-folds over K, which 
may have H^{OxS) Oj '"^'^ C'x(l) a relative very ample line on X. Suppose 
i<'""™(coh(X„)) is globally canonically isomorphic to K{co]i{X)) for u G t7(K). 
Then for all a G K{co}i{X)) and 7i ^ the invariants P/"'"'(t')„ of sta- 
ble pairs on each fibre X^ of X U, computed using the ample line bundle 
(!?x„(l) on Xy^, are independent of u ^ U{K). 

This is the first part of Theorem [OSl If instead the if "™(coh(X„)) are 
only canonically isomorphic locally in U (K) , then by Theorem 14.211 we can 
pass to a finite etale cover tt : [/ — > J7, such that the induced family of 
Calabi-Yau 3-folds (p : X ^ U has K™^™(co\i{Xu)) globally canonically iso- 
morphic for u G C/(]K), where u is of the form (u, t) for u G U{K) and t : 

X"™(coh(X„)) ^if(coh(X)), and X^ = X„. Theorem [TMH for this family 
shows that P/"'"(T')(„,t) is independent of (w, /,) G U{K). But P/"'"(T')(„,t) = 
P/"'"(t')„ as Xu — Xu, and the proof of Theorem 15.251 is complete. 



13 The proof of Theorem [57271 

In this section we will prove Theorem I5.27[ which says that the invariants 
P/"'"(t') counting stable pairs, defined in can be written in terms of 

the generalized Donaldson-Thomas invariants DT^ (r) in H5.'S\ by 

pjQ,«^^/^ _ l))<-([Ox(-»)]-ai Q,-l,ai) (13-1) 

Qi,...,QieC(coh(X)).^' i=l 

"^^i^^^Tt x{Px{-n)]-a, a,_i,a,)i?T"'(r)], 

for n ^ 0. As the PI°''"{t') are deformation-invariant by Theorem 112. 21i 
it follows by induction in Corollary 15.281 that the DT" (r) are deformation- 
invariant. Equation ()13.ip is also useful for computing the DT°'{t) in examples. 
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13.1 Auxiliary abelian categories Ap,Bp 

In order to relate the invariants of stable pairs and the generalized Donaldson- 
Thomas invariants, we will introduce auxiliary abelian categories Ap,Bp and 
apply wall-crossing formulae in Bp to obtain equation (|13.1I) . 

Definition 13.1. We continue to use the notation of |21-|JS1 so that X is a 
Calabi-Yau 3-fold with ample line bundle C'x(l), is Gieseker stability on the 
abelian category coh{X) of coherent sheaves on X, and so on. 

Fix some nonzero a G K{coh{X)) with A4'^^{t) ^ 0, for which we will prove 
P3.ll) . Then a has Hilbert polynomial Pa{t) with leading coefficient r^. Write 
p(t) = Pa{t)/ra for the reduced Hilbert polynomial of a. Let d ~ dim a. Then 
d = 1, 2 or 3, and p{t) = + ad_ii'^~^ -I- • • • + ao, for ap, . . . , a^-i £ Q- 

Define Ap to be the subcategory of coh{X) whose objects are zero sheaves 
and nonzero r-scmistable sheaves E £ coh{X) with t{[E]) ~ p, that is, E has 
reduced Hilbert polynomial p, and such that Hom^p(£',F) — Honi(£',F) for all 
E,F ^ Ap. Then Ap is a full and faithful abelian subcategory of coh(X). 

If E (li Ap then the Hilbert polynomial Pe of E' is a rational multiple of 
p{t). Since Pe : Z ^ Z and Pe[1) ^ for ? > 0, we see that PE[t) = ^p{t) 
for some k G Z^o- Let Pait) — ^p{t) for some > 0. It wiU turn out that 
to prove (|13.ip . we need only consider sheaves E € Ap with PEit) = for 
fc = 0, 1, . . . , A^, that is, we need consider only r-semistable sheaves with finitely 
many different Hilbert polynomials. 

By Huybrechts and Lehn [331 Th. 3.37], the family of r-semistable sheaves E 
on X with a fixed Hilbert polynomial is bounded, so the family of r-semistable 
sheaves E on X with Hilbert polynomial Psit) = fo^ ^.ny k = 0,1, . . ■ , N 

is also bounded. Hence by Serre vanishing Lem. 1.7.6] we can choose n ^ 
such that every r-semistable sheaf E on X with Hilbert polynomial Psit) = 
^pit) for some k = 0,1,..., has W{E{n)) = for aU i > 0. That is, 
Ext"^ (Ox{—n),E) = for i > 0, so equation (13. ip implies that 

dimRoin{0 x{-n),E) = ^p{n) = x{[Ox{-n)], [E]). (13.2) 

We use this n to define M"^p{T') and PI"'''{t') in and Bp below. 

Now define a category Bp to have objects triples {E,V,s), where E lies in 
Ap, y is a finite-dimensional C-vector space, and s : V ^ llom(^Ox{—n), E) 
is a C- linear map. Given objects {E, V, s), (£", V , s') in Bp, define morphisms 
: iE,V,s) {E',V',s') in Bp to be pairs where f : E ^ E' is 

a morphism in Ap and g : V — > y is a C-linear map, such that the following 
diagram commutes: 

V Rom{Oxi~n), E) 

V ^Hom(Ox (-"),£;'), 

where '/o' maps 1 1-^ f o t. 
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Define K{Ap) to be the image of Ko{Ap) in K{coh{X)) = if™'^(coh(X)). 
Then each E e Ap C coh(X) has numerical class [E] £ K{Ap) C K{coh{X)). 
Define K{Bp) = K{Ap) ® Z, and for [E, V, s) in Bp define the numerical class 
[{E,V,s)] in K{Bp) to be {[E],dimV). 

For coherent sheaves, the auxiliary category Bp is a generalization of the 
coherent systems introduced by Le Potier [S^ • A version of the category Bp for 
representations of quivers was discussed in It is now straightforward using 
the methods of [5T] to prove: 

Lemma 13.2. The category Bp is abelian and Bp, K{Bp) satisfy Assumption 
13.21 over K = C. Also Bp is noetherian and artinian, and the moduli stacks 
m^if^ are of finite type for all e C{Bp). 

Here 9K|^''''' is of finite type as it is built out of r-semistable sheaves E in 
class (3 in K{co\i{X)), which form a bounded family by [HI Th. 3.37]. Lemma 
I13.2l means that we can apply the results of [5TWS^ to Bp. Note that Ap embeds 
as a full and faithful subcategory in Bp hy E ^ {E, 0, 0). Every object (E, V, s) 
in Bp fits into a short exact sequence 

^ {E, 0, 0) ^ {E, V, s) ^ (0, V, 0) ^ (13.3) 

in Bp, and (0, V, 0) is isomorphic to the direct sum of dim V copies of the object 
(0,C,0) in Bp. Thus, regarding Ap as a subcategory of Bp, we see that Bp is 
generated over extensions by Ap and one extra object (0, C, 0). 

By considering short exact sequences (|13.3p with V ~ C we see that 

Ext^^((0,C,0),(i?,0,0)) =i7"(i?(n))=Hom(Ox(-n),i?) 

^Ext],^x^{Oxi~n)[-l],E), ^^'^ 

where Ox{—n)[—l] is the shift of the sheaf Ox{—n) in the derived category 
D{X). Thus the extra element (0,C,0) in Bp behaves like Ox{—n)[—l] in 
D{X). In fact there is a natural embedding functor F : Bp ^ D{X) which 
takes {E, V, s) in Bp to the complex —> V ® Ox{—ri) E ^ ^ ■ ■ ■ 

in D{X), where V (8> Ox{—n), E appear in positions —1,0 respectively. Then F 
takes Ap to Ap C coh{X) C D{X), and (0,C,0) to Ox{-n)[-l] in D{X). 

Therefore we can think of Bp as the abelian subcategory of D{X) generated 
by Ap and Ox{—n)[—l]. But working in the derived category would lead to 
complications about forming moduli stacks of objects in D(X), classifying ob- 
jects up to quasi-isomorphism, and so on, so we prefer just to use the explicit 
description of Bp in Definition 113.11 

Although D{X) is a 3-Calabi-Yau triangulated category, and Bp is embedded 
in D{X), it does not follow that Bp is a 3-Calabi-Yau abelian category, and 
we do not claim this. In W3.2\ we defined the Euler form x of coh{X), and 
used the Calabi-Yau 3-fold property to prove p.l4p . which was the crucial 
equation in proving the wall-crossing formulae p.27p . (|5.14l) for the invariants 
J" (r) , DT" (r) . We will show that even though Bp may not be a 3-Calabi-Yau 
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abelian category, a weakened version of p.l4p still holds in Bp, which will be 
enough to prove wall-crossing formulae for invariants in Bp. 

Definition 13.3. Define : K{Bp) x K{Bp) ^ Z by 
X'''' ((/3,d), (7, e)) = x(/3 - d[Ox{~n)lj- e[Oxi-n)]) 

This is the natural Euler form on K{Bp) induced by the functor F : Bp ^ D{X), 
since K'^'"^{D{X)) = i^"""^(coh(X)), and 

[F{E,V,s)] = [V®Oxi-n)^E] = dimV[Oxi-n)[-l]] + [E] 

= [E] ~dimV[Oxi~n)] 

in and coh{X),D{X) have the same Euler form x- 

Proposition 13.4. Suppose {E, V, s), {F, W, t) lie in Bp with dim IZ+dim ^ 1 
and PE{t) = ^Pit), Pplt) = jipit) for some k,l = 0,1, . . . , N . Then 

X^^{[{E,V,s)],[{F,W,t)]) = 

(dim Homg^ {{E, V, s) , (F, W,t)) - dim Ext^^ {{E, V, s) , (F, W,t)))- 

(dimHome, {{F, W, t), [E, V, s)) - dimExt^^ ((F, W, t), {E, V, s))). 

(13.6) 

Proof. The possibilities for (dim F, dim W') are (0,0), (1,0) or (0,1). For (0,0) 
we have V = W = s = t = Q, imd then ([(£;, 0, 0)], [(F,0,0)]) = x{[E\, [F]), 
Home^((i;,0,0), (i^,0,0)) = nom{E,F), and so on, so (fl^ follows from 
p.l4p . The cases (1, 0), (0, 1) are equivalent after exchanging [E, V, s), [F, W, t), 
so it is enough to do the (0, 1) case. Thus we must verify (I13.6|) for {E, 0, 0) and 
{F,C,t). 

By Dcfinition[TnH Homg^ {{E, 0, 0), {F, C, t)) is the vector space of (/, 0) for 
/ G Hom(i?, F) such that the following diagram commutes: 

^Ox{~n) 

E ^F. 

This is no restriction on /, so 

Homg^ {{E, 0, 0), {F, C, t)) = Rom{E, F). (13.7) 

Also Extg^ ((_B, 0, 0), {F, C, t)) corresponds to the set of isomorphism classes of 
commutative diagrams with exact rows: 

— ^ C (g) Ox{~n) — ^ Y ® Ox{~n) ^ ^ 

^ F ^ G ^ E^O. 
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Here F is a C- vector space, g : C ^ Y is linear, G G Ap, and f,f',u are 
morphisms are in coh{X). By exactness of the top row, g is an isomorphism, so 

/ /' 

we can identify Y = C and g = idc • Then for any exact F — 5- G — > E ^ 
in Ap we define u ^ f otto complete (|13.8p . Hence diagrams (|13.8p correspond 
up to isomorphisms with exact 0— i-i^— ^G— j-Oin Ap, giving 

Ext^^ {(E, 0, 0), {F, C, t)) = Exti(£;, F). (13.9) 

Similarly, Home^ ((F, C, i), (£;, 0, 0)) is the set of (/,0) for / e nom{F,E) 
such that the following diagram commutes: 

Ox{-n) -0 

I* I 
F ^E. 

That is, we need f o t ~ Q. So 

Homs^((F,C,t),(i?,0,0)) 

13.10 

^ Ker(Hom(i^, E) ^ }iom{Ox{-n), E)) . 

And Extg^ ((i^, C, t), (E, 0, 0)) corresponds to the set of isomorphism classes of 
commutative diagrams with exact rows: 

0^0 ^ Y ® Oxi-n) — ^ C ® Ox{-n) ^ 

I . \u '^''y-"> 4 (13.11) 
^ £; ^ G ^ F ^ 0. 

Again, we identify Y — C and g — idc- Then for a given exact sequence 
^ E — > G — > F — !> in Ap, we want to know what are the possibilities for 

u to complete (|13.1ip . Applying Uom{Ox{-n), -) toO^F-^G^F^O 
yields an exact sequence 

^IloiR{Oxi~n),E) —^Uom{Ox{~n),G) — ^ 

^° ^° (13.12) 



YLoTa{Ox{-n),F) ^^yA^ {Ox{-n),E) - . 

But as PE{t) = ^iPit): for ^ =^ A^: by choice of n in Definition 113.11 we have 
Ext^ (^Ox{—n),E^ — 0, so '/'o' in (|13.12p is surjective, and there exists at least 
one u € Hom(Ox(-n),G) witht = /'ou. If u, u are possible choices for u then 
/' o (w — u) = 0, so u — M lies in the kernel of '/'o' in (|13.12p . which is the image 
of '/o' by exactness, and is isomorphic to Hom(C'x(— "-), E)- 

Naively this appears to show that Extg^ ((F, C, i), (F, 0, 0)) is the direct 
sum of Ext"'^ (F,F), which represents the freedom to choose G, /, /' in (|13.11l) 
up to isomorphism, and Hom(Ox(— "■), , which parametrizes the additional 
freedom to choose u in (|13.1ip . However, this is not quite true. Instead, 
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Extg^ ((F, C, t), {E, 0, 0)) parametrizes isomorphism classes of diagrams (|13.1ip . 
up to isomorphisms which are the identity on the second and fourth columns. 
Two different choices u, v! for u in p3.1ip might still be isomorphic in this sense, 
through an isomorphism g in the following commutative diagram: 



C ® Ox{-n) ^ C ® Ox{-n) 




(13.13) 



Reasoning in the abelian category coh(X), as fog = idpof we have 
f o [g — idc) — 0, so g — idc factorizes through the kernel / of /', that is, 
g-idG = foh, where h:G-^E. Also g o / = / o id^ = /, so (g - idc) o / = 0, 
and / o /i o / = 0. As / is injective this gives ho f = Q. So h factorizes via the 
cokernel /' of /, and h = kof for k : F ^ E. Therefore in ()13.13|) we may write 
g = idc +f o fc o /' for fc G Hom(F, E). Hence, for any given choice u in ()13.13|) . 
the equivalent choices u' are of the form u' = u+{fokof')ou = u+fokot. Thus 
we must quotient by the vector space of morphisms f okot, for k G Hom(i^, E). 
As / is injective, this is isomorphic to the vector space of morphisms fc o i in 
Hom(C'js: (— n), E). This proves that there is an exact sequence 

^ Cokcr(Hom(F,i;) A RomiOx{-n), E)) 
-^Ext]s^{{F,C,t),{E,0,0)) ^Ext\F,E) ^0. 

Now taking dimensions in equations (|13.7p . (|13.9p . (|13.10p and (|13.14p . and 
noting in (|13.10l) and (|13.14p that if F : J7 — > V is a linear map of finite- 
dimensional vector spaces then dimKerF — dimCokerF = dim?/ — dimy, we 
see that 

(dim Homg^ {{E, 0, 0), (F, C, t)) - dim Ext^^ {{E, 0, 0), (F, C, t)))- 
(dim Homg^ ((F, C, t), (F, 0, 0)) - dim Ext^^ ((F, C, t), (F, 0, 0))) 

= dim Hom(F, F) - dim Ext^ {E,F)- dim Hom(F, F) + dim Ext^ (F, F) 

+ dimRom{0 x{-n),E) 

= x([F], [F]) + x{[Ox{-n)], [F]) = ([(F, 0, 0)], [(F,C,t)]), 

using equations p.l4p . (|13.2p which holds as Psit) = JtP(0 for k ^ N, and 
(|13.5p . This completes the proof of Proposition 113.41 □ 

13.2 Three weak stability conditions on Bp 
Definition 13.5. It is easy to see that the positive cone C{Bp) of Bp is 

C{Bp) = : 13 e C{A) and d ^ or /3 = and d > O}. 

Define weak stability conditions (f, T, ^), (f, T, ^), (f , T, ^) on Bp by: 
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• T ~ 0} with the natural order —1 < 0, and f(/3, d) = if d = 0, and 

f(^,d) = -1 if d>0; and 

• T — {0, 1} with the natural order < 1, and f{l3,d) = if d = 0, and 

f{l3,d) = 1 if d > 0; 

• f = {0}, and f(/3, d) = for all d). 

Since Bp is artinian by Lemma [13.21 it is f-artinian, and as SJl^f '''■'(f ) is a 
substack of M^^f^ which is of finite type by Lemma [1321 OJl^f '''^(f) is of finite 
type for all {P,d) G C{Bp). Therefore {t,T,^) is permissible by Definition 
13.71 and similarly so are (f,T, (f,T, ^). Note too that (f,T, ^) dominates 
(f, T, (f , f, <), in the sense of Definition [XT^ 

We can describe some of the moduh spaces ajl^f '''^(f), 5Jl^f ''^^(f). 

Proposition 13.6. (a) For all j3 e C{Ap) we have natural stack isomorphisms 
9Jl(f'°)(f) ^ ajlf,(T) identifying {E,Q,Q) with E, where miir) is as in iJXl 
Alsomi°-^HT) = [SpecC/Gm] is the point (0,C,0), and mi^-^\f)^9 for ^^0. 
(b) Let a, n be as in Definition WS.U A^"jp'(r') the moduli scheme of stable pairs 
s : Ox{—n) — > E from i il21 and 9Jl^"'^-'(f) the moduli stack of r-semistable 
objects in class (a, 1) in Bp. Then mi"-^\f) ^ X"tp (^"0 x [SpecC/G™]. 

Proof For (a), ah objects (£',0,0) in class 0) are f-semistable, so 2)t^f'°)(f) 
= m'lif^ ^ ^ ^ssi-r). The unique object in class (0,1) in Bp up 

to isomorphism is (0,C, 0), and it has no nontrivial subobjects, so it is f- 
semistable. The automorphism group of (0,C,0) in Bp is Gm- Therefore 
271^°'^^ (f) ^ [SpecC/G™] is the point (0,C,0). Suppose iE,V,s) lies in class 
(/3, 1) in Bp for /3 ^ in C{Ap). Consider the short exact sequence in Bp: 

^ ^ V Oxi-n) V (g> Ox{-n) ^ 

^ E ^ E ^ ^ 0, 

that is, ^ (£,0,0) {E,V,s) ^ (0,F,0) ^ 0. We have [(£,0,0)] = (/3, 0) 
and [(0,T/,0)] = (0,1) in K{Bp), and 7-(/3,0) ^ > -1 = 7-(0,l), so (IT3T^ f- 
destabilizes (£, V, s). Thus any object (£, V, s) in class {(3, 1) in Z?p is f-unstable, 
and mi^'^\f) = 0, proving (a). 

For (b), points of A1"t'p (''"') ^'^s morphisms s : C'x(— "■) £ with [£] = a, 
and points of DJI^"'^\t) are triples {E,V,s) with [£] = a, diml^ — 1 and s : 
V(g>Ox{-n) ^ £ a morphism. Define a 1-morphism tti : X"t'p ('^O 9^s"'^^('?) 
by TTi : (s : C'x(— "-) ^ £) ' — ^ (£, C, s). It is straightforward to check that 
s : Ox{—n) — > £ is a r'-stable pair if and only if (£, C, s) is f-semistable in Bp. 

Define another 1-morphism TTa : OT^"^^^(f) ^ X^tpl^') by tts : (£, ^, s) ^ 
(s(?;) : Ox(— J^) £), for some choice of ^ v e V. If w,?;' are possible 
choices then v' = Xv for some A G G„i, since dimV = 1. The isomorphism 
Aids :£—)■£ is an isomorphism between the stable pairs s{v) : Ox{—n) — > £ 
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and s{v') : Ox{—n) E, so they have the same isomorphism class, and define 
the same point in A^"t'p (''"')■ Thus 1^2 is well-defined. 

On C-points, tti, 7:2 define inverse maps. The scheme A4"j'p (r') parametrizes 
isomorphism classes of objects parametrized by 2Jl^"'^^(f). Therefore, by [571 
Rem. 3.19], ^2 : Mi^'^Hr) 7W"tp (t') is a gerbe, which has fibre [SpecC/G„]. 
Also TTi is a trivializing section of tt2, so by [571 Lem. 3.21], 3Jl^"'^-'(f) is a trivial 
Gm-gerhe over 7W"tp (^'), that is, mi'^'^\f) ^ TW^tp (^') x [SpccC/(G,„]. □ 

13.3 Stack function identities in SFai(9nBp) 

As in §3.11 we have a Ringel-Hall algebra SFai(9HBp) with multiplication *, 
and a Lie subalgebra SF^';'^(9JtBj^ As in since (T,f,s^) and (T,r,<) 

are permissible we have elements S^^ ''^^t) , S^J '"^^i) in SFai(9JleJ for (13, d) € 
C(Sp), and we define e^P''^\f),e(^''^\T) by dS!]), which lie in SFi^f (97leJ by 
Theorem 13.111 Applying Theorem 13.131 with dominating permissible stability 
condition {f,T, ^) yields: 

Proposition 13.7. For all {f3,d) in C{Bp) we have the identity in SFai(Sp) : 

f(0,<i)(^)= E U{{P^,d,),...,{Pr.,dn)-,T,T'\- 

n^l, {fii.di)....,{l3„,d„)eC 
(/3i,di) + --- + (/j„,d„) = (/3,d) 

There are only finitely many nonzero terms in (|13.16p 



n^l, (ft,di),...,(/3„,d„)eC(i3p): -(/3i,di)^^^ ^ . . . ^ _(/3„,d„)(-^^)^ (13.16) 



We now take (/?, d) = (a, 1) in (|13.16p . where a is as fixed in Definition 113. II 
Then each term has di + ■ ■ ■ + dn — I with di ^ 0, so we have = 1 for some 
/e = l,...,n and = for i 7^ fc. But eO^^'^^i) is supported on Srn^f'='^)(f ) 
which is empty for j3k 7^ by Proposition ll3.6f a). Thus the only nonzero terms 
in (IT3J6t have i|3^,d^) = (^,, 0) for i ^ fc and A G C'(y^p) and (/3fc, d^) = (0, 1). 
Changing notation to at — l3i for i < k and = /3i+i ior i ^ k gives: 



^ f/((ai, 0), . . . , (afc_i, 0), (0, 1), K, 0), . . . , (a„_i, 0); f, f)- 



(13.17) 



Proposition 13.8. /n equation (|13.17p we /lawe 

C/((ai, 0), . . . , (afe_i, 0),(0, 1), (at, 0), . . . , (a„_i, 0); f, f ) 

(13.18) 

" {k - i)i{n - ky: 



Proof. The coefhcient [/(••• ;T,f) is defined in equation (|3.8p . Consider some 
choices Z,m, ai,bi, in this sum. There are two conditions in p.Sp . The 
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first, that f(l3i) — T{aj), i = l,...,m, a^-i < j ^ at, holds if and only if 
we have ap_i = k — 1 and Up = k for some p = 1, . . . , m. The second, that 
f(7i) = f((a, 1)), i ~ 1, ... ,1, is equivalent to / = 1, since if / > 1 then one 7i is 
of the form {/3, 1), with r(7i) = 1 and the other jj are of the form {(3, 0), with 
f(7j) = 0. Thus we may rewrite (|3.8p as 

f/((ai, 0), . . . , (afe_i, 0), (0, 1), (afe, 0), . . . , K_i, 0); f, f) = (13.19) 

i—l ^ ' 
l^p^m^n^ 0— ao <ai < ■ ■ ■<ap_ 1 — fc— 1, fc— ap <ap+i < ■ ■ ■<aT^— n. 
Define 01, . . . ,0,„ e C{Bp) by ft = (q„._j + i + • ■ • + , 0) , i < p, 
/3p = (0, 1), ft = ("o,_i + • ■ • + a„._i,0), i > p. 

In (fT3l9l) wc have (3p = (0, 1) and (3^ = {a'„ 0) for a[ e C(^p), i ^ p. Using 
Definition 113.51 in Definition 13 . 1 21 we see that i = 1, . . . , m — 1 satisfies neither 
(a) nor (b) if i < p — 1, satisfies (b) when i = p — 1, and satisfies (a) for i ^ p. 
Therefore 

u-ir-\ p = i, 

5(/?i,/J2,...,/3m;T,f) = <^ (-l)™-2, p = 2, (13.20) 

Since = ao < • ■ • < cip-i = fc — 1, we see that p = 1 if fc = 1, and p > 1 if 
A: > 1. So we divide into two cases fc = 1 in (|13.21l) and fe > 1 in (113. 22p . and 
rewrite (|13.19p using (|13.20l) in each case: 

C/((0,l),(ai,0),...,(a„_i,0);f,f) = ^ (-1)™"! . [] -_ (13.21) 

l^rn^n, 1— ai<a2<---<aT„ —n 

C/((ai,0),...,(afc_i,0),(0,l),(afe,0),...,(a„„i,0);f,f) = (13.22) 

— ^ • y (-i)"-2 . TT — i — _ 

(A:-l)! ^ ^ ^ fj(a.-a._i)! 

2^m^n, fc— a2<a3< - ■■<ajn—n 

Here the factor l/(fc - 1)! in (|13.22l) is l/(ai - ao)! in (|13.19l) . since cq = 0, 
ai = fc — 1, and a2 — k. We evaluate a rewritten version of the sums in (jl3.2ip 
and ([TX^ : 

Lemma 13.9. For all I ^ 1 we have 

E (-1)" • n 7 V = ■ (13.23) 

l^m^/, 0— afl<ai<-"<aT^— L 
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Proof. Write T/ for the l.h.s. of f|13.23p . Then in formal power series we have: 

l^m^/. 0— an <ai <---<a„i— /. l^m^/, bi,. . .,6^^^ ^1, , , 

fci+...+6„=/ ■ (13.24) 

- E (-1)" E y - E - = 1 _^V- 1) ^ - 

m=l L J = l J ™=1 

where in the second step we set bi = at ~ ai-i, and in the third we regard I as 
defined by 61 + • • • + 6m = ^ and drop the sum over I, and then replace the sum 
over bi, . . . ,bm by an m"^ power of a sum over j. Equating coefficients of in 
(fT3:24|) gives ([13^231 . □ 

Now the r.h.s. of (113. 2ip agrees with the Lh.s. of (|13.23p with / = n - 1, 
replacing n, m, ai, . . . , am in (|13.2ip by / + 1, rn + 1, oq, . . . , am respectively. 
Thus (|13.2ip and Lemma [13.91 prove the case fc = 1 of ()13.18p . Similarly, apart 
from the factor l/(fc - 1)!, the r.h.s. of ()13.22p agrees with the l.h.s. of (|13.23p 
with I = n — k, replacing n, m, 02, . . . , am in (|13.21l) by / + fc, m + 2, ao, . . . , am 
respectively. This gives the case fc > 1 of (jl3.18l) . and completes the proof of 
Propositioning □ 

Substituting (|13.18p into (|13.17p and replacing n by ^ + 1 and k hy k — 1 
gives 



osSfc!^;, at,...,aieciAp): * e("'--+i '0) (f) * • • • * e^"' (f) . 

CKl^ ^ai—a ^ ^ ' 

As in Theorem 13. 14[ by [54l Th. 5.4] we can rewrite the wall crossing formula 
(|13.25p in terms of the Lie bracket [ , ] on SF!j"'^(9Jtep), rather than the Ringel- 
Hall multiplication * on SFai(S[)Tgp). In this case, we can do it explicitly. 

Proposition 13.10. In the situation above we have 
(r) - 

1^1, ai,...,aieC{Ap): oiH ^ai=a 



Proof. The term [[• • ■ [e(°'i)('r), e("i'°)(f)], • • • ], e("''°) (f)] in (pAM]) has I nested 
commutators [ , ], and so consists of 2' terms. For each of these 2' terms, let k be 
the number of the I commutators in which we reverse the order of multiplication. 
Then the sign of this term is (— 1)*^, and k e^"''°^(f)'s appear before e'^^'^^r) in 
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the product. There are (^) such terms for fixed k. Thus we have 
[[. . .[[e-("^i)(f), e-("-")(f)], (f)], • . .], e-("-°)(f)] = 



k=0 



J^ii) terms of the form (-l)''-e("'i'")(f)*---*e("'fc'")(f) (^^•2'^) 



where {ii, . . . ,ii} is some permutation of {1, ...,/}. 

Let us now sum (jl3.27p over all permutations of {1, . . . , Z}, acting by per- 
muting ai, . . . , a;. The permutations {ii, . . . , ii} are then also summed over all 
permutations of {1, . . . , / }, giving 



^ [[• • • [[e("'i) (f), e("-(i) (f)] , £("-(2) (f)] ,•••], e("-(0 ■•^^ (f)] = 

?\ (-l)'=e("-(i)'0)(7-) * • • • * ^o)(7-) * e(°'i)(7-) (13.28) 

fc/ * g("^(fc+i).o)(-^') * ... * e("-(i)'0)(7-), 



I 



EE 



where Si is the symmetric group of permutations a : {1,...,Z} — {1,...,Z}. 
We now have 

E • ■ [[^"'"^'Ht), e-("-°)(f)], . . • ], e-("-°)(f)] = 

i^l, cn,...,a(GC(.4p): aiH ^ai=a 



E 7# E [[•••[[^-^°'^Hr),e-(""U)'")(f)],e-("'(^)^")(f)],...], 
^:...,.CiXl '''' e(-(o^°)(f)] = 

QiH hcti=a 



QiH hcti =a 

E ^ E (D * • • • * .-("-"^r) * .-(°.i)(r) 

ctiH hcti =a 

ctiH hct;— a ^ ^ \ /' 

using the fact that the sums over ai, . . . , a; G C{Ap) with ai + • • ■ + a; = a are 
symmetric in permutations of {1, ■ ■ ■ ,1} in the first and third steps, (|13.28p in 
the second, and (|13.25p in the fifth. This proves equation (|13.26p . □ 
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13.4 A Lie algebra morphism ^^^^ : SF!;j'^(aJlBj L{Bp) 

We now define a Lie algebra morphism 1'^" : SF!2'^(S!JlBp) L{Bp), which is 
a version of ^ : SF'^'^im) L{X) in ^ for our auxihary abehan category 
Bp. Since as in H13.ll we do not know Bp is 3-Calabi-Yau, and also as we 
will see below we only have good control of the Behrend function t'mTBp on a 
bounded part of SHgp, we will choose the Lie algebra L[Bp) to be small, a finite- 
dimensional, nilpotent Lie algebra, and define to be supported on dTt^^''^^ 
for only finitely many {13, d) S K{Bp). 

Definition 13.11. Define S to be the subset of (/3,(i) in C{Bp) C K{Bp) such 
that Pp{t) = ^p{t) for fc = 0, . . . , TV and d = or 1. (These were the conditions 
on numerical classes in ProDOsition ll3.4l ) Then 5 is a finite set, as [44, Th. 3.37] 
implies that r-semistable sheaves E on X with Hilbert polynomials ^p(i) for 
k = 0, . . . , N can realize only finite many numerical classes /3 G K{Ap) C 
K {coh{X)) . Define a Lie algebra L{Bp) to be the Q- vector space with basis of 
symbols A^^''*-' for £ S, with Lie bracket 

r (_l)x'^''((/3.<i),(7,.))^Bp rf)^ (^^ e)) Xi^+f'd+e)^ + + e) G 5, 

10, otherwise, 

(13.29) 

as in ()5.4p . As is antisymmetric, and S C K{Bp) has the property that if 
e, ?7 G 5 and e + C + £ «5 then e + e + 77, + 77 G S, equation (|13.29p satisfies 
the Jacobi identity, and makes L{Bp) into a finite-dimensional, nilpotent Lie 
algebra over Q. Now define a Q-linear map : SFi,"'^(97lBp) -> Z(Sp) exactly 
as for * : SFS'*(OT) ^ L{X) in Definition EH 

We shall show that 5''^^ is a Lie algebra morphism, by modifying the proof for 
\[' in Theorem 15. 141 The two key ingredients in the proof of Theorem 15 . 141 were, 
firstly, equation p.l4p writing the Euler form x of coh(X) in terms of dimHom 
and dimExt^ in coh(X), and secondly, the identities (|5.2p - (|5.3p for the Behrend 
function vtyn in Theorem l5.11l Proposition 113.41 proves the analogue of p.l4p in 
the bounded part of Bp we need it for. Here is an analogue of Theorem 15. Ill 

Proposition 13.12. (a) // (/3, 0) S S them: : OJtlf'"' -> DJl^ mapping {E,0,0) 
1-^ E is a 1 -isomorphism, and the Behrend functions satisfy vs}yi'-J^'°'> = 7r*(f^). 

// (/3, 1) e 5 then tt : 9JT^^'^^ mapping {E, V, s) ^-^ E is smooth of rel- 

ative dimension x{[Ox{-n)], P) - I, and v^-^^ip.i) = (-l)x(['^^(-")l''3)-i7r*(i'4). 

(b) An analogue of Theorem \5. Ill holds in Bp, with Ei,E2 G coh(X) replaced 
by {Ei,Vi,si),{E2,V2,S2) e Bp such that [{Ei ® E2,Vi ®V2, si ® S2)] e 5, and 
Ext^ replaced by Extg^, and x replaced by X^'' ■ 

Proof. The first part of (a) is immediate. For the second, note that if (/3, 1) G 5 
and {E,V,s) is a point in OT^^'^^ then [E] = /3 in K{Ap), we may identify 
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V = C, and then s : Ox{-n) E, that is, s G H°{E{n)). But by choice of 
E and of n in Definition [HH we have W{E{n)) = for i > 0, so H°{E{n)) 
is a vector space of fixed dimension Pp{n) = xil'^xi—n)], (5). Furthermore, 
E H- H'^{E{n)) is a vector bundle (in the Artin stack sense) over the stack COt'^, 
with fibre H°(E{n)) ^ C^^I'^^^"")'^'^) over E. 

Now consider the fibre of tt : SJl^'^"* — > OJl^ over £'. It is a set of pairs 
(V, s) with V = C and s : 1/ — > H^{E{n)) linear, satisfying a stability condi- 
tion. This stability condition requires s 7^ 0, and selects an open set of such 
s. Dividing out by automorphisms of V turns H^{E{n)) \ into the projective 
space P(7?°(i?(n))) . Hence the fibre of tt over E is an open subset of the pro- 
jective space P(iJ°(£^(n))). Since E n- H^{E{n)) is a vector bundle over 9Jt^, 
E H> P(7?°(i?(n))) is a projective space bundle over . Therefore SClg^'"^^ is 
an open subset of a smooth fibration over DJt'^ with fibre CP-^^'^-^^""-'^''^-'^^. So 
TT is smooth of relative dimension x {[Ox{-n)],l3) - 1. The Behrend function 
equation follows from Theorem l4.3f ii) and Corollarv 14.51 

For (b), we can now follow the proof of Theorem 15. Ill using facts from 
(a) above. In Theorem 15. 5[ we proved that an atlas for 9Jt'^ near E may be 
written locally in the complex analytic topology as Crit(/) for holomorphic 
f : U ^ C, where U is an open neighbourhood of in Ext^(i?, E), and U, f are 
invariant under the complexification G"^ of a maximal compact subgroup G of 
Aut(£'). From the second part of (a), it follows that an atlas for 9Jlg''^'' near 
E, V, s may be written locally in the complex analytic topology as Crit(/) x W, 
where W is an open set in H^{E{n)). But Crit(/) x W = Crit(/ o nu), where 
/ o TTu : [/ X — C is a holomorphic function on a smooth complex manifold. 

Therefore, just as we can write the moduli stack 9Jt locally as Crit(/), and so 
use differential-geometric reasoning with the Milnor fibres of / to prove (|5.2p - 
(|5.3p in Theorem 15.111 so we can write the moduli stacks SJl^''''' for € S 

locally as Crit(/ o tt^/), and the proof of Theorem 15.111 extends to give (b). □ 

We can now follow the proof of Theorem 15 . 141 using Proposition ll3.4l in place 
of (|3.14p and Proposition 113. l^y b) in place of Theorem 15. Ill to prove: 

Proposition 13.13. : SFiS''(S[«Bj ^ L{Bp) is a Lie algebra morphism. 
13.5 Proof of Theorem lOTl 

Finally we prove Theorem 15.271 We will apply the Lie algebra morphism Xf^p 
to the Lie algebra equation (|13.26p . Observe that the terms (a, 1), (1,0) and 
(ai, 0) occurring in (|13.26p all lie in S. We will prove that 

and *»p(e("-")(f)) = -DT"'(t)A("-°). ^^^'^^^ 
For the first equation, there are no strictly f-semistables in 9Jls"'"^^(f), so 
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the notation of Definition O But mi^''^\f) ^ 7W"t'p (t') x [SpecC/G^] by 
Proposition I13.6r b). so tlie projection tt : dJll."'^\f) — 7> ■Mstp {'''') is smooth of 
relative dimension —1, and ^'^("•^'(f) — ~'^* {^m'^^"{t')) by Theorem 14. 3f ii) and 
Corollary 14.51 Hence 

by ([5l6l) . proving the first equation of (flXSOl) . Now 971^°'^^'^) - [SpecC/G^] 
by Proposition 113.6( a). so e^°'^^(f) is just the stack characteristic function of 
[SpecC/Gm]. But [SpecC/G„i] is a single point with Behrend function —1, so 
the second equation follows. And the isomorphism (f) = Eft"g'(r) C 

971 identifies e(""0)(f) with e"'(T), so the third equation of (|13.30p follows 
from ((5?7| . 

Hence, applying (which is a Lie algebra morphism by Proposition ll3.l3)) 
to (|13.26l) and substituting in (|13.30p gives an equation in the Lie algebra L{Bp): 

[[• ■ • [[- A(O'i) , -I?r"i (r) A("i , -Z?r"^ (r) A("^ '°^] , • • • ] , (13.31) 

1^1, Qi,...,a,GC(>tp): ai+---+Q,=Q -LT"' (t) A^"' '°^] . 

Using the definitions p^3|) of x^" and (|13.29p of the Lie bracket in L{Bp), 
and noting that the condition Ui G C(coh(X)) with T{ai) = T{a) in (|5.17p 
corresponds to ai G C{Ap) in (|13.3ip . we see that (|13.3ip reduces to (|5.17p . 
There are only finitely many nonzero terms in each of these equations, as in 
Proposition 113.71 This completes the proof of Theorem l5.27l 
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Glossary of Notation 

Kx sublattice of H'^^^'^iX, Q) for Calabi-Yau 3-fold X, 47 
vanishing cycle functor on constructible functions, 41 

HcF projection SFjS<i(97l, x, Q) CF{m), 61 

n^' projection to stack functions with 'virtual rank n\ 21 

Lie algebra morphism S~FjS'i(an, x, Q) ^ L{X), 32 
§ Lie algebra morphism SF!S'^(an) ^ 61 

Lie algebra morphism SFi^'^iaJt, X, Q) ^ 61 

§Q,/ Lie algebra morphism SF!5'*(a)tQ,/) L{Q), 107 

§^'1? Lie algebra morphism SFl5'i(9JtQ,/, x, Q) HQ), 107 

^ / nearby cycle functor on constructible functions, 41 

* Lie algebra morphism SF^"'*(S[n) L{X), 32 

X"'*(C) nai've Euler characteristic of a constructible set C in a stack, 16 

X'^'^i'S, /) naive Eulcr characteristic of an Artin stack ^ weighted by a con- 
structible function /, 16 

X Euler form of an abelian category, 24 

6"^{t) element of the Ringel-Hall algebra SFai(9Jl) that 'counts' r-semistable 
objects in class a, 28 

?*(r) element of the Ringcl Hall Lie algebra SFi,"'*(9Jl) that 'counts' r- 
semistable objects in class a, 28 

A" basis element of Lie algebra L{X), 61 

A" basis element of Lie algebra L{X), 32 

(/i, R, slope stability condition on mod-KQ or mod-KQ/I, 100 

(yu, M, the weak stability condition of /^-stability on coh(X), 28 

fx Behrend function of a scheme or stack X, 36 

4>f vanishing cycle functor on derived category of constructible sheaves, 39 

tpf nearby cycle functor on derived category of constructible sheaves, 39 

(r, G, ^) the stability condition of Gicsckcr stability on coh(X), 28 

(r, T, ^) stability condition on an abelian category, 26 
A*,B*, . . . complexes in the derived category I?(A4"j'p (r')), 173 

affine space of smooth semiconnections on a vector bundle, 133 

£/si open subset of simple semiconnections in s^, 133 

^^''^ affine space of semiconnections on a vector bundle, 133 

s/gi'^ open subset of simple semiconnections in 133 

Ap an abelian subcategory of r-semistable sheaves in coh(X), 184 
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At{E, s) Atiyah class of a family of stable pairs s : C'xt(~") ^ -E', 171 

Bp abelian category of coherent sheaves extended by vector spaces, 184 

C{A) the positive cone in K{A), 25 

C(G) centre of an algebraic K-group G, 20 

CF(3^) Q-vector space of constructible functions on a stack ^, 16 

CF"'*(0) nai've pushforward of constructible functions along l-niorphism 0, 17 

Cpstk^^-j g^g^(,]^ pushforward of constructible functions along representable (p, 17 

CF|"(X) group of Z- valued analytically constructible functions on X, 40 

Cg{S) centralizer of a subset 5 in a group G, 20 

ch(£;) Chern character of a coherent sheaf E in Q), 46 

chcs(-E) Chern character of a compactly-supported coherent sheaf E, 91 

chi (E) i*'^ component of Chern character of E in H"^^ (X, Q) , 46 

coh.{X) abelian category of coherent sheaves on a scheme X 

cohcs(X) abelian category of compactly supported coherent sheaves on X, 91 

Crit(/) critical locus of a holomorphic function /, as a complex analytic space 

CS holomorphic Chern-Simons functional, 143 

D{X) derived category of quasi-coherent sheaves on X, 163 

{coh{X)) or D^{X) bounded derived category of coherent sheaves on X 
-^con(^) bounded derived category of constructible complexes on X, 39 
ds semiconnection on complex vector bundle E, 132 

DT"{t) original Donaldson-Thomas invariants defined in [lOOj . 43 
DT°'{t) generalized Donaldson-Thomas invariants, 62 
DT°'{t) bps invariants of a Calabi-Yau 3-fold, 76 
DT°'{fj,) generalized Donaldson-Thomas invariants for /^-stability, 62 
DT'q{ijl) Donaldson-Thomas type invariants for a quiver Q, 107 

DT^ip) BPS invariants for a quiver Q, 107 

DTq j{p) Donaldson-Thomas type invariants for {Q,I), 107 

DTqjip) BPS invariants for (Q,/), 107 
(£, S', ©, iO, . . . Artin K-stacks 

Eu the 'local Euler obstruction', an isomorphism Z^,{X) — > CFz(X), 36 

£}:oct_4 moduli stack of short exact sequences in an abelian category A, 25 
F{G, T*^, Q) rational coefficients used in the definition of stack function spaces 

SF,SF(y,X,Q), 23 
^(K) set of K-points of an Artin K-stack ^, 16 
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F"(t) function in CF(7W^,(t)) with x{MZ{t) , F"" (t)) = DT°'{t), 78 

J# gauge group of smooth gauge transformations of a vector bundle, 133 

^2,fc+i gauge group of L\j^^ gauge transformations of a vector bundle, 134 

Gm the algebraic K-group K \ {0}, 20 

GVg{a) Gopakumar-Vafa invariants, 84 

GWg^m{o) Gromov-Witten invariants, 84 

hd(£^) homological dimension of a coherent sheaf 130 

^cvcnj-^. even cohomology of a complex manifold X, 46 

Q) compactly-supported even cohomology of X, 91 

Hilb''(X) Hilbert scheme of d points on X, 79 

HP<i(^X) Dolbeault cohomology groups of a Kahler manifold X 

M.*{M;'P) hypercohomology of a perverse sheaf P on a scheme M, 58 

Iso5(a::) stabilizer group of an Artin stack ^ at the point a:, 16 

J"(t) invariant counting r-semistable sheaves in class a on a Calabi-Yau 
3-fold, introduced in 54 , 34 

Jgj(/, ^, K, r) extended Donaldson-Thomas invariants, 96 

K base field, usually algebraically closed 

K{A) a quotient of the Grothendieck group Ko{A) of an abelian category 
A. Often K{A) = 25 

Ko{A) Grothendieck group of an abelian category A, 24 

K'^^'^{A) numerical Grothendieck group of an abelian category A, 24 



Kg 


path algebra of a quiver, 98 




KQ/I 


algebra of a quiver with relations (Q, /), 98 




Kx 


canonical bundle of a smooth scheme X, 31 






degree 1 part of graded object 170 




HQ) 


Lie algebra depending on a quiver Q, 106 




L{X) 


Lie algebra depending on a Calabi-Yau 3-fold X , 32 




L{X) 


Lie algebra depending on a Calabi-Yau 3-fold X, variant of L{X), 61 


1 

77' 


functor D{Y) — > D(X) mapping £ M> )(g)cj^[dim7r] fo: 
scheme morphism ii : X . See Huybrechts ^2] §3.3]. 


r a smooth 


Ltt* 


left derived pullback functor D{Y) — > D{X) of a scheme 
n:X^Y. See Huybrechts 01 §3.3]. 


morphism 



LCF(5^) Q- vector space of locally constructible functions on a stack 3^, 16 

Li2(t) dilogarithm function, 77 

£P^ 4° Lie subalgebras of Ringel-Hall Lie algebra SF^'}'^ (OH) , 96 

LSF fi?) vector space of 'local stack functions' on an Artin stack ^, 19 
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LSF(3') vector space of 'local stack functions' on an Artin stack ^, defined 
using representable l-morphisms, 19 

971^ or 9JI moduli stack of objects in an abelian category A, 25 

9Jl^ or 9Jl" moduli stack of objects in A with class a £ K{A), 25 

9Jl"g(T) moduli stack of r-semistable objects in class a, 27 

A1"s(t) coarse moduli scheme of r-semistable objects in class a, 28 

9J12^(t) moduli stack of r-stable objects in class a, 27 

A4"^{t) coarse moduli scheme of r-stable objects in class a, 28 

M-si coarse moduli space of simple coherent sheaves, 54 

SJIq moduli stack of representations of a quiver Q, 100 

S[JIq,7 moduli stack of representations of a quiver with relations, 100 

^fr Q moduli stack of framed representations of a quiver Q, 109 

SOt^'g J moduli stack of framed representations of (Q,/), 110 

Mf^fQ^i') fine moduli scheme of stable framed representations of Q, 109 

■MfifQ /(m') fine moduli scheme of stable framed representations of {Q,I), 110 
MFf{x) Milnor fibre of a holomorphic function / at point x, 38 
M6(m) Mobius function, 76 

mod-KQ abelian category of representations of a quiver Q, 99 

mod-KQ/I abelian category of representations of a quiver with relations, 99 

[A^]"^''' virtual cycle of a proper moduli scheme A4, defined using an obstruc- 
tion theory on A^, 43 

N DTq^ {ji,') noncommutative Donaldson-Thomas invariants for Q, 110 

N DTg'jiji,' ) noncommutative Donaldson- Thomas invariants for {Q,I), 110 

Nq{S) normalizer of a subset S* in a group G, 20 

nil-KQ// abelian category of nilpotent representations of {Q,I), 106 

Ox structure sheaf of a scheme X 

Oxi'i-) very ample line bundle on a scheme X, 28 

F{V) projective space of a vector space V 

Per(X) abelian category of perverse sheaves on X, 39 

P{i,^) multilinear operation on SFai(SOt) depending on a poset 95 

PI'^''^(t') invariants counting 'stable pairs' s : Oxi—n) — > E, 66 

Pm 1-morphism 971 ^ 971 taking E ^ m.E = E®---®E, 78 

proj-IKQ exact category of projective representations of a quiver Q, 99 

proj-KQ// exact category of projective representations of {Q,I), 99 
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PTn^p Pandharipande-Thomas invariants, 85 

Q{G, T'^) a set of subtori of the maximal torus T'^ of a K-group G, 22 
(Q,/) quiver with relations, 98 

i?7r* right derived pushforward functor D{X) — D{Y) of a scheme mor- 
phism TT : X -^Y. See Huybrechts gl §3.3]. 

RHom derived sheaf Hom functor, li 8,F G D{X) then RHom {£,J-) G 
See Huybrechts [HI §3.3]. 

. . . , Q!„; T, f ) combinatorial coefficient used in wall-crossing formulae, 30 

SF(5^) vector space of 'stack functions' on an Artin stack J?, 18 

SF(g^) vector space of 'stack functions' on an Artin stack ^, defined using 
representable 1-morphisms, 18 

SF(-5:X7Q) vector space of 'stack functions' on an Artin stack ^ with extra 
relations involving the Euler characteristic, 22 

SF(i5, x,Q) vector space of 'stack functions' on an Artin stack ^ with extra 
relations, defined using representable 1-morphisms, 23 

td(rA:) Todd class of TX in i7'=™"(A:, Q), 47 

T'^ maximal torus in an algebraic K-group G, 20 

U (ai, . . . , a„; r, f) combinatorial coefficient used in wall-crossing formulae, 30 

U{L{X)) universal enveloping algebra of Lie algebra L[X), 34 

2Ject moduli stack of algebraic vector bundles, 54 

Vectsi coarse moduli space of simple algebraic vector bundles, 54 

y (/, r, k; t, f ) combinatorial coefficient used in wall-crossing formulae, 35 

W{G, T^) Weyl group of algebraic K-group G, 20 

Z^,{X) group of algebraic cycles on a scheme X, 36 



208 



Index 



^-stability, 28, 62, 90 

1- morphism, 16 

finite type, 17, 25 
representable, 17, 25 

2- category, 16 
2-niorphism, 16 

abelian category, 24-33, 184 

3-Calabi-Yau, 12, 24, 104, 116, 119, 
185, 194 

artinian, 39 

T-artinian, 27 

noetherian, 27, 39 

Ringel-Hall algebra, 24-26 
algebraic K-group, 20 

centre, 20 

maximal torus, 20 

special, 20, 159 

very special, 22 
algebraic de Rham cohomology, 49 
algebraic space, 53, 54 
almost closed 1-form, 45-46, 59, 61 
Artin stack, 16 

affine geometric stabilizers, 16, 54 

atlas, 54, 131, 137 139 

locally of finite type, 54 

stabilizer group, 16, 148 
artinian, 39, 185 
T-artinian, 27 

Atiyah class, 170-171, 174, 175 

Banach manifold, 131, 134 
Behrend function, 4, 7-8, 35-46, 60- 
61, 69, 153, 194-196 

algebraic, 36-37 

analytic, 36-37 

definition, 36 

identities, 9, 15, 60, 67, 94, 106, 
147-153 

of Artin stack, 37 
BPS invariants, 5, 77, 94 

for quivers, 107, 121 
brane tiling, 12, 105 



Calabi-Yau 3-fold, 3, 31-35, 43-44, 50- 
97 

noncompact, 90-95, 116 

canonical bundle, 31, 43 
Cartesian square, 17 
centralizer, 20 

Chern character, 46, 52, 80, 91 
Chow homology, 66, 92, 183 
coarse moduli scheme, 5, 9, 28, 43, 51, 
62, 63, 78, 123, 137, 164, 180 
coherent sheaf, 27, 129-131 

compactly-supported, 91-95 
complex analytic, 93, 133 
derived category of, see derived cat- 
egory 

homological dimension, 130-131 

ideal sheaf, 91 

Schurian, 54 

semistable, 57 

simple, 54-55 

with fixed determinant, 53 
coherent system, 164 
cohomology, 46-50 

torsion, 46 
compactly embcddable, 52, 93-95 
complex algebraic space, 54, 140 
complex analytic space, 36, 54-58, 131- 

137, 140 146 
configurations, 95-97 
conifold, 94, 111 

noncommutative. 111, 116-119 

resolved, 94 
constructible function, 16 17, 36, 42, 
61, 63, 78, 84, 126, 127, 152, 
160, 161 

analytic, 40 

definition, 16 

in positive characteristic, 17, 52 

locally, 16, 37, 60 
constructible set, 16 
constructible sheaf, 39 
cotangent complex, 166-168 
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9-operator, 132-136 

derived category, 61, 162, 165-166 

digraph, 34, 35 

dilogarithm, 77 

Donaldson-Thomas invariants 

BPS invariants DT"{t), 5, 77, 94 

catcgorification, 78 

computation in examples, 69-97, 
115-123 

deformation-invariance, 68, 91, 92, 

94, 96-97 
extended, 96 
for quivers, 107-129 
generalized DT°'{t), 4, 9, 62-65 
generalized, definition, 62 
integrality properties, 76-79, 85, 

107, 122-129 
noncommutative, 13, 110-115, 121 
original £>T°(t), 4, 43-44 

etale morphism, 139, 148 
etale topology, 20, 25, 59, 140 
Euler characteristic 
naive, 16 

Euler form, 6, 24, 46, 81, 91, 101, 116, 
122, 186 

field K, 16, 51-52, 65, 129, 162 
algebraically closed, 16 
characteristic zero, 16, 17, 31, 46, 

52, 98, 101, 106 
positive characteristic, 16, 17, 52, 
177, 179 

fine moduli scheme, 10, 109, 163, 164, 
166 

Fourier-Mukai transform, 129, 131 

gauge group, 133 
gauge theory, 60, 131-136 
Gieseker stability, 28, 62, 184 
Gopakumar-Vafa invariants, 11, 84, 115 
Gromov-Witten invariants, 11, 76, 84, 
122 

Grothendieck group, 24 

numerical, 4, 24, 46-50, 74, 92, 
162, 180, 182 



and cohomology, 47 

Harder-Narasimhan filtration, 27, 30, 

50 

Hilbert polynomial, 28, 43, 67, 70, 82, 
92, 137, 148. 154, 184 

Hilbert scheme, 53, 58, 79 
noncommutative, 110 

Hirzebruch-Riemann-Roch Theorem, 46, 
81 

Hitchin-Kobayashi correspondence, 131 

Hodge Conjecture, 48 

holomorphic Chcrn Simons functional, 

143 144 

ideal sheaf, 91, 168 

Kodaira-Spencer class, 171 

local stack function, 19 

locally constructible function, 16 

locally constructible set, 16 

Luna's Etale Slice Theorem, 56, 57, 137 

/i-stability, 28, 62, 90 

MacMahon fimction, 11, 79, 115, 121 
maximal compact subgroup, 55, 145, 
147 

maximal reductive subgroup, 55, 145 
maximal torus, 20 
McKay correspondence, 12 
Milnor fibre, 8, 38-43, 55, 60, 147, 151- 
153, 195 

examples, 75, 88 

motivic, 59 
mixed Hodge module, 38, 46, 58, 129 
MNOP Conjecture, 85, 115 
Mobius function, 11, 76, 107 
Mobius inversion formula, 77 
moduli scheme 

coarse, 5, 9, 28, 43, 51, 62, 63, 78, 
123, 137, 164, 180 

fine, 10, 109, 163, 164, 166 
monodromy, 49-50, 67 
motivic invariant, 22, 44, 59 

naive Euler characteristic, 16 
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nai've pushforward, 17 
nearby cycle functor, 39 
Newlander-Nirenberg Theorem, 133 

nocthcrian, 27, 39, 185 
normalizcr, 20 

obstrnction theory. 166-168, 171-183 

definition, 167 

perfect, 167, 176 182 

symmetric, 10, 43-45, 59, 66, 162, 
167, 178, 181 
octahedral axiom, 176, 177, 181 

Pandharipande-Thomas invariants, 10, 

85, 111 

perverse sheaf, 38-42, 78, 128 

hypercohomology, 58 

of vanishing cycles, 41, 58 

simple, 40 
Poincare duality, 91 
T-polystable, 63, 78, 123 
poset, 95 
positive cone, 25 
pushforward 

naive, 17 

stack, 17 

quiver, 12-13, 97-129 

cyclic representation. 111 
definition, 98 
dimension vector, 99 
Ext quiver, 124 

framed representation, 109, 110 
McKay quiver, 104 
nilpotent representation, 106, 124 
path algebra, 98 

projective representation, 99, 112 
representation, 99 
with relations, 12 
with superpotential, 12-13, 97-129 
definition, 101 
Quot scheme, 137, 154, 164 

rank, 20 

Ringel-Hall algebra, 6, 14, 24-26, 31, 
154, 190, 192 



extra operations, 95-97 

S-equivalence, 4, 28, 51, 63, 78, 164 
Seidcl-Thomas twist, 129-131 
semiconnection, 132-136 
semismall resolution, 122 
T-semistable, 27 
Serre duality, 12, 31, 91, 104 
Scire vanishing, 153, 182, 184 
sheaf 

coherent, see coherent sheaf 
constructiblc, 39 

Grothcndicck's six operations, 39 
homological dimension, 130-131 
perverse, see perverse sheaf 
quasi-coherent, 163 
simple, 32 

with fixed determinant, 53 
Sobolev Embedding Theorem, 134, 143 
special algebraic K-group, 20 
spherical object, 129 
square zero extension, 168 
stability condition, 11, 26-31 

(f,!^, dominates (t,T, <), 29, 
90, 108, 189 

/x-stability, 28, 62, 90 

changes globally finite, 31, 64 

for quivers, 100 

generic, 77-79, 107, 126, 129 

Gieseker, 28 

on coherent sheaves, 28 

permissible, 27, 28, 34, 100, 189 

weak, 27, 188 
T-stable, 27 

stable pair, 10, 65-70, 162-166 
stable pair invariants P7"'"(t'), 10, 66 

analogue for quivers, 108-115 
stack function, 18-25, 28, 32, 156 

definition, 18 
local, 19, 31 

supported on virtual indecompos- 

ables, 6, 26 
with algebra stabilizers, 6, 26, 62, 

156 

stack pushforward, 17 
String Theory, 5, 84, 94, 105 
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supcrpotcntial, 12 

symmetric obstruction theory, 10, 43- 
45, 59, 66, 162, 178, 181 
definition, 167 

t-structure, 105, 118 
Todd class, 47 

triangulated category, see also derived 
category 
3-Calabi Yau, 105, 118-119, 185 
equivalence, 116, 129 
octahedral axiom, 176, 177, 181 
wall-crossing, 118 

universal enveloping algebra, 34, 64 
universal family, 134-137, 140-142, 144 

formally universal, 139-140 
T-unstable, 27 

vanishing cycle, 38, 39 

functor, 39 

perverse sheaf, 41, 58 
vector bundle 

algebraic, 54, 129-132, 144 

analytic, 132, 133, 136-137 

holomorphic structure, 131-136, 140- 
142, 144 

on Artin stack, 195 
versal family, 54, 93, 131, 132, 134- 
137, 140-142, 145 

formally versal, 139-140 
virtual class, 8, 43, 112, 183 
virtual cycle, 91 

virtual indecomposable, 6, 15, 26 
virtual Poincare polynomial, 153 
virtual rank, 15, 22 

wall-crossing formula, 10, 30, 64, 96, 

108, 192 
Weyl group, 20 

Zariski topology, 20, 37, 55, 59, 129 
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